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PREFACE 


The present work is a revision and abridgment of the authors’ 
“Course in Mathematics for Students of Engineering and Applied 
Science.” The condensation of a two-volume work into a single 
volume has been made possible partly by the omission of some 
topics, but more especially by a rearrangement of subject matter 
and new methods of treatment. 

Among the subjects omitted are determinants, much of the 
general theory of equations, the general equation of the conic 
sections, polars and diameters related to conics, center of curv- 
ature, evolutes, certain special methods of integration, complex 
numbers, and some types of differential equations. All these 
subjects, while interesting and important, can well be postponed 
to a later course, especially as their inclusion in the present 
course would mean the crowding out, or less thorough han- 
dling, of subjects which are more immediately important. 

The rearrangement of material is seen especially in the bring- 
ing together into the first part of the book of all methods for 
the graphical representation of functions of one variable, both 
algebraic and transcendental. This has the effect of devoting 
the first part of the book to analytic geometry of two dimen- 
sions, the analytic geometry of three dimensions being treated 
later when it is required for the study of functions of two 
variables. The transition to the calculus is made early through 
the discussion of slope and area (Chapter IX), the student being 
thus introduced in the first year of his course to the concepts 
of a derivative and a definite integral as the limit of a sum. 

The new methods of handling the subject matter will be 
recognized by the teacher in places too numerous to specify 
here. The articles on empirical equations, the remainder in 
Taylor’s series, and approximate integration are new. 

lil 
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iv PREFACE 


It is believed that this book can be completely stud,q by 
an average college class in a two years’ course of 186 ..¢y- 
cises. ‘Teachers who wish a slower pace, however, may jinit 
the last chapter on differential equations, or substitute it sv. 
some of the work on multiple integrals. 

The book contains 2000 problems for the student, many of 
which are new. It is, of course, not expected that any student 
will solve all of them, but the supply is ample enough to allow the 
assignment of different problems for home work and classroom 
exercises, and to allow different assignments in successive years. 


F.S. WOODS 
F. H. BAILEY 
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ANALYTIC GEOMETRY AND 
CALCULUS 


CHAPTER. 
CARTESIAN COORDINATES 


1. Direction of a straight line. Consider any straight line 
connecting two points 4 and B. In elementary geometry, only 
the position and the length of the line are considered, and 
consequently it is immaterial whether the line be called AB or 
BA; but in the work to follow, it is often important to consider 
the direction of the line as well. Accordingly, if the direction 
Sieene-imeis considered as from = 9 
A to B it is called AB, but if a B Cc 
the direction is considered from eae 
B to A it is called BA. It will be seen later that the distinc- 
tion between 4AB and BA is the same as that between +a 
and —a in algebra. 

Consider now two segments 4B and BC on the same straight 
line, the point B being the end of the first segment and the 
beginning of the second The segment AC is called the swm of 
AB and BC and is expressed by the equation 


AB+ BO=AC. (1) 


This is clearly true if the points are in the position of fig. 1, but 
it is equally true when the points are in the position of fig. 2. 
Here the line BC, being opposite 
in direction to 4B, cancels part of A | B 
it, leaving AC. mis ce 

If, in the last figure, the point C is moved toward 4A, the 
sum AC becomes smaller, until finally, when C coincides with A, 


we have UR BA= 0, or BA=—AB. (2) 
1| 
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If the point C is at the left of 4, as in fig. 3, we still have 
AB+BC=AC, where AC=— CA by (2). 

It is evident that this addition is analogous to algebraic 
addition, and that this sum may be an arithmetical difference. 

From (1) we may obtain by 
transposition a formula for sub- 


traction; namely, Fic. 3 
BC=AC—AB. (3) 


This is universally true, since (1) is universally true. 

2. Projection. Let 4B and IZN (figs. 4, 5) be any two straight 
lines in the same plane, the positive directions of which are 
respectively 4B and MN. From A and B draw straight lines 


' 
pq 


AP | 
M: Eas Be N 
Fie. 4 


perpendicular to JLN, intersecting it at points 4’ and B’ respec- 
tively. Then 4'B’ is the projection of AB on ILN, and is positive 
if it has the direction IZV (fig. +), and negative if it has the 
direction NI (fig. 5). 

Denote the angle between JZV and AB by ¢, and draw AC 
parallel to JZN. Then in both cases, by trigonometry, 


AC=AB cos ¢. 
But AC=A'B', and therefore 
A'B' = AB cos ¢. 


Hence, to find the projection of one straight line upon a second, 
multiply the length of the first by the cosine of the angle between 
the positive directions of the two lines. 

The projec‘ion of a broken line upon a straight line is defined 
as the algeb jaic sum of the projections of its segments. 
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Let ABCDE (fig. 6) be a broken line, MN a straight line 
in the same plane, and 4 the straight line jones the ends 
of the broken line. 

Draw AA’, BB', CC’, DD’, and 

EH’ perpendicular to MN; then 
Soe OC, OD, DE) and A' zr’ 
are the respective projections on 
MN of AB, BC, CD, DE, and AE. 


But, by §1, 4’ B'+ BC 4+CD+D'E'=AEF' 


Hence the projection of a broken line upon a straight line is 
equal to the projection of the straight line joining the extremities 
of the broken line. 

3. Number scale. On any straight line assume a fixed point 
O as the zero point, or origin, and lay off positive numbers in 
one direction and negative numbers in the other. If the line 
is horizontal, as in fig. 7, it is usual, but not necessary, to lay 
off the positive numbers to the right of O and the negative 
numbers to the left. The numbers which we can thus lay off 


are of two kinds: the rational num- 6 , 
bers, including the integers and the —=[==Ps>- SF 
~ eommon fractions; and the irrational Peer 


numbers, which cannot be expressed 

exactly as integers or common fractions, but which may be so 
expressed approximately to any required degree of accuracy. 
The rational and the irrational numbers together form the class 
of real numbers. 

Then any point M on the scale represents a real number, 
namely, the number which measures the distance of M from O: 
positive if Jf is to the right of O, and negative if M is to the 
left of O. Conversely, any real number is represented by one 
and only one real point on the scale. 

Imaginary, or complex, numbers, which are of the form a+bV—1 
cannot be laid off on the number scale. 

The result of § 1 is particularly important when applied to 
segments of the number scale. For if # is any number corre- 
sponding to the point iM, we may always place 2 = OM, since both 
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a and OM are positive when M is at the right of O, and both 

x and OM are negative when M is at the left of O. Now let M, 

and M, (fig. 8) be any two points, and let 7, = OM, and x,= OM, 
Then 


. o ”M, M, 
ee OM,— OM, = 4, — Ly —--38-3-1 0123 4 6 
Fre. 8 


On the other hand, 
UM, = OM, — 0M, =2,—2,=—U Ui, 


It is clear that the segment MJ, is positive when %, is at 
the right of IZ, and negative when 1, is at the left of I. 

Hence the length and the sign of any segment of the number 
scale is found by subtracting the value of the x corresponding to 
the beginning of the segment from the value of the x corresponding 
to the end of the segment. 

4. Coordinate axes. Let OX and OY be two number scales at 
right angles to each other, with their zero points coincident at O, 
as in fig. 9. 

Let P be any point in the plane, 
and through P draw straight lines 
perpendicular to OX and OY re- 
spectively, intersecting them at I 
and NV. If now, as in § 3, we 
‘place w= OM and y= ON. tc as 
clear that to any point P there 
corresponds one and only one 
pair of numbers x and y, and 
to any pair of numbers corresponds one and only one point P. 

If a point P is given, 2 and y may be found by drawing the 
two perpendiculars MP and NP, as aboye, or by drawing only 
one perpendicular as MP. Then 


OM=z2, MP=ON=y. 


On the other hand, if 2 and y are given, the point P may be 
located by finding the points and N corresponding to the num- 
bers x and y on the two number scales and drawing perpendiculars 
to OX and OY respectively through WM and N. These perpen- 
diculars intersect at the required point P. Or, as is often more 
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convenient, a point J corresponding to 2 may be located on its 
number scale, and a perpendicular to OX may be drawn through 
M, and on this perpendicular the value of y laid off. In fig. 9, 
for example, J (corresponding to 2) may be found on the scale 
OX, and on the perpendicular to OX at M, MP may be laid off 
equal to y. When the point is located in either of these ways it is 
said to be plotted. It is evident that plotting is most conveniently 
performed when the paper is ruled in squares, as in fig. 9. 

These numbers x and y are called respectively the abscissa and 
the ordinate of the point, and together they are called its codrdi- 
nates. It is to be noted that the abscissa and the ordinate, as 
defined, are respectively equal to the distances from OY and OX 
to the point, the direction as well as the magnitude of the distances 
being taken into account. Instead of designating a point by writing 
x=aand y=— 4, it is customary to write P(a, — 6), the abscissa 
always being written first in the parenthesis and separated from 
the ordinate by a comma. OX and OY are called the aves of 
codérdinates, but are often referred to as the axes of a and y 
respectively. 

5. Distance. Let R(x, y,) and B(a,, y,) be two points, and 
at first assume that PZ is parallel to one of the coordinate axes, 
as OX (fig. 10). Then y,=y, Now MM, 
the projection of P,P, on OX, is evidently 
equal to FR. But MM=2,— 27, (8 8). 


Hence PR=2,— 2, (1) 


In like manner, if v,=,, RF is parallel 


to OY, and PR=y,-4, (2) 


If x, #2, and y,#+ y, FF is not par allel to either axis. Let 
the points be situated as in fig. 11, and 
through # and & draw straight lines 
parallel respectively to OX and OY. ‘They 
will meet at a point #, the codrdinates 
of which are readily seen to be (2, y,). 
By (1) and (2), 

fi=2,— 2, ERS Y.— yr Fic, 11 


Fie. 10 


AC 
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But in the right triangle LAL, 
RR=V ER +RE' 
whence, by substitution, we have 
LE= Ge LN a A ae 5B (3) 
It is to be noted that there is an ambiguity of algebraic sign, 
on account of the radical sign. But since FZ is parallel to 
neither codrdinate axis, the only two directions in the plane the 
positive directions of which have been chosen, we are at liberty 
to choose either direction of RB as the positive direction, the 
other becoming the negative. 
It is also to be noted that formulas (1) and (2) are particular 
cases of the more general formula (3). 
Ex. Find the coérdinates of a point equally distant from the three points 
P,Q, 2), P,(—1, — 2), and P,(2, — 5). 
Let P(2z, y) be the required point. Then 
PP Po and SPP bP. 
But PyP =V (e122) 
P,P =V(e+ly+(y + 2), 
P,P =V(a— 2)? + (y+ 5). 
Therefore V(«—1)?+ (y—2)?=V(@tl)?+ (yt 2)%, 
V@ +1? + y+ 2? = V@ = 2) 4 y+ 5)35 


whence, by solution, « = § and y=— 4. Therefore the required point is 


6. Slope. Let P(x, y,) and R@, y,) (figs. 12, 18) be two 
points upon a straight line. If we imagine that a point moves 
wlong the line from F to &, the change in x caused by this 
motion is measured in magnitude and sign by z,— 2, and the 
change in y is measured by y,—y, We define the slope of the 
straight line as the ratio of the change in y to the change in z as 
a point moves along the line, and shall denote it by the letter m. 
We have then, by definition, 


es 
i aN qd) 


2° 


* 
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A get ric interpretation of the slope is readily given. For 
if we draw through £ a line parallel to OX, and through B a 
line paraliel to OY, and call R the point in which these two 
lines intersect, then 2,—a,= RR and y,—y,= RE; and hence 

RB 
=—— 2 
m= PR (2) 

It is clear from the figures that the value of m is independent 
of the two points F and & and depends only on the given line. 
We may therefore choose F and £& (as in figs. 12 and 13) so 
that FR is positive. There are then two essentially different 


Hie, 12 Fie. 13 


cases, according as the line runs up or down toward the right 
hand. In the former case RB and m are positive (fig. 12); in 
the latter case RB and m are negative (fig. 13). We may state 
this as follows: 

The slope of a straight line is positive when an inerease in x 
causes an increase in y, and is negative when an increase ina 
causes a decrease in y. 


When the line is parallel to OX, y,= y,, and consequently m= 0. 
If the line is parallel to OY, z,=~2,, and therefore m= oo (§ 13). 


Ex. Find a point distant 5 units from the point (1, — 2) and situated 
so that the slope of the straight line joining it to (1, — 2) is 4. 
Let P (z, y) be the required point. Then 
(x —1)?+ (y + 2)? = 25 
Yrs _ as 


go) 8 


Solving these two equations, we find two points, (4, 2) and (— 2, — 6). 
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7. Point of division. Let P(x, y) be a point on i — straight 
line determined by R(x, y,) and B(ay y,), so situted that 
PP =1(BB). 

There are three cases to consider, according to the position of 
the point P. If P is between the points & and £ (fig. 14), the 


Fie. 14 


segments PP and BP have the same direction, and RP< FRR; 
accordingly J is a positive number less than unity. If P is 
beyond & from F (fig. 15), RP and FE still have the same 
direction, but PP > PR; therefore 7 is a positive number 
greater than unity. Finally, if P is beyond F# from & (fig. 16), 
FP and FEF, have opposite directions, Y 

and 7 is a negative number, its nu- 
merical value ranging all the way from 
0 to o. 

In the first case P is called a point 
of internal division, and in the last 
two cases it is called a point of ex- 
ternal division. ; 

In all three figures draw PIL, PM, Fre. 16 
and 2M, perpendicular to OX. In each figure OM= OM,+ MM; 
and since RP =1(RR), MM=1(M_M,) by geometry. 


M O 


Therefore OM=0OM,+ 1(M,™,) : 
whence, by substitution, 
r= 2,+1(#,—2,). Gi) 


By drawing lines perpendicular to OY we can prove, in the 
aeons tn? ~ Y=9, Th. yy) @) 
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pact . =p : : 

n'b- particular, if P bisects the line 2A, l= 3, and these 
sormulas become ; 
ee wee Yi 
See Paes 

Ex. 1. Find the coérdinates of a point 3 of the distance from P,(2, 3) 
to P,(8, — 3). 
If the required point is P(z, y), 
Gr #(3 — 2) = 23, 
y=3 + $(—3 —8) = 3. 


Ex. 2. Prove analytically that the straight line dividing two sides 
of a triangle in the same ratio is parallel to the third side. 

Let one side of the triangle coincide 
with OX, one vertex being at O. Then the 
vertices of the triangle are O(0, 0), A (2, 0), 
B(£g, Y2) (fig. 17). Let CD divide the sides 
OB and AB so that OC =1(0B) and 
AT (AB): 

If the codrdinates of C are denoted by 
(£3, Yg) and those of D by (2,, y,), then, by 
the above formulas, Fig, 17 


3 = hing Ys = ly, 
t= 2, +1 (x, — 24), Ys = (Yo. 
Since y, = y,, CD is parallel to OA. 


8. Variable and function. A quantity which remains un- 
changed throughout a given problem or discussion is called a 
constant. A quantity which changes its value in the course of 
a problem or discussion is called a variable. If two quantities 
are so related that when the value of one is given the value of 
the other is determined, the second quantity is called a function 
of the first. When the two quantities are variables, the first is 
called the independent variable, and the function is sometimes 
called the dependent variable. As a matter of fact, when two 
related quantities occur in a problem, it is usually a matter of 
choice which is called the independent variable and which the 
function. Thus, the area of a circle and its radius are two 
related quantities, such that if one is given, the other is deter- 
mined. We can say that the area is a function of the radius, 
and likewise that the radius is a function of the area. 
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The relation between the independent variable and the func ‘ion 
can be graphically represented by the use of rectangular coorai- 
nates. For if we represent the independent variable by x and the 
corresponding value of the function by y, x and y will determine 
a point in the plane, and a number of such points will outline a 
curve indicating the correspondence of values of variable and 
function. This curve is called the graph of the function. 

Ex. 1. ‘An important use of the graph of a function is in statistical 


work. The following table gives the price of standard steel rails per ton 
in ten successive years: 


1805 eee wer. 2. ae Soa 1900 Pee So 
1SOGMe UE) an unen mee S200 1900 hac os Se eee 
[SOR aP es © ty ee aTD 1902) Ge eee ee 
USOSR IS co ice be Oe 1008. doce ee 2800 
TE 5 6 6 0 a 0 | LW 1004" 4 Se. See 25-00 


Tf we plot the years as abscissas (calling 1895 the first year, 1896 the 
second year, etc.) and plot the price of rails as ordinates, making one unit 
of ordinates correspond to 
ten dollars, we shall locate 
MEN POUNGS Lael a yuate eg lag) La 
fig. 18. In order to study the 
variation in price, we join 
these points in succession by 
straight lines. The resulting 
broken line serves merely to RR 8 a ee aa 
guide the eye from point to Fie. 18 
point, and no point of it 
except the vertices has any other meaning. It is to be noted that there 
is no law connecting the price of rails with the year. Also the nature of 
the function is such that it is defined only 
for isolated values of x. 


Ex. 2. As a second example we take the 
law that the postage on each ounce or frac- 
tion of an ounce of first-class mail matter is 
two cents. The postage is then a known 
function of the weight. Denoting each ounce 
of weight by one unit of x, and each two 
cents of postage by one unit of y, we have 
a series of straight lines (fig. 19) parallel 
to the axis of x, representing corresponding 
values of weight and postage. Here the function is defined by United 
States law for all positive values of 2, but it cannot be expressed in 


los. 202, 302. hoz. 
Fie. 19 
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elgfientary mathematical symbols. A peculiarity of the graph is the series 
o breaks. The lines are not connected, but all points of each line repre- 
sent corresponding values of x and y. 


Ex. 3. Asa third example, differing in type from each of the preceding, 
let us take the following. While it is known that there is some physical 
law connecting the pressure of saturated steam with its temperature, so 
that to every temperature there is some 
corresponding pressure, this law has not 
yet been formulated mathematically. 
Nevertheless, knowing some correspond- 
ing values of temperature and pressure, 
we can construct a curve that is of con- 
siderable value. In the table below, the 


temperatures are in degrees centigrade 
and the pressures are in millimeters 
of mercury. 
TEMPERATURE PRESSURE 

100 760 

105 906 

110 1074.7 

115 1268.7 

120 1490.5 

125 1743.3 

130 2029.8 

135 2353.7 

140 2717.9 

145 3126.1 

150 3581.9 

Let 100 represent the zero point of 

temperature, and let each unit of x repre- 
sent 5 degrees of temperature; also let 
each unit of y represent 100 millimeters 
of pressure of mercury, and locate the 


points representing the corresponding 
values of temperature and pressure given 
in the above table. Through the points 
thus located draw a smooth curve (fig. 20); that is, one which has no 
sudden changes of direction. While only the eleven points located are 
exact, all other points are approximately accurate, and the curve may be 
used for approximate computation as follows: Assume any temperature, 
and, laying it off as an abscissa, measure the corresponding ordinate of 
the curve. While not exact, it will nevertheless give an approximate 
value of the corresponding pressure, Similarly, a pressure may be assumed 
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and the corresponding temperature determined. It may be added. nat 
the more closely together the tabulated values are taken, the bewer 
the approximation from the curve; but the curve can never be exact 


at all points. 


Ex. 4. As a final example, we will take the law of Boyle and Mariotte 
for perfect gases; namely, at a constant temperature the volume of a 
definite quantity of gas is inversely proportional to its pressure. It follows 
that if we represent the pressure by 
x and the'corresponding volume by y, 


then y a where k& is a constant 
@ 


and x and y are positive variables. 
A curve (fig. 21) in the first quad- 
rant, the codrdinates of every point 
of which satisfy this equation, repre- 
sents the comparative changes in 
pressure and yolume, showing that 
as the pressure increases by a cer- 
tain amount the volume is decreased 
more or less, according to the amount 
of pressure previously exerted. 

This example differs from the Fie. 21 
preceding in that the law of the 
function is fully known and can be expressed in a mathematical 
formula. Consequently we may find as many points on the curve as 
we please, and may therefore construct the curve to any required 
degree of accuracy. 


9. Functional notation. When y is a function of x it is cus- 
tomary to express this by the notation 


y=F@). 


Then the particular value of the function obtained by giving x 
a definite value a is written f(a). For example, if 


fO=24+832+1, 
then Ff(2) = 243. 2?41= 21, 
FO) = 07+ 8. 0?+1=1, 
F-8)=(- 8 aye, 
F(a) =a) ase 
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If more than one function occurs in a problem, one may be 
expressed as f(a), another as /'(x), another as #(2x), and so on. 
It is also often convenient in practice to represent different 
functions by the symbols f.(2), f,(x), f,(2), ete. 

Similarly, a function of two or more variables may be ex- 
pressed by the symbol f(z, 7). Then f(a, 6) represents the 
result of placing =a and y=6 in the function. Thus, if 


S@y=v+3ay—4y’, 
f(a, b)=a+3ab—48. 


PROBLEMS 


1. Find the perimeter of the triangle the vertices of which are 
(3, 4), oS 2, 4), (2, 2). 
2. Find the perimeter of the quadrilateral the vertices of which 
are (2, 1), (— 2, 8), (— 6, 5), (— 2, — 2). 
3. Prove that the triangle the vertices of which are (— 3, — 2), 
(1, 4), (— 5, 0) is isosceles. 
4. Prove that the triangle the vertices of which are (—1, 1), 
(1, 3), (— V3, 2 + V3) is equilateral. 
5. Prove that the quadrilateral of which the vertices are (1, 3), 
(3, 6), (0, 5), (— 2, 2) is a parallelogram. 
6. Prove that the triangle (1, 2), (3, 4), (—1, 4) is a right 
triangle. 
7. Prove that the triangle the vertices of which are (2, 3), 
(— 2, 5), (—1, — 3) is a right triangle. 
8. Prove that (8, 0), (0, — 6), (7, —7), (1, 1) are points of a 
circle the center of which is (4, — 3). What is its radius? 
9. Find a point equidistant from (0, 0), (1, 0), and (0, 2). 
10. Find a point equidistant from the points (— 4, 3), (4, 2), and 
(1, —1). 
11. Find a point equidistant from the points (1, 3), (0, 6), and 
(— 4, 1). 
12. Find the center of a circle passing through the points (0, 0), 
(4, 2), and (6, 4). 
13. Find a point on the axis of # which is equidistant from (0, 5) 
and (4, 2). 
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14. Find the points which are 5 units distant from (1, 3) and 4 
units distant from the axis of y. 

15. A point is equally distant from the points (3, 5) and (— 2, 4), 
and its distance from OY is twice its distance from OX. Find its 
coordinates. 

16. Find the slopes of the straight lines determined by the fol- 
lowing pairs of points: (1, 2), (—3, 1); (@, —1), (— 4, —1); 
@,' 3),-(2, — 0). 

17. Find the lengths and the slopes of the sides of a triangle the 
vertices of which are (3, 5), (— 3, 2), (5, 2). 


18. A straight line is drawn through the point (5, 0), having the 
slope of the straight line determined by the points (—1, 2) and 
(4, — 2). /Where will the first straight line intersect the axis OY ? 


19. One straight line with slope — } passes through (2, 0), anda 
second straight line with slope 1 passes through (— 2, 0). Where 
do these two lines intersect ? 


20. The center of a circle with radius 5 is at the point (1, 1). 
Find the ends of the diameter of which the slope is ¢. 


21. Two straight lines are drawn from (2, 3) to the axis OX. If 
their slopes are respectively } and — 2, prove that they are the 
sides of a right triangle the hypotenuse of which is on OX. 

22. Find the codrdinates of a point P on the straight line deter- 

‘A ag e's 
mined by P,(— 2, 3) and P,(4, 6), where — = =- 
2 Bp. *s 

23. A point of the straight line joining the points (3, —1) and 
(5,.— 5) divides it into segments which are in the ratio 2:5. What 
are its codrdinates ? 


24. On the straight line determined by the points P,(4, 6) and 
P,(— 2, — 5) find the point three fourths of the distance from 
P, to P,, 

25. Find the points of trisection of the line joining the points 
fi (= 9, —~7) and P02) 

26. The middle point of a certain line is (— 1, 2), and one end is 
the point (2, 5). Find the codrdinates of the othe: end. 


27. To what point must the line drawn from (1, —1) to (4, 5) be 
extended in the same direction, that its length may be trebled ? 
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28. One end of a line is at (2, — 3), and a point one fifth of the 
distance to the other end is (1, — 2). Find the codrdinates of the 
other end. 


29. Find the lengths.of the medians of the triangle (3, 4), 
(—1, 1), (0, — 3). 

30. The vertices of a triangle are A(0, 0), B(— 2, 5), and C(4, 3). 
Show that the slope of the straight line joining the middle points 
of AB and BC is the same as the slope of AC. 


31. Find the slopes of the straight lines drawn from the origin 
to the points of trisection of the straight line joining (— 2, 4) 
and (4, 7). 

32. Given the three points A(— 2, 4), B(4, 2), and C(7, Z upon | 


a 


Des ~ 56" 


a straight line. Find a fourth point D, such that — 


33. If P(x, y) is a point on the straight line determined by 
BPs fied 
P,(zy y,) and P,(x,, y,), such that ks S ib prove that 


2 ~ 49 
1 Lr + lay : ies Yo + Lo 
1,+ 0, “L44+2, 


34. Given four points P,, P,, P, P, Find the point halfway 
between P, and P,, then the point one third of the distance from 
this point to P,, and finally the point one fourth of the distance 
from this point to P,. Show that the order in which the points 
are taken does not affect the result. 


35. Prove analytically that the lines joining the middle points 
of the opposite sides of a quadrilateral bisect each other. 


36. Prove analytically that in any right triangle the straight line 
drawn from the vertex of the right angle to the middle point of the 
hypotenuse is equal to half the hypotenuse. 


37. Prove analytically that the straight line drawn between two 
sides of a triangle so as to cut off the same proportional parts, meas- 
ured from their common vertex, is the same proportional part of the 
third side. 

38. OABC is a trapezoid of which the parallel sides OA and CB 
are perpendicular to OC. D is the middle point of AB. Prove 
analytically that OD = CD. 
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39. Prove analytically that the diagonals of a parallelogram bisect 
each other. 


40. Prove analytically that if in any triangle a median is drawn 
from the vertex to the base, the sum of the squares of the other two 
sides is equal to twice the square of half the base plus twice the 
square of the median. 


41. Prove analytically that the line joining the middle points of 
the nonparallel sides of a trapezoid is one half the sum of the 
parallel sides. 


42. Prove analytically that if two medians of a triangle are equal, 
the triangle is isosceles. 


43. Show that the sum of the squares on the four sides of any 
plane quadrilateral is equal to the sum of the squares on the diagonals 
together with four times the square on the line joining the middle 
points of the diagonals. 


44. The following table gives to the nearest million the num- 
ber of tons of pig iron produced in the United States for the years 
indicated. Represent the table,by a graph. 


25,000,000 | 28,000,000 


16,000,000 29,000,000 


25,000,000 31,000,000 


27,000,000 23,000,000 


45. The following table gives to the nearest thousand the number 
of immigrants into the United States during the year 1914. Exhibit 
this table in the form of a graph. 


January 45,000 July 


February 47,000 August 


March 93,000 September 


April 120,000 October 30,000 


May 108,000 November 26,000 


June 72,000 December 21,000 
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46. The average yearly precipitation at the different meteoro- 
logical stations of one of the states for the years indicated was as 
follows. Represent the table by a graph. 


0.74 in. 1910 0.79 in. 


te 


2.09 in. | ideee 0.30 in. 


1.56 in. 1912 0.98 in. 


1.20 in. 1.06 in. 


3.02 in. 0.41 in. 


47. The daily maximum temperatures at a certain town in the 
United States for the first ten days of August, 1915, were respec- 
fpereiy 1007 99", 9a, 89°, 927, 94°, 96°, 95°, 99", 97-4 Constructive 
graph showing the variation in temperature. (Place 90° at the zero 
point of the temperature scale.) 


48. Ata certain place the readings of the height of the barometer 
taken at noon and midnight for a week were, in order, as follows: 
29.4, 29.6, 29.8, 30.1, 30.4, 30.8, 30.9, 30.4, 29.8, 29.3, 29.4, 29.7, 
29.6, 29.8. Construct a graph showing the changes in atmospheric 
pressure. 

49. On a certain Swiss railroad, the stations with their distance 
in miles from the first station and their elevation in feet above 
sea level are as follows. Represent graphically the profile of the 
railroad. 


Station A E G df J 1 
| 


Distance | 8mi./9.5mi./12mi.|13 mi.}15 mi. 18 mi.|/20 mi.|22.5 mi./25 mi./28 mi. 


fener! 
Elevation | 1437 1440’ 


1530’ | 1620’ | 1555’ | 1558’ | 1665’ | 2305’| 2160’ | 3295’ | 1960’ 


| 
i 


50. Ina test on the tensile strength of a steel rod, originally 10 in. 
long, subjected to a varying load, the following readings were made, 
the applied load being expressed in pounds per square inch of cross 
section and the elongation being measured in inches. Illustrate the 
test graphically. 


Load 


1000 | 5000 | 10,000 | 20,000 | 80,000 | 60,000 | 65,000 | 70,000 


Elongation 0 .0015 | .0031 | .0070 | .0108 | .0212 | .0230 | .0248 
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51. A varying load, expressed in pounds per square inch of cross 
section, was applied to the end of a concrete block originally 5 in. tall, 
and the corresponding compression was measured in inches, with the 
results expressed in the following table. Illustrate the test graphically. 


Load 100| 200 | 300| 400 500| 600| 700 | 800 | 900 | 1000 


Compression | 0 | .0004 .0010 ‘0021 |.0085 .0054 | .0078 | .0107 | .0130 | .0178 


52. A body is thrown vertically. upward with a velocity of 100 ft. 
per second. If v is the velocity at the time ¢, y =100 — gt. Assuming 
g = 32, construct the graph showing the relation between v and ¢. 


53. The space s through which a body falls from rest in a time ¢ 
is given by the formula s = }gt*. Assuming g = 382, construct the 
graph showing the relation between s and +. 


54. A body is thrown up from the earth’s surface with an initial 
velocity of 100 ft. per second. If s is the space traversed in the 
time t, s=100¢—}gt?. Assuming g = 32, construct the graph 
showing the relation between s and f. 


55. Make a graph showing the relation between the side and the 
area of a square. 


56. Make a graph showing the relation between the radius and 
the area of a circle. 


: . E . 
57. Ohm/’s law for an electric current is C = ru where C is the 


current, # the electromotive force, and R the resistance. Assuming 
E to be constant, plot the curve showing the relation between the 
resistance and the current. 


58. Two particles of mass m, and m, at a distance d from each 


other attract each other with a force F given by the equation 
LL 5 
a ns Assuming m,=5 and m,= 20, construct the graph 


showing the relation between F and d. 
59. If f(@) = at — 4a7 + 6x —1, find f(3), f(0), f(— 2). 
60. If f(x) = a — 327 +1, show that f(2) + 2 (0) =7 (Ll), 
61. If f(w) = a — 327+ 5a — 6, find f(a), f(— a), f(a +h). 


62. IE f(v) = a" p find £3), £), F(— 2). 


63. 


64. 
65. 


66. 


67. 


68. 


69. 


70. 


71. 


\ 72. 


73. 


74. 


75. 


76. 


17. 
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If f(x) = waft prove that f(— a) = f(«). 
If f(x) = x + 5x* — 9a, prove that f(— x) = — f(a). 


If f(x) = 2 + 2ax — a’, prove that f(a) + f(— a) = 0. 


If f@) = (2 oe “) (« _ *); prove that f(a) =f ( *) . 


2 
ne =5 = : = prove that f(a) - f(— a) =1. 


4 ne 
Tf f(x) = zee er et, prove that f(x) =7(=). 
If f,(@)=2°+a' and f,(a) = 2 ax, prove that f,(a@)—af,(a)=0. 


If f(@)= V2? — 4 and f,(2)= Va? + 4, prove that 
plat) +r(e—2)= 20 

If f(z) 5 + NE and f,(“)= NE = Ne prove that 
eae —[A@ P= LA@F- 


» prove that f[ f(x) ]= z. 


If f(@ y= 2 

If fe, =e +4 ue — 5, find £(0, 0), FA, 0), £(, 1), FA, 2) 
If f(a, "= — A prove that f(a, 6)=—f(, a). 

If f(a, y)=a+y and f,(a, y)=« — y, prove that 


[AG %) ILA 4) =A ©). 
If f(a, y)= =+2 and St, (2 Y) = ae ne y, prove that 
LNs y x av? i ge? 
S,(% v) =(A@ WP — 2. 
If f,(@, yy=xe+3y and f(x, y)= 3x +9y, prove that 
af (2, y)+ Ufy(% ¥)=[A@ 9) P- 


CHAPTER II 
GRAPHS OF ALGEBRAIC FUNCTIONS 


10. Equation and graph. If f(x) is any function, and we place 


y =f (2), 


we may, as already noted, construct a curve which is the graph of 
the function. The relation between this curve and the equation 
y =f (x) ts such that all points the codrdinates of which satisfy the 
equation lie on the curve; and conversely, if a point lies on the 
curve, its codrdinates satisfy the equation. 

The curve is said to be represented by the equation, and 
the equation is called the equation. of the curve. The curve 
is also called the locus of the equation. Its use is twofold: 
on the one hand, we may study a function by means of the 
appearance and the properties of the curve; and on the other 
hand, we may study the geometric properties of a curve by 
means of its equation. Both methods will be illustrated in 
the following pages. 

Similarly, any equation in x and y expressed by 


F@ywy=9 


represents a curve which is the locus of the equation. To 
construct this curve we have to find enough points whose 
coordinates satisfy the equation to outline the curve. This 
may be done by assuming at pleasure values of 2, substituting 
these values in the equation, and solying for the corresponding 
values of y. Before this computation is carried out, however, 
it is wise to endeavor to obtain some idea of the shape of the 
eurve. The computation is then made more systematic, or in 


some cases the curve may often be sketched free-hand with 
sufficient accuracy. 
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The following plan of work is accordingly suggested: 


1. Find the points in which the curve intercepts the codrdi- 
nate axes. 

2. Find if the curve has symmetry with respect to either of 
the coordinate axes or to any other line. 

3. Find if any values of one variable are impossible, since 
they make the other variable imaginary. 

4. Find the values of one variable which make the other 
infinite. 

Each of the above suggestions is illustrated in one of the 
following articles: 

11. Intercepts. The curve will have a point on the axis 
of z when y=0 and will have a point on the axis of y 
when x=0. Hence we may find the intercepts on one of the 
coordinate axes by placing the other 
coordinate equal to zero and solving the 
resulting equation. 


Ex. 1. y=.5(@ + 2)(+.5)(— 2). 


If y=0, rx =— 2 or —.5 or 2, and there are 
three points of the curve on the axis of z. 
If c=0, y=—1,and there is one intercept 


on the axis of y. 

If «<—2, all three factors are negative; 
therefore y <0, and the corresponding part of 
the curve lies below the axis of « If —2<a 
<— .5, the first factor is positive and the other 
two are negative; therefore y>0, and the 
corresponding part of the curve lies above the 
axis of z If —.5<a< 2, the first two factors Fig. 22 
are positive and the third is negative; therefore 
y <0, and the corresponding part of the curve lies below the axis of a. 
Finally, if «> 2, all the factors are positive; therefore y>0, and the 
corresponding part of the curve lies above the axis of «. 

Assuming values of « and finding the corresponding values of y, we plot 
the curve as represented in fig. 22. 


Ex. 2. 9 =.5 (2 + 2.5) (z—1)* 
If y = 0, x =— 2.5 or 1, and there are two points of the curve on the 


axis of z. 
If c=0, y =1.25, and there is one intercept on the axis of y. 
AC re 
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If «<—2.5, the first factor is negative and the second factor is 
positive; therefore y <0, and the corresponding part of the curve lies 
below the axis of 2. If — 2.5 <x <1, both factors are positive; therefore 
y>0, and the corresponding part of the curve 
lies above the axis of z Finally, if «>1, we 
have the same result as when — 2.56 <z <1, and 
the curve does not cross the axis of z at the 
point z=1 but is tangent to it. 

Assuming values of z and finding the corre- 
sponding values of y, we plot the curve as repre- 
sented in fig. 23. 


Since it will be shown in § 31 that an 
equation of the first degree in x and y, 


Ar+ By+ C=), Fie. 23 


always represents a straight line, and since a straight line is 
determined by two points, it is generally sufficient in plotting 
an equation of the first degree to find the intercepts on the 
two axes and draw a straight line through the two points thus 
determined. The only exception is when the straight line passes 
through the origin, in which case some point of the straight 
line other than the origin must be found by trial. . 


Ex. 3. Plot the line 32—5y+4+12=0. Placing y = 0, we find # =— 4. 
Placing x = 0, we find y = 23. We lay off OL =— 4, OK = 23, and draw a 
straight line through Z and K (fig. 24). 


Fia. 24 Fie, 25 . 


Ex. 4. Plot the line 82—5y=0. Here, ‘f z=0,y=0. If we place 
« =1, we find y = 3. The line is drawn through (0, 0) and (1, #) (fig. 25). 
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12. Symmetry and impossible values. A curve is symmetri- 
eal with respect to the axis of 2 when to each value of 
in its equation correspond two values of y, equal in magni- 
tude and opposite in siga. This occurs in the simplest manner 
when y is equal to plus or minus the square root of a func- 
tion of 2 Any value of z which makes the function under 
the radical sign positive gives two points of the curve equi- 
distant from the z-axis. Values of x which make the function 
under the radical sign negative make y imaginary and give 
no points of the curve. These values of x we call impossible 
values. 

Similar remarks hold for symmetry with respect to the axis 
of y. How symmetry with respect to other lines may sometimes 
be determined is shown by Ex. 5. 


Ex. 1. y=4V (e+ 2)(x—-1)(@— 5). 


If c=— 2, 1, or 5, y=0, and the graph intersects the axis of x at 
three points. 

The lines  =— 2, x =1, and s =5 divide the plane (fig. 26) into four 
sections. 

If c<— 2, all three factors of the 
product are negative; hence the radi- 
cal is imaginary and there can be no 
part of the graph in the correspond- 
ing section of the plane. If — 2<«<1, 
the first factor is positive and the 
other two are negative; hence the 
radical is real and there is a part of 
the graph in the corresponding section 
of the plane. If 1<z<5, the first 
two factors are positive and the third 
is negative; hence the radical is 


5 


Hit 


imaginary and there can be no part 
of the graph in the corresponding 
section of the plane. Finally, if 
z>5, all three factors are positive; 
hence the radical is real and there 
is a part of the graph in the corre- 
sponding section of the plane. 

Therefore the graph consists of two separate parts and is seen (fig. 26) 
to consist of a closed loop and a branch of infinite length. 


Ere. 26 


” 
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Ex. 2. y=+V(« + 2)(c—-1)*. 


This will be written as 


y=t(e@—-1l)vrt+2 


The line « =— 2 divides the plane (fig. 27) 
into two sections. : 

Proceeding as in the previous example, we 
find the radical to be real if >—2 and 
imaginary if «<—2. Therefore there is a 
part of the graph to the right of the line 
x=—2, but there can be no part of the 
graph to the left of that line unless x can 
have a value that makes the coefficient of the 
radical zero; and this coefficient is zero only 
when x equals unity. Hence all of the graph lies to the right of the 
line x =— 2, as shown in fig. 27. 

To every value of x correspond two values of y which are in general 
distinct but become equal when x=1. Hence the curve crosses itself 
when x=1. 

Comparing this example with Ex. 1, we see that by changing the 
factor «—5 to —1 we have joined the infinite branch and the loop, 
making a continuous curve crossing itself at the point (1, 0). 


Hare. 2 


1 Oh WP Se V (a + 2)? (t — 1) 
=(¢ +2) Ve— 1. 


The line x =1 divides the plane (fig. 28) into 
two sections. 

If «>1, the radical is real and there is a 
part of the graph in the corresponding § sec- 
tion of, the plane. If 2<1, the radical is 
imaginary and there will be no points of the 
graph except for such values of x as make 
the coefficient of the radical zero. There is 
but one such value, —2, and therefore there 
is but one point of the graph, (— 2, 0), to 


YG 


my 


the left of the line 2=1. The graph con- 
sists, then, of the isolated point A and the 
infinite branch (fig. 28). 

Comparing this example also with Ex. 1, 
we see that by changing the factor «—5 to 
«+2 we have reduced the loop to a single 
point, leaving the infinite branch as such. Fic. 28 
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Ex. 4. y=iV—(2@+4)(@ +2) (@—-4) 
=+ (e+ 2)V—(@ + 4)(@— 4). 
The lines x=—4 and x=4 divide the plane 


(fig. 29) into three sections. 


If —4<2<4, the radical is real and there is a 
part of the graph in the corresponding portion of 
the plane. If r<—4 or x>4, the radical is imagi- 
nary; and since in the corresponding sections there 
is no value of z which makes 2+ 2 zero, there can 
be no part of the graph in those sections. It is 


represented in fig. 29. 
Ex. 5. 227 +77 +3xr—4y—-5=0. 


Solving for y, we have 


yH=24V—227—3249, 


cr, after the expression under the 
radical sign has been factored, 


y=24V—-2@- DEFS). 


The lines  =— 3 and x = 3 divide 
the plane (fig. 30) into three sections, 
and proceeding as before, we find that 
the curve is entirely in the middle 
section (that is, when — 3 <iz’< 3) 
and that the line y = 2 is an axis of 
symmetry. 

If now we should solve for ¢ in 
terms of y, we should find another 


axis of symmetry, =— }?, and that 
the curye is bounded by the lines 
Y——1 2 anda y — 9.2. 


r=-3 
Ba SS aa eS 


13. Infinite values. If the expression delining a sunction con- 
tains fractions, the function is not defined for a yalue of x which 
makes the denominator of any fraction zero. But if =a is a 
value which makes the denominator zero, but not the numerator, 
and if z is allowed to approach a as a limit, the value of the fune- 
tion increases indefinitely and is said to become infinite. The 
graph of a function then runs up or down indefinitely, approach- 
ing the line =a indefinitely near but never reaching it. 
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This is expressed concisely by the formula 


~= OD. 
0 
Other important formulas involying infinity are 
C ; (oa) 
(/—z=Q, ok C= Oo, —=%, 
\@ c 


which may be explained in a similar manner. For example, to 
: c See 

obtain the meaning of —, we may write — and then allow z to 
o 6) Aw 


increase indefinitely. It is obvious that the quotient decreases in 
numerical value and may be made as small as we please by tak- 


ae : e 
ing x large enough. This is the meaning of the formula —= 0, 
e @) 


Ex. 1. OS gee 


It is evid 1t that y is real for all values of x; also, if r< 2 y is nega- 
tive, and if a>2) y is positive. Moreover, as x increases toward 2, y is 
negative and becomes indefinitely great} while as x decreases toward 2, y is 
positive and becomes indefinitely great. We 
can accordingly assign all values to 2 except 2. 
The curve is represented in fig. 31. 

It is\ seen that the nearer to 2 the value 
assigned to z, the nearer the corresponding 
point of the curve to the line = 2. In fact, 
we can make this distance as small as we 
please by choosing an appropriate value for 2. 
At the same time the point recedes indefi- 
nitely trom OX along the curve. 

‘Now, when a straight line has such a position 


with respect to a curve that as the two are 
indefinitely prolonged the distance between them 
approaches zero as a limit, the straight line is 
called av asymptote of the curve. 

It fellows from the above definition that the line «= 2 and also the 
line y = 0 are asymptotes of this curve. In this example it is to be noted 
that the asymptote «= 2 is determined by the value of z which makes 
the function infinite, ‘ 

Tt ip clear that all equations of the type 


1 


HE aT e / 


Ge 


repr ent curves of the same general shape as that plotted in fig. 31. 
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1 Il 
Ex. 2. y =—— , 
= = oo) a2 
Linde OLS a= 297 Y 


is infinite; hence these two 
values may not be assigned 
to z, all other values, however, 
being possible. The curve is 
represented in fig. 32. 

By a discussion similar 
to that of Ex. 1 it may be 
proved that the lines 2 = — 2 
and x = 2, which correspond 
to the values of x which make 
the function infinite, and also 
the line 7 = 0, are asymptotes 
of the curve. 

This curve is a special case 
of that represented by 


1 1 


zr—-a «£—b 


y = 
and it is not difficult to see how the curve represented by 


1 1 
Jere 


Z—-a “£-—-b “«-e 


will look for any number of terms. 


1 
Ex. 3. y= @—2)* 

All values of z may be assumed except 2. 
The curve is represented in fig. 33. It is 
evident that the lines x=2 and y=0 are 
asymptotes. 

This curve is a special case of that repre- 


sented by 
1 


Y = (2—ay? ’ 
which is itself a special case of 


1 1 
= SS, ae 
Y= Gay @— dy 
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in epae 
Exte = 
ae 


1 - The line s=3 


r—3 

(fig. 34) divides the plane into two sections, and it is evident that there 
can be no part of the curve in 

that section for which xr <3. x 

Moreover, this line =3 is an 


' 
' 
| 
asymptote, as in the preceding 
examples. The curve, which is a 
special case of that represented by % eae 
1 
| 
i 
! 
| 


We solve for y, forming the equation y =) 


e 
a= 


2 — ; —+ Xx 
J aad f 0 
is represented in fig. 34. It is to 
be noted that the axis of also 
is an asymptote. | 
‘ 
7 5 | = 
Ex. 5. Gece : Fic. 34 
To plot this curve we write the equation in the equivalent form 
1 
y=xut = @D) 


It is evident that all values except 0 may be assigned to 2, that value 
being excluded as it makes y infinite. Let us also draw the line 
Y=; (2) 
a straight line passing through the origin 
and bisecting the first and the third 
quadrants. 
Comparing equations (1) and (2), we 
see that if any value 2, is assigned to z, 
the corresponding ordinates of (1) and (2) 


are respectively x, -+— and zx, and that 
% 


1 
they differ by a Moreoyer, the numerical 
x 


value of this difference decreases as greater 
numerical values are assigned to x,, and 


it can be made less than any assigned 
quantity however small by taking 2, Fie. 35 
sufficiently great. It follows that the 

line y= xr is an asymptote of the curve. It is also evident that the line 
x=(), determined by the value of 2 which makes the function infinite, 
is an asymptote. The curve is represented in fig. 35. 
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14. Intersection of graphs. Let 


In Y= 9 Cd) 
and T.(a y= (2) 


be the equations of two curves. It is evident that any point 
common to the two curves will have codrdinates satisfying both 
(1) and (2), and that, conversely, any values of 2 and y which 
satisfy both (1) and (2) are codrdinates of a point common to 
the two curves. Hence, to find the points of intersection of two 
curves, solve their equations simultaneously. 

The simplest case which can occur is that where each 
equation is of the first degree and hence (§ 31) represents 
a straight line. In general there is a single solution, which 
locates the single point of intersection of the two straight 
lines. If no solution can be found, it is evident that the lines 
are parallel. 

Other important cases are the two following: 


CAsE I. f,(x, y)=0 and f(x, y)=0. Let 


IG y)=9%, (1) 
Si(% Y= %, (2) 


be a linear equation and an equation of the nth degree, where 
n>1. The degree of a curve is defined as equal to the degree 
of its equation. Accordingly this problem is to find the points 
of intersection of a straight line and a curve of the nth degree, 
and the method of solution is as follows: 

Solve (1) for either z or y and substitute the result in (2). 
If, for example, we solve (1) for y, the result of substituting 
this value in (2) will in general be an equation of the nth 
degree in z, the real roots of which are the abscissas of the 
required points of intersection. The ordinates of the points of 
intersection are now found by substituting in succession in (1) 
the values of 2 which have been found. 

If two roots z, and 2, of the equation in x are equal, the cor- 
responding ordinates are equal and the two points coincide. 
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We may regard this case as a limiting case when the position 
of the curves is changed so as to make z, and «, approach each 
other; that is, so:as to make the points of intersection of the 
straight line and the curve approach each other along the 
curve. Accordingly the straight line represented by equation 
(1) is, by definition, tangent to the curve represented by equa- 
tion (2). In general the tangent line simply touches the 
curve, without cutting it, as in the case of the circle. 


Ex. 1. Find the points of 
intersection of 


Y 


38a2—2y—4=0 (1) 
and e—4y=0. (2) 


Solving (1) for y and sub- 
stituting the result in (2), we 
have 27—62+8=0, the roots 
of which are 2 and 4. Substi- 
tuting these values of x in (1), 
we find the corresponding 
values of y to be 1 and 4. 


Therefore the points of inter- Fic. 36 
section are (2, 1) and (4, 4) 
(fig. 36). 

Ex. 2. Find the points of Y 


_ intersection of 
6x—4y—9=0 (1) 
and g—4y=0. (2) (1) 


Solving (1) for y and sub- 
stituting the result in (2), we 
have «?7—62+9=0. The 
roots of this equation are 
equal, each being 3. Hence x 
the straight line is tangent 
to the curve. Substituting 3 
for « in (1), we find y= $5 
hence the point of tangency 
is (3, $) (fig. 37). Fic. 37 
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31 
Ex. 3. Find the points of bg 
intersection of 
dxz—2y—5=0 (1) 
and 2—4y=0. (2) (2Yf1) 
Proceeding as in the two 
previous examples, we obtain 
z?7—62+10 = 0, the roots of 
which are 34+V—1. Hence 
the straight line does not x 
intersect the curve (fig. 38). 0 
The corresponding values of 
y are 24+ 3V—1. 
Ex. 4. Find the points of 
intersection of 
Fie. 38 
ace (1) 
and ye = x(x— 3)’. (2) 
Substituting the value of y from (1) in (2), 
we have 
x[(%—3)*—42]=0, 
or z[z?—10249]=0. 
vig Its roots are 0,1, and 9. The 
corresponding values of y are 
found from (1) to be 0, 2, 
and 18. Therefore the points 
of intersection are (0, 0), 
(1) (1, 2), and (9, 18) (fig. 39). 
Ex. 5. Find the points of 
intersection of 
i= Ott 2 (1) 
O and Y= 22. (2) 
Substituting in (2), we have 
v—382—2=0, 
by ee 2) (a Le Fra. 39 
Its roots are 2,1, —1. The corresponding values 
of y, found from (1), are 8, —1, —1. Therefore the 
points of intersection are (2, 8) and (—1, —1), the 
Fie. 40 latter being a point of tangency (fig. 40). 
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Ex. 6. Find the points of intersection of 
2a+y—4=0 (1) 

and yt = oie — 12). (2) 
After substitution we have 2*—42*+4z2—16=0, or (r—4) (2? + 4)=0, 
the roots of which are 4 and + 2V—1. The corresponding values of y, 
found from (1), are —4 and 4 +4V-—1. The 
only real solution of equations (1) and (2) 
being +=4 and y=—4, the straight line 
and the curve intersect in the single point 


(4, — 4) (fig. 41). 
Case II. f,,(x, y)=0 and f, (x, y)=0. 
Let i ae) aU Ci) 


be an equation of the mth degree, and 


NACA Dit () 


be an equation of the mth degree, where eal 

m and n are both greater than unity. 

The method is the same as in the preceding case; that is, 
the elimination of either’ or y, the solution of the resulting 
equation, and the determination of the corresponding values 
of the unknown quantity eliminated. The equation resulting 
from the elimination is in general of degree mn, and the 
number of simultaneous solutions of the original equations 
is mn. If all these solutions are real and distinct, the corre- 
sponding curves intersect at mn points. If, however, any of 
these solutions are imaginary, or are alike if real, the correspond- 
ing curves will intersect at a number of points less than mn. 
Hence two curves of degrees m and n respectively can intersect at 
mn points and no more. 


Ex. 7. Kind the points of intersection of 
ya Ae — 0 (1) 
and e+ y?—8=0. (2) 


Subtracting (1) from (2), we eliminate y, thereby obtaining the equa- 
tion x? + 22—8=0, the roots of which are —4 and 2. Substituting 2 
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\ 
and — 4 in either (1) or (2), we find the corresponding values of y to be 
+2 and i2V—2. The real solutions of the equations are accordingly 
z= 2, y=+ 2, and the corresponding 
curves intersect at the points (2, 2 
and (2, — 2) (fig. 42). 


cage (2) 
From the figure it is also evident (y) 
that the value — 4 for x must make y 
imaginary, as both curves lie entirely 
to the right of the line x =— 4. 
Ex. 8. Find the points of intersec- x 
tion of S520 (1) 
and y—32=0. (2) 
Substituting in (2) the value of y 


from (1), we have 2t— 27x=0. This 


Lol 
, 


equation may be written Tre. 49 
ZAC) (CO -Lie) @ 11) —= 10); a 
the roots of which are 0, 3, and anes - Substituting these values 


2) 


= 


of xz in (1), we find the corresponding values of y to be 0, 3, and 
—3438V—-3 
ae a 
y=0 and x=3, y=3. If we had 
substituted the values of z in (2), 
we should have at first seemed to (2) 

find an additional real] solution, @) 

y =—3 when r=3. But — 3 for 

y makes x imaginary in (1), as no 

part of (1) is below the axis of zx. 

Geometrically, the line «=3 

intersects the curves (1) and (2) O x 
in a common point and also 

intersects (2) in another point. 

Therefore the only real solutions 

of these equations are the ones 

noted above, and the correspond- 

ing curves intersect at the two Fie. 43 

points (0, 0) and (3, 3) (fig. 43). 


We see, moreover, that any results found must he tested by substitution in both 


Therefore the real solutions of these equations are x = 0, 


Ne 


of the original equations. 
The remaining two solutions of these equations, found by letting 
—343V-3 
ry 


» are imaginary. 
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Ex. 9. Find the points of intersection of 
227+ 3 4? = 385 (1) 
and ee (2) 
Since these equations are homogeneous quadratic equations, we place 
i — ATT (38) 


and substitute for y in both (1) and (2). The results are 227 + 3 mx? = 35 
and mz? = 6, whence 


35 

a 4 
“ 24+ 3m? @ 

6 
d Pes, 5 
an ier (5) 

Therefore 

35 6 
———~ =-; 6 
2+3m m (8) 


from which we find m = 3 or #. 
If m= 3, then, from (5), z=+2; 
and from (3) the corresponding 
values of y are + 3. 

If m = #, in like manner we Fic. 44 
find « =+ $V6 and y=+ 3V6. 

Therefore the curves intersect at the four symmetrically situated 
points (2, 8), (—2, —3), ($V6, 3V6), (-3V6, —%V6) (fig. 44). 


Ex. 10. Find the points ve 
of intersection of 
Qy2=2—2 (1) 2) (2) 
and 2?—4y?=4, (2) Ce 
Eliminating y, we have O x 


eo 270; 
the roots of which are 0 
and 2. When z=0 we 
find from either (1) or (2) 
y=+ V—1, and when x = 2 either (1) or (2) reduces to y? = 0, whence 
y=. Therefore these two curves are tangent at the point (2, 0) (fig. 45). 


Fie. 45 


15. Real roots of an equation. It is evident that the real 
roots of the equation f(x) = 0 determine points on the axis of 
x at which the curve y=f(a) crosses or touches that axis. 
Moreover, if a, and “, (%,<2x,) are two values of x such that 
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F(%,) and f(2,) are of opposite algebraic sign, the graph is on 
one side of the axis when x=, and on the other side when 
x=vx, Therefore it must have crossed the axis an odd number 
of times between the points x= 2, and =a, Of course it may 
have touched the axis at any number of intermediate points. 
Now if f(x) has a factor of the form (#— a)*, the curve y=f(2x) 
crosses the axis of 2 at the point z=a when & is odd, and 
touches the axis of x when & is even. In each case the equa- 
tion f(x) = 0 is said to have k equal roots, =a. Since then a 
point of crossing corresponds to an odd number of equal roots 
of an equation and a point of touching corresponds to an even 
number of equal roots, it follows that the equation f(x) = 0 
has an odd number of real roots between 2, and 2, if f(a,) 
and f(z,) have opposite signs. 

The above gives a ready means of locating the real roots of 
an equation in the form f(r)= 0, for we have only to find two 
values of a, as x, and z,, for which f(v) has different signs. We 
then know that the equation has an odd number of real roots 
between these values, and the nearer together z, and z,, the more 
nearly do we know the values of the intermediate roots. In locat- 
ing the roots in this manner it is not necessary to construct the 
corresponding graph, though it may be helpful. 


Ex. Find a real root of the equation xz? + 2z—17 = 0, accurate to two 
decimal places. 

Denoting z* + 2z—17 by f(z) and assigning successive integral values 
to z, we find f(2) =— 5 and /(3) =16. Hence there is a real root of the 
equation between 2 and 3. 

We now assign values to x between 2 and 3, at intervals of one tenth, 
as 2.1, 2.2, 2.3, ete., and we begin with the values nearer 2, since f(2) is 
nearer zero than is f(3). Proceeding in this way we find /(2.3) =— .233 
and f(2.4) = 1.624; hence the root is between 2.3 and 2.4. 

Now, assigning values to z between 2.3 and 2.4 at intervals of one hun- 
dredth, we find (2.31) =— .054 and /(2.32) = .127; hence the root is 
between 2.51 and 2.32, 

To determine the last decimal place accurately, we let z= 2.315 and 
find f(2.315) = .037. Hence the root is between 2.31 and 2.315 and is 
2.31, accurate to two decimal places. 

If f(2.315) had been negative, we should have known the root to be 
between 2.315 and 2.32 and to be 2.32, accurate to two decimal places, 
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PROBLEMS 


Plot the graphs of the following equations : 


1 38¢7+4y—-T=0. “18. 
2.2¢%—5y+6=0. 19. 
otc ede e— 20. 
Ay Ag — or 0)! 21. 
5. 8y+8=0. 22. 
6. y=4a?4+ 4a —3. 23. 
7. y=4e?—22e+43. Ae 
8. y= 6-2-2, 25. 
“9. y=— 3a?+ 4a, 26. 
10. y=(@+2)(a@—1)(#— 3). 27. 
11, ¥ =(@'—1)@2a + 9). 28. 
12. y=a?+ 40% “29. 
13. y=(@ — 3)(22+1)*% 30. 
“14, y= a2°— 82?4152. 31. 
15. y= 2284+ 327-142. 32. 
16. y=a?—a@’?— 4244. 33. 
Aye i= oF = ae, 34. 


y=(@ +1)(@— Ae — 3) 
y =(@ —1)(e + 38)(a* +2). 
y= («—1)(2 074+ 6a2+5). 
y= (x — 2) (a? — 9). 

yY = («+ 3)(6 a — a? — 8). 
97? = (a + 2) (2a —1)?. 
Ay = ah + 4a 

9 y? = (a? —1) (4a? — 25). 
y? = (1— a’) (42? — 25). 
47=9e— 2% 

y’? =(2a + 3) (42? — 9). 
yf? = (a — 2)7(3 — 22). 

y =(2 + « — a*)\(a + 2)% 
y? = x? (a — 5)7(2a — 3). 
Ay? = (2 —1)?(42°—4 2—3). 
y= a (e+ 2)%(@ + 3) 
of = (2a — 3) (27 +1). 


35. y =(a —1) (2a —1)(a? + 3243). 
36. 2? + 7—42+6y+9=0. 


-a—4y+47=0. 48. 
_v—y—2e+4y—4=0. 49 
. 927+ 36y7?—96y+4+28=0. 50. 
. 2+ 3e7—yY—2—38=0,. 
~y =aGr— 9), 

- Y= 2 (x + 3). 

» Y+1P=@+1)@— 9). 
-2@—y(5+y)=0. 53. 
ery t= Da) 
oY +8) == (a — 2)?. 

- Y— 27% =@— 2a — 5). 55 


5 


5 


w 


5 


~ 


(y — x)? = 16 — a 
(@+tyyv=¥ (y+). 
w—4day—5y?+9y*=0. 


Arlt 
«(Gat 


(a + x?) = a? (a — x), 


PROBLEMS 
56. aty? + bat = aba”, or 
57. 16. aty? = b*2? (a? — 2 az). 
" 58. xy = 16. ‘68. 
469. 2y =— 16. 
60. 2y —ay=12. ee 
i 70. 
ey 5 
1 i 
7S Gis eee, 71. 
’=@4+I) @+5) 
Ae 72. 
Tee a sea 
Ca oo i 6 73. 
| 
64259-— : 
Yeti £3) 4) 
65. xy? + 25 = 977. 
a (x +1) 75. 
ie x—1 76. 
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a 
44 = ae 
1 
TINS a meee 
3 
Gi oe) 
1 
Ae 
Pee 
st wae ly 
a 
xy =4a?(2a—2) 
a 
2 
YG oe 
x(a + a) 
2 
J a—x 
af (ar ia? = ara, 


y (a + a’) = a? (a — 2), 


Find the points of intersection of the following pairs of loci: 


AC 


77. 32—y—2 


Sake 87h aw. 


78. 64 —24y419=0, 1274+ 3y+4=0. 


“79. 2a —y—2 


= 0, a? + 4? = 25. 


80. 24 —3y+9=0, @ +Y7Y+2r74+4y—8=0, 


81. 424+ 5y—20= 
= 0, 


82. 2y+3a4—5 


0, 2 +Y7—2¢4—3=0. 
a—2e%—2y+4=0. 


83. 34—2y+6=0, 7+4y+e4+7=0. 
84.2—4y4+1=0, 47+4y—424+4+5=0. 


85. oa + 2y —7= 0, 


52? +Ay? = 21, 


86. Te —2y+4=0, 210°—4y'—12=0. 


87. x—2y=0, wy + 36 = 257’. 


88. 2a —y—1=0, 4Y¥ =(«@+ 2)(2e—1)2 


a 89, 


e+2y—2=0, y + ory = 1. 


90. 27+ 47 = 25, 1627 + 2777 = 576. 
91. a? + of =12, 2? —8y+8=0. 


492. 


doy =1, 2274+ 2y=1. 
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93. 


94. 


95. 


96. 


Milo 


327° — 92° =0, 87 —9a— 0. 


38 


2f=3—2, fag 
v—yY=0, #7+/7—4y—4=0. 
te = 2b — by, ¥ I= 
(oo ia ee 


Find the real roots, accurate to two decimal places, of the 
following equations : 

98. 2-4 2a —6=0, 101. #t— 42° 4+ 4=0, 

9950 a + lt 0; 102. 2 — 327+ 62r—-11=0 

100. a*—l1lz2+5=0. 103. 2+3e27+42+7=0. 


GCHAPTE RSI 
CHANGE OF COORDINATE AXES 


16. Introduction. So far we have dealt with the codrdinates 
of any point in the plane on the supposition that the axes of coor- 
dinates are fixed, and therefore to a given point corresponds one, 
and only one, pair of codrdinates, and, conversely, to any pair of 
coordinates corresponds one, and only one, point. But it is some- 
times advantageous to change the position of the axes, that is, to 
make a transformation of codrdinates, as it is called. In such a 
case we need to know the relations between the codrdinates of a 
point with respect to one set of axes and the coordinates of the 
same point with respect to a second set of axes. 

The equations expressing these relations are called formulas 
of transformation. It must be borne in mind that a trans- 
formation of codrdinates never alters the position of the point 
in the plane, the codrdinates alone being changed because of 
the new standards of reference 
adopted. y’ ¥ 

17. Change of origin. In this 
case a new origin is chosen, but 
the new axes are respectively | 
parallel to the original axes. | 

Let OX and OY (fig. 46) be the bie xX 
original axes, and O'X’ and O'Y’ | 
the new axes intersecting at 0’, ——z; ! 
the coordinates of O' with respect 
to the original axes being z, and y,. Fic. 46 
Let P be any point in the plane, 
its codrdinates being 2 and y with respect to OX and OY, and 
z’ and y’ with respect to O'X' and O'Y'. Draw PMM"' parallel | 

to OY, intersecting OX and O'X' at M and M' respectively. 
. 39 
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Then OM=2, MP=y, 
OM =7, MP=y’, 
NO'=2, ON=4,. 


But OM=NM'=NO'+0'M’, 
and MP=MM'+M'P=ON+M'P. 
Therefore ue ee =r oe 


which are the required formulas of transformation. 


Ex. 1. The coordinates of a certain point are (3, — 2). What will be 
the coordinates of this same point with respect to a new set of axes 
parallel respectively to the first set and intersecting at (1, —1) with 
respect to OX and OY? 

Here x, =1, y, =—1, =3, and y=—2. Therefore $=1+7 and 
—2=—1+ 7, whence 7 =2 and 7=—1. 


Ex. 2. Transform the equation 77 -—2y—8x2—5=0 to a new set of 
axes parallel respectively to the original axes and intersecting at the 
point (— 2, 1). 

The formulas of transformation are x= —2+2,y=1+,’. Therefore 
the equation becomes 


(1+ y?-20 + y)-3(-2 +2) -5 =0, 
or Yoo. s0 te 
As no point of the curve has been moved in the plane by this transformation, 


the curve has been changed in no way whatever. Its equation is different because 
ut is referred to new axes. 


After the work of transformation has been completed the primes 
may be dropped. Accordingly the equation of this example may be 
written y?7—382=0, or y7=3a, the new axes being now the only ones 
considered. 


18. One important use of transformation of codrdinates is 
the simplification of the equation of a curve. In Ex. 2 of 
the last article, for example, the new equation y?= 3-2 is 
simpler than the original equation. It is obvious, however, 
that the position of the new origin is of fundamental im- 
portance in thus simplifying the equation, and we shall now 
solve examples illustrating methods of determining the new 
origin to advantage. 
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Ex. 1. Transform the equation y?7—4y—22—322—82xr+3=0 to 
new axes parallel cespectively to the original axes, so choosing the 
origin that there shall be no terms of the first degree in x and y in 
the new equation. 

The formulas of transformation are 


r=at2 and y=yty, 


where suitable values of 2) and y, are to be determined. The equa- 
tion becomes 


yay P42, + 7 )— Ee 8 eke Pa ee) 8 = 0; 
or, after expanding and collecting like terms, 
We i, — 2) (8 2, 5) 2 = Cae ee oe 
AG iy ee ohio Ly 
By the conditions of the problem we are to choose z, and y, so that 
ify 0), 322+ 62,+3=0, 


two equations from which we find z, =—1 and y, = 2. 
Therefore (—1, 2) should be chosen as the new origin, and the new 
equation is 7/*— a *%=0, or y?= 2? after the primes are dropped. 


Ex. 2. Transform the equation 
16 2? + 2577+ 642 —-—150y—-111=0 


to new axes parallel respectively to the original axes, so choosing the 
origin that there shall be no terms of the first degree in w and y in 
the new equation. 

We may solve this example by the method used in solving Ex. 1, but 
since the equation is of the second degree, the following method is very 
desirable. 

Rewriting, we have 


16(a?+427)4+ 25(y—6y)=111; 
whence 16 (a? +4244) + 25(7—6y +9) = 400, 


or 16 (« + 2)? + 25(y — 8)? = 400. 
Placing now pies— 2-2, aaa 8 tear, 
we have as our new equation 16 2? + 25 y’ = 400, 


the new origin of codrdinates being at the point (— 2, 3) with respect to 
the original axes. 
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19. Change of direction of axes. 

Case I. Rotation of axes. Let OX and OY (fig. 47) be the 
original axes, and OX' and OY' be the new axes, making 2 ¢ 
with OX and OY respectively. Then Z YOY'=90°+¢ and 
ZVOX'=90°— ¢. 

Let P be any point in the plane, Y’ F 


its codrdinates being x and y with Nt---—- 
respect to OX and OY, and a’ at 
. a > \ 
and y' with respect to OX’ and ee 

| 

| 


OY'. Then, by construction, OM= 2, 
ONey, OM =x, and WP =z’. 
Draw OP. 0 M 

The projection of OP on OX is Wa. 47 
OM, and the projection of the 
broken line OM'P on OX is OM' cos ¢ + M'P cos(90°+ g), or 
OM' cos ¢ — M'P sin ¢. 


Te 
8 
<\ 
Zs 


Therefore OM = OM' cos ¢—M'Psin 9g, 
by § 2. 

In like manner the projection of OP on OY is ON, and the 
projection of the broken line OM'P on OY is OM' cos (90° — ¢) 
+ M'P cos $. 

Therefore ON=OM' sing + M'P cos ¢, 
by § 2. 

Replacing OM, ON, OM", M'P by their values, we have 


x=vx' cos d — y' sin ¢, 
y=x'singd+y' cos ¢d. 
Ex. 1. Transform the equation zy = 5 to new axes having the same 


origin as the original axes and making an angle of 45° with them. 
Here @ = 45°, and the formulas of transformation are z= 


sje v2 


v3 


/ 


uy 


? 


Substituting and simplifying, we have as the new equation 2? — y2=10. 


Ex. 2. Transform the equation 34 2? + 41 y? — 24 ry = 100 to new axes 
with the same origin as the original axes, so choosing the angle ¢ that the 
new equation shall have no term in xy. 
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The formulas of transformation are 
xr=x cos — y' sin d, 
y=x sing + y’cos d, 
where ¢ is to be determined. 
Substituting in the equation and collecting like terms, we have 
(384 cos? + 41 sin? d — 24 sin ¢ cos d) x? 
+ (34 sin?¢ + 41 cos*¢ + 24 sin d cos d) 7? 
+ (24 sin? + 14 sin d cos f — 24 cos?) ry = 100. 


By the conditions of the problem we are to choose ¢ so that 
24 sin? + 14 sing cos ¢ — 24 cos? = 0. 


One yalue of ¢ satisfying this equation is tan-!$. Accordingly we sub- 
stitute sin @ = ? and cos ¢ = #, and the equation reduces to 274+ 2y7=4. 


CASE II. Interchange of axes. If the axes of x and y are simply 
interchanged, their directions are changed, and hence such a trans- 
formation is of the type under consideration in this article. The 
formulas for such a transformation are evidently z=y', y=2'. 

CASE III. Rotation and interchange of axes. Finally, if the 
axes are rotated through an angle ¢ and then interchanged, the 
formulas, being merely a combination of the two already found, are 


r=y'cos¢—~z’' sin q, y=y' sin d+’ cos ¢. 


A special case of some importance occurs when ¢ = 270°. We 
have thes z=27', y=— y/. 

Cases IJ and III, it should be added, occur much less frequently 
than Case I. 

If both the origin and the direction of the axes are to be 
changed, the processes may evidently be performed successively, 
preferably in this order: (1) change of origin; (2) change of 
direction. 

20. Oblique codrdinates. Up to the present time we have 
always constructed the codrdinate axes at right angles to each 
other. This is not necessary, however, and in some problems, 
indeed, it is of advantage to make the axes intersect at some 
other angle. Accordingly, in fig. 48, let OY and OY intersect 
at some angle w other than 90°. 
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We now define x for any point in the plane as the distance 
from OY to the point, measured parallel to OX, and y as the 
distance from @X to the point, measured parallel to OY. The 
algebraic signs are determined accord- 
ing to the rules adopted in § 4. 

It is immediately evident that the 
rectangular codrdinates are but a special 
case of this new type of codrdinates, 
called oblique codrdinates, since the new 
definitions of z and y include those pre- 
viously given. In fact, the term Carte- 
sian, or rectilinear, coordinates includes Fie. 48 
both the rectangular and the oblique. 

Oblique codrdinates are usually less convenient than rectangu- 
lar ones and are very little used in this book. If necessary, the 
formulas obtained by using rectangular coordinates can be trans- 
formed into similar ones in oblique coordinates by the formulas 
of the following article. When no angle is specified the angle 
between the axes is understood to be a right angle. 

21. Change from rectangular to oblique axes. Let OY and OY 
(fig. 49) be the original axes, at right angles to each other, and 
OX' and OY' the new 
axes, making angles 
and ¢$! respectively with 
OX. Then w= ¢/—¢. 
Let P be any point in 
the plane, its rectangular 
coordinates being x and 


y, and its oblique eobrdi- 
nates being 2 and y'. Tipe 
Draw PM parallel to OY, PM’ parallel to OY’, M'N parallel 
to OY, and RM’'N' parallel to OX. Then ZRM'P= ¢’. 
But OM= ON+ NM =ON+M'N' =O0M' cos6 + M'P cos ¢', 
MP= MN'+ N'P=NM'+N'P=OM' sin $+ M'P sin ¢’. 
Therefore x=2' cosd+y/!' cos $’, 


y= e'sing+y'sin ¢!. 
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i 


Ex. Transform the equation = — 3 =1 to the lines y =+ Le as axes. 
ae ie a 


l 
Here let d= tan-1(— *), and ¢’ = tare The formulas of trans- 
formation become _ M 


z ake b , ; 
ee KT) 1 a Qa ar 2) 
Va? +B? ) Var+ mi 
24 42 
Substituting and simplifying, we have as the new equation zy = a 7 b ; 


Unless } = a, the axes are oblique and w = 2 os 
a 


22. Degree of the transformed equation. In reviewing this 
chapter we see that the expressions for the original coérdinates in 
terms of the new are all of the first degree. Hence the result of 
any transformation cannot be of higher degree than the original 
equation. On the other hand, the result cannot be of lower 
degree than the original equation; for it is evident that if any 
equation is transformed to new axes and then back to the original 
axes, it must resume its original form exactly. Hence, if the 
degree had been lowered by the first transformation, it must be 
increased to its original value by the second transformation. 
But this is impossible, as we have just noted. 

It follows that the degree of an equation is unchanged by 
any single transformation of coérdinates or by any number of 
successive transformations. In particular, the proposition that 
any equation of the first degree represents a straight line is 
true for oblique, as for rectangular, coordinates. 


PROBLEMS 


+1. What are the new codrdinates of the points (3, 4), (— 3, 6), 
and (4, —7) if the origin is transferred to the point (2, — 3), the 
new axes being parallel to the old? 


4 2. Transform the equation 2 + 97’ —4c2+18y+8=0 to new 
axes parallel to the old axes and meeting at the point (2, —1). 


, 8. Transform the equation 2”7+ 27 —2x2+2y—T=0 to new 
axes parallel to the old axes and meeting at the point (4, — 4). 


\ 4. Transform the equation 2?—y’°+2a2—3=0 to new axes 


parallel to the old axes and meeting at the point (-~1, 0). 
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5. Transform the equation y— 3y?4 327+3y+122+11=0 

to new axes parallel to the old axes and meeting at the point (— 2, 1). 

\ 6. Transform the equation y7—42—6y+45=0 to new axes 

parallel to the old axes, so choosing the new origin that the new 
equation shall contain only terms in 7’ and z. 


.7. Transform the equation 2? + 22+4y—3=0 to new axes 
parallel to the old, so choosing the new origin that the new equation 
shall contain only terms in and y. 

8. Transform the equation 227—477+1227%+4+16y—7=0 to 
new axes parallel to the old, so choosing the origin that there shall 
be no terms of the first degree in the new equation. 


9. Transform the equation 427+ 97?—4r+12y+4=0 to 
new axes parallel to the old, so choosing the origin that there 
shall be no terms of the first degree in the new equation. 


10. Transform the equation ry — 37+ 27 —12 = 0 to new axes 
parallel to the old, so choosing the origin that there shall be no terms 
of the first degree in the new equation. 


11. Transform the equation 62y —107+3y—19=0 to new 
axes parallel to the old, so choosing the origin that there shall be 
no terms of the first degree in the new equation. 

12. Show that any equation of the form ry +ar+by+c=0 
can always be reduced to the form ry =k by choosing new axes 
parallel to the old, and determine the value of &. 

13. Show that the equation y? + ay + dx +c = 0(b + 0) canalways 
be reduced to the form y? + ba = 0 by choosing new axes parallel to 
the. given ones. 

14. Show that the equation aa?+ by’?+cx+dy+e=0(a+0,b +0) 
can always be put in the form aa? + by? =k by choosing new axes 
parallel to the old, and determine the value of k. 

15. What are the codrdinates of the points (0, 2), (2, 0), (2, — 2) 
if the axes are rotated through an angle of 60°? 

16. What are the codrdinates of the points (1, 2), (2, 2), (2, —1) 
if the axes are rotated through an angle of 45°? 

17. What are the codrdinates of the points (1, 2), (—1, — 2), 
(1, — 2) if the axes are rotated through an acute angle tan-13? 

18. Transform the equation 2a?+2y— 32y—7=0 to a new 
set of axes by rotating the original axes through an angle of 45°. 
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19. Transform the equation 422+2V83ay+2y—5=0 toa 
new set of axes by rotating the original axes through a positive 
angle of 30°. 

20. Transform the equation 4z27—122y4+ 9y'—14=0 toa new 
set of axes making a positive angle tan-!% with the original set. 

21. Transform the equation 527+ 42y + 87 — 36 = 0 to a new 
set of axes by rotating the original axes through a positive angle 
tan—"(— 4). 

22. Transform the equation 4a7+152y —4y?— 34 = 0 toa new 
set of axes making a positive angle tan~!3 with the original axes. 

23. Show that the equation 2?+ y*= a’ will be unchanged in 
form by transformation to any pair of rectangular axes if the origin 
is unchanged. 

24. Transform the equation 2* — 77 = 49 to new axes bisecting 
the angles between the original axes. 

25. Transform the equation 52*+ 2ay+5y?—12=0 to one 
which has no zy-term, by rotating the axes through the proper 
angle. S 
~ 26. Transform the equation 627+ 24ay — y*—150=0 to one 
which has no zy-term, by rotating the axes through the proper 
angle. 

27. Transform the equation 16 2? — 2427+ 9y?— 30% —40y=0 
to one which has no zy-term, by rotating the axes through the proper 
angle. 

28. Transform the equation 412? + 242y + 34y? —100a — 50 
—100 = 0 to one which has no zy-term, by rotating the axes through 
the proper angle. 

29. Transform the | equation 11 “ — 6V3 ry + by + (29m 
12-V/3)2 —(20 + 6-V3)y+ 3+12-V3 = 0 to a new set of axes 
making an angle of 60° with the original axes and intersecting at 
the point (—1, 2) with respect to the original axes. 


30. Transform the equation 427+ 257? =100 from rectangular 
axes to oblique axes with the same origin and making the angles 
tan~1} and tan-!(— ¢) respectively with OX. 

31. Transform the equation 9 z? — 47’ = 36 from rectangular axes 
to oblique axes with the same origin and making the angles tan~*3 
and tan-'(— 3) respectively with OX. 
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32. Transform the equation 9a? — 47 = 36 from rectangular axes 
to oblique axes with the same origin and making the angles tan7’ 4} 
and tan~'3 respectively with OX. 

33. Prove that the formulas for changing from a set of rectangular 
axes to a set of oblique axes having the same origin and the same 
axis of x are 2 = x! + y! cos w, 
y= Yf Sil ow, 
where w is the angle between the oblique axes. 

34. By rotating the axes through an angle of 45° and changing 
the origin, prove that the equation at 4 ye = a! can be transformed 
into y? = V2 aa, and sketch the curve. 


35. The equation of the Molium of Descartes is x* + y° — 3 ary = 0. 
Rotate the axes through an angle of 45° and sketch the curve. 


CHAPTER IV 
GRAPHS OF TRANSCENDENTAL FUNCTIONS 


23. Definition. Any function of x which is not algebraic is called 
transcendental. The elementary transcendental functions are the 
trigonometric, the inverse trigonometric, the exponential, and the 
logarithmic functions, the definitions and the simplest properties 
of which are supposed to be known to the student. In this 
chapter we shall discuss the graphs of these functions. 

24. Trigonometric functions. 


Ex. 1. gj =sinz. 
The values of y are found from a table of trigonometric functions. 
In plotting it is desirable to express x in circular measure; for example, 
for the angle 180° we lay off 
g= 7 = 3.1416. When sz isa 
multiple of 7, y¥=0; when 


z is an odd multiple of :, 


y =+1; for other values of z, 
y is numerically less than 1. Vine, 5 

The graph consists of an 

indefinite number of congruent arches, alternately above and below the 
axis of z, the width of each arch being zw and the height being 1 (fig. 50). 


The curve y = sing may be constructed without the use of tables, by a 
method illustrated in fig. 51. . 
Let P, be any point on the circumference of a circle of radius 1 
with its center at C, and let AO be a diameter of the circle extended 
49 


| 
| 
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indefinitely. With a pair of dividers lay off on AO produced a distance 
ON, equal to the arc OP,. This may be done by considering the are OP, 
as composed of a number of straight lines each of which differs inappre- 
ciably from its arc. From N, draw a line perpendicular to AO, and from 
P, draw a line parallel to AO. Let these lines intersect in Q,. Then 
N,Q,=M,P,=CP,sin OCP,. But CP, =1, and the circular measure 
of OCP, is OP, = ON,. If, then, we take ON, =z, N,Q,=y, Q is a 
point of the curve y=sinz. By varying the position of the point P, 
we may construct as many points of the curve as we wish. The figure 
shows the construction of another point Q,. 


Ex. 2. y =asinodz. 
When =z is a multiple of 3 y = 0; when z is an odd multiple of ma 


y= 4; for all other values of x, y is numerically less than a. The 


Fie. 52 


curve is similar in its general shape to that of Ex. 1, but the width 
of each arch is now 5 and its height is a. Fig. 52 shows the curve 


when a=8 and 6=2. 


Ex. 38. y= asin(bz + c). 

Place x =— ; “fey 19)" 

The equation then becomes y = a sin dz’. 

The graph is consequently the same as in Ex. 2, the effect of the term 
+ c being merely to shift the origin. 

Ex. 4. y¥ =a cos bz. 

This may be written ¥ = asin (%« + *), 


which is a curve of Ex. 3. Hence the graph of the cosine function differs 
from that of the sine function only in its position. 
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Ex. 5. y=sinz+ }sin2z. 


The graph is ¥ 
found by adding , 
the ordinates of " f \ -yF sin gx 
the two curves - an Se 


fe y= sin vt f sin 2x 


== frhrl and 
y ¢ : y=sin x 


y = 4sin 22, as 


shown in fig. 53. 
Ls Fie. 53 
Ex. 6. y=sin—- 

x 


y = 0 when = = kn, that is, when z = i where k is any integer. Hence 
s 


the graph crosses the axis of x at the points 1, }, 3, }, }, etc. Between any 
consecutive two of these points y varies continuously from 0 to +1 and back 
to zero. It follows that as 
x approaches 0, the corre- 
sponding point on the 
graph oscillates an infi- 
nite number of times 
back and forth between 
the straight lines y=+1. 
Tt is therefore physically 
impossible to construct 
the graph in the neigh- 
borhood of the origin. 
This is shown in fig. 54 Fie. 54 
by the break in the curve. 
The yalue of y can be calculated for any value of z, no matter how 
12 5 
small. For example, if x= 125 
not defined for z= 0, and the function is discontinuous at that point. 


i sin sy = .9659. The value of y is 


Ex. 7. y= tanz. 
When z is a multiple of 
7, y = 0; when zg is an odd 


multiple of Sh y is infinite, 
in the sense of §13. The 
curve has therefore an un- 
limited number of asymp- 
totes perpendicular to OX, 


| 
| 
| 
| 
| 
| 
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a0 oe 
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| 
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namely, c=+7, ie aa 
e | 
..+, which divide the plane 
into an infinite number of 


sections, in each of which is a distinct branch of the curve, as shown in fig. 55. 


i 


He 
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25. Inverse trigonometric functions. The graphs of the inverse 
trigonometric functions are evidently the same as those of the 
direct functions but differently placed with reference to the 
coérdinate axes. It is to be noticed particularly that to any 
value of x corresponds an infinite number of values of y. 


> 


lope le Ope Gib 


From this, z=siny, and we may plot the graph 
by assuming values of y and computing those of z 


(fig. 56). 


Fic. 56 Fic. 57 


Ex. 2. y = tan-1z. 


Then x = tan y, and the graph is as in fig. 57. 
These curves show clearly that to any value of x corresponds an infinite 
number of values of y. 


26. Exponential and logarithmic functions. The equation 
y=a" 


defines y as a continuous function of 2, called the exponential func- 
tion, such that to any real value of 2 corresponds one and only 
one real positive value of y. A proof of this statement depends 
upon higher mathematics, but the student is already familiar with 
the methods by which the value of y may be computed for simple 
values of x. If x is an integer n, y is determined by raising a to 


the nth power by multiplication. If 2 is a positive fraction 2, y is 


the gth root of the pth power of a. Ifwisa positive irrational num- 
ber, the approximate value of y may be obtained by expressing « 
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approximately as arational number. If <=0, y=a°=1. Finally, 


if 2 =— m, where m is any positive number, y=a *=— 


Practically, however, the value of a” is most readily obtained 

by means of the inverse function, the logarithm; for if 
y=, 

then z= logy: 

The quantity a is called the base of the system of logarithms 
and may be any number except 1. 

When a=10, tables of logarithms are readily accessible. Sup- 
pose a is not 10, and let & be such a number that 


10°=a; 
that is, b= log, ,4. 
Then we have fe ee ee Ores 
Hence bx = log, Y; 
and n= Shall — Pl 


Ex. 1. The graph of y = logy5)z is shown in fig. 58. 
It is to be noticed that the curve has the negative portion of the y-axis 
for an asymptote and has no points corresponding to negative values of z. 


Ex. 2. The graph of y = (1.5)* is shown in fig. 59. 


Fic. 58 Fie. 59 


27. The number e. In the theory and the use of the expo- 
nential and the logarithmic functions an important part is 
played by a certain irrational number, commonly denoted by 
the letter e. This number is defined by an infinite series, thus: 


A Wre Ra a a! 
fai (0/4 eanlcamues 


AC 
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It can be shown that this series converges; that is, that the 
greater the number of terms taken the more nearly does their 
sum approach a certain number as a limit. Assuming this, we 
may compute e to seven decimal places by taking the first 
eleven terms. There results 


e = 2.7182818 ..-. 


When y = &, z is called the natural, or Napierian, logarithm 
of y. The use of Napierian logarithms in theoretical work gives 
simpler formulas than would result from the use of the common 
logarithm. Hence in theoretical discussions the expression log x 
usually means the Napierian logarithm. On the other hand, 
when the chief interest is in calculation of numerical values, as 
in the solution of triangles, log usually means log,,2. Jn this 
book we shall use logax for log,x. 

Tables of values of log,2 and e* are found in many collections 
of tables and may be used in finding the graphs. It is evident, 
however, that the graphs 
will not differ in general Y 
shape from those in Exs. 1 
and 2 of § 26. 

In the following exam- 
ples we give the graphs 


- : O 
of certain other functions 
which involve e and pre- 
: : Fie. 60 
sent other points of interest. 
Ex, 1. y= 67% 
The curve (fig. 60) is symmetrical with respect i 


to OY and is always above OX. When z = 0, y=1. 
As x increases numerically, y decreases, approaching 
zero, Hence OX is an asymptote. 


Ex. 2. y= ae +e 4), 
This is the curve (fig. 61) made by a string 


held at the ends and allowed to hang freely. 
It is called the catenary. Fic. 61 
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Ex. 8. y= e-@ sin br. 

The values of y may be computed by multiplying the ordinates of 
the curve y=e-* by the values of sindx for the corresponding 
abscissas. Since the value of 
sin bz oscillates between 1 and —1, 
the values of e~@sin bx cannot 
exceed those of e~*. Hence the 
graph lies in the portion of the 
plane between the curves y = e~** 
and y=—e-™. When sis a multi- 


ple of ~ yis zero. The graph there- 


fore crosses the axis of x an infinite 
number of times. Fig. 62 shows 
the graph when a=1, 6=27. 

1 


Ex. 4. y=. 
When z approaches zero, being positive, y increases without limit. 
When z approaches zero, being negative, Yy 


y approaches zero; for example, when 
term y=, and when x =— yoo 


y =e 0 = ——. The function is therefore 
€ 


discontinuous for z = 0. 
The line y=1 is an asymptote (fig. 63), for 
as x increases without limit, being positive or 


negative, - approaches 0, and y approaches 1. 
ae 


10 


3 5.. 9 =——— 


l+e@ 

As x approaches zero positively, y ap- 
proaches zero. As x approaches zero nega- 
tively, y approaches 10. As wz increases 
indefinitely, y approaches 5. 

The curve (fig. 64) is discontinuous when 
z= 0. 


PROBLEMS 
Plot the graphs of the following equations : 
1 
1. y=}8n 2a. 4. y= sin(e—Z). 
Pee ; mn 
2. y = 3sin5- 5. y = 2sin3(«—2). 
a —1 


3. y=sin(x +2). 6. y= sin 


56 


-y¥=}sin2ae+3). 

8. y= cos 32. 

9. y = 300s 7 
10. y= 2 cos 3(a + 2). 
11. y = 2cos(2x —1). 
12. y = vers &. 
13. y=2-+sin 3a. 
14. y=2—} cose. 
15. y=sinz+sin dq. | 
16. y=} sinw — } sin 22. 

ae ee Le 
17. UA Ue \ Tk. 
18. y= }cos2x%+ 1} cos dz. 
19. y =1+ cosx — } cos 3a. 
207 7 = sin’ x. 
215 ey == Sia 
eal 

OES z 
23. y = asin® 

- ¥=—ecmMe. 
25. y = tan 22. 
26. y = 2tan5- 
27. yadiont tt. 
28. Y —' See. 
29. 7 = CSC a, 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 
37. 
38. 


39. 


40. 


41. 


y= see( —7). 


y= sin? oe e 
1+=2 

y = tan-}(@ +1). 

a re ne 

y=e*, 

y= xe”. 


= eee 


y= ae’. 
1-2 
ie 
x | 
y = el-% 
1+2 


ay =e 
CU whe — ae) 
~-y=4(C%+e%). 


ex i> oan 


CS (a 


- y=e * Cosa. 


a7... = 6°" sin 2a 
1—~2 
48. y= lo : 
4 8 1l+ea 
49. y = log sina. 
50. y = log tana. 


CHAPTER V 
THE STRAIGHT LINE 


28. The point-slope equation. If the slope of a straight line 
and a point on the line are known, the equation of the line is 
readily found. Let LK (fig. 65) be any straight line, R(@, y,) 
a known point on it, and m its slope. Take P(a, y), any point 
on the line. Then, by § 6, 


Cai m. 
x = @, 


If m is not infinite, we may clear 
of fractions and obtain 


This is an equation which is Fic. 65 
obviously satisfied by the codrdi- 
nates of any point on ZA and by those of no other point. 
Hence it is the equation of LK. 

If the line is parallel to OX, m= 0, and the equation of the 
line is ‘ 

Y=Yy (2) 
If the line is parallel to OY, m =o, and the equation of the 


line is ieee (3) 


1 
Ex. Find the equation of a straight line with the slope — 3, passing 
through the point (5,7). 
By substituting in the formula, we have 
Magli ctomme MESO) 
whence 22+3y—31=0. 


29. The slope-intercept equation. The equation (1) of § 28 


takes a special form when the point £ is taken at B (fig. 65), 
57 : 


\ 
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where LK cuts the axis of y, If OB= 6, the codrdinates of B 
are (0, 6). Then the equation of LK is 


y—b=m(x4—0), 


or, after a simple reduction, 
y=mer+b, (1) 


It is to be noticed that the equation of a line parallel to the 
axis of y cannot be put in this form, since the line does not cut 
OY, but the equation of any other line can be given this form. 

Conversely, any equation of the form (1), no matter what are 
the values of m and 4, represents a straight line. For a straight 
line can be drawn with any slope m and any intercept 4. The 
equation of this line is then y = mx + 4, and this equation is sat- 
istied by no point not on the line. 

30. The two-point equation. If a straight line is determined 
by the two points F(2,, y,) and 2a, y,), then 


¥—V 
m= , 
as 
by § 6, and the equation of the line is by (1), § 28, 
ae 
as lig a (x—2,). (1) 
If y, = y,, the line is parallel to OX, and its equation is 
If a, =2,, the line is parallel to OY, and its equation is 
T= 2, (3) 


Ex. Find a straight line through (1, 2) and (— 3, 5). 
By formula (1), ey 
ya ae 3 = @-1), 


or 82+4y—11=0. 


31. The general equation of the first degree. The equation 
Av+By+C=0, 


where 4, B, and C may be any numbers or zero, except that 
A and B cannot be zero at the same time, is called the general 
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equation of the first degree. We shall prove: The general 
equation of the first degree with real coefficients always represents 
a straight line. 

1. Suppose 4+ 0 and B+ 0. The equation may be written 


Roe Und 
B B 

This equation is of the form y= mzx-+6 and therefore repre- 
sents a straight line, by § 29. 

It follows that if the equation of a straight line is in the form 
Ar+By+C=0, its slope may be found by solving the equation 
Jor y and taking the coefficient of x. 

2. Suppose 4= 0, B+ 0. The equation is then 


C 
By+C=0, or Yanan 
and represents a straight line parallel to OX at a distance -< 
units from it. 
3. Suppose 4+ 0, B=0. The equation is then 


Az+C=0, or ra“, 
and represents a straight line parallel to OY at a distance -< 
units from it. ; 

Therefore the equation 4r+ By+ C= 0 always represents a 
straight line. 

32. Angles. The slope of a straight line enables us to solve 
many problems relating to angles, some of which we take up in 
this article. 

1. The angle between the axis of x 
and a known line. Let a known line 
cut the axis of 2 at the point JL. 
Then there are four angles formed. 
To avoid ambiguity we shall agree 
to select that one of the four which 
is above the axis of z and to the 
right of the line and to consider ZX as the initial line of this 
angle. We shall denote this angle by ¢. Then if we take any 


Fic. 66 
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point P on the terminal line of & and drop the perpendicular 
MP, we have, in the two cases represented by figs. 66 and 67, 


MP 
LM 


Y 


tan d = 


But a is equal to the slope of the 
LM 


line, by (2), § 6. Therefore 


tan ¢d = m. 


If the straight line is parallel to 
OY, ¢=.90° and tangd=o. If the Fic. 67 
line is parallel to OY, no angle ¢ 
is formed, but since m=0, we may say tan@=0; whence 
gi 0" or 1180": 

2. Parallel lines. If two lines are parallel, they make equal 
angles with OX, and hence their slopes are equal. It follows that 
two equations which differ only in the absolute term, such as 


Az + By+C,= 0 
and Az+By+C,=0, 


represent two parallel lines. It is to be noticed that these two 
equations have no common solution (§ 14). 


Ex. 1. Find the equation of a straight line passing through (— 2, 3) and 
parallel to 3a—5y+6=0. 


First method. The slope of the given line is 3. Therefore the required 
line is 
y—8=F(@+2), or 8e—5y+21=0. 
Second method. We know that the required equation is of the form 
s8x2—5y+C=0, 
where Cis unknown. Since the line passes through (— 2, 3), 
3(—2)—5 (3) + C=0, 
whence C= 21. Therefore the required equation is 


3a—5y+21=0. 
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3. Perpendicular lines. Let AB and CD (fig. 68) be two lines 
intersecting at right angles. Through P draw PR parallel to 
OX, and let RPD=¢, and RPB=4@,. Then tan¢,=™m, and 
tan ¢,=m,, where m, and m, are the slopes of the lines. But, 
by hypothesis, ° 

$, = $,+ 90°; : 
whence tan ¢, =— cot d, = — ——— 
n ¢, cot , a a0 


which is the same as m, = — 


m, 


That is, 7f two straight lines are perpendicular, the slope of 
one is minus the reciprocal of the slope of the other. Conversely, 
it may be proved that two 
straight lines are perpendicular 
when the slope of one is minus 
the reciprocal of the slope of 
the other. 

It follows that two straight 
lines whose equations are of 
the type 


Ax + By+C,=0 
and = Ber—Ay+ C,= 0 


are perpendicular. Fic. 68 


Ex. 2. Finda straight line through (5, 3) perpendicular to 7z+9 y+4+1=0. 
First method. The slope of the given line is — }. Therefore the slope 


of the required line is 3. Therefore the required line is 


y—3 =$3(x—5), or 92—Ty—24=0. 


Second method. We know that the equation of the required line is of 
the form 92 -—7y+C=0. Substituting (5, 3), we find C=— 24. Hence 
the required line is 92 —7 y — 24 = 0. 


Ex. 3. Find the equation of the perpendicular bisector of.the line join- 
ing (0, 5) and (5, —11). The point midway between the given points is 
(3, — 3), by §7. The slope of the line joining the given points is — 1,5, 
by § 6. Hence the required line passes through (§, — 3), with the slope 7%. 
Its equation is 


—¥ 48 = Ys (x— §), or 10x—82y—121=0. 
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4. Angle between two lines. Let AB and CD (fig. 69) inter- 
sect at the point P, making the angle BPD, which we shall 
call 8. Draw the line PR parallel to OX, and place RPB= 4, 


and RPD = ¢,. Then eee 
2 1? 
t — ta 
2 1 


But tan ¢,=m,and tang, 
=m,, where m, is the slope 
of CD and m, is the slope of 
AB. Therefore 


Pe ge ae ee 
1+ mm, 

If ¢, is always taken 
greater than ¢,, tan 8 will 
be positive or negative 
according as £ is acute 
or obtuse. 


Fie. 69 


Ex. 4. Find the acute angle between the two lines 
2xa—38y+5=0 and «+2y7y+2=0. 


Since the second line makes the larger angle with OV, we place 


Sai Nn pe 
Ms =— % mM, = 3. 
Then, by substituting in the formula, 


2 eS 
tanp=—2—4 t=— 7, 


Here £ is an obtuse angle, and the supplementary acute angle is tan-! 7. 


4 
Ex. 5. Find the equation of a straight line through the point (— 2, 0), 
making an angle tan-! 4 with the line 32+4y+6=0. 
Here tan 8 is given as 3, and one of the slopes m, or m, is known to 
be — }. Since it is unknown which of the slopes is — 3, the problem 
has two solutions: 


(1) Place m,=— 3. Then, by substituting in the formula, 
Caer es 
= Se dS whence m =— rl 
8 I1— 3m, 6 


The equation of the required line is then 


y—0=— Rt (e+ 2), 
or l7a+6y+34=0. 
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(2) Place m, =, equation of the st 


Cie. 
18 


-~— 
>= whence m, = 
38 1= 3 Mz = 


The equation of the required line is then 


y—0=— 75 (a + 2), 
or r+18y + 2 ="0. 


33. Distance of a point from a straight line. Let LK (fig. 70) 
be a given straight line with the equation 


and let E(x, y,) be a given point. It is required to find the 
length of the perpendicular RR 
drawn from £ to LK. 

Draw the ordinate MP and 
let it intersect the line ZK in 
the point Y. Then the abscissa 
of Q is x, and its ordinate may 
be denoted by y,. Since Q is on 
the line LK, we have 


Az,+ By,+ C= 0, 


whence y ashe st 
a ee © 7 -+ 
2 Ib: . 
B C 
Then OR. =y,— y=. 


It is clear that this expression is a positive quantity when 
(x, y,) lies above the line LK and is a negative quantity when 
(x, y,) lies below LK. It is also evident from the triangle ROR, 
and from a like triangle in other cases, that the length of PF is 


A 
numerically equal to YF cos. But tan d =— a and hence 


Az, + By, +, 


We have, then, Pie = 
e have, then ; eV E+B 


} 
} 
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We may, if we wish, alway Lot 4B and CD 7 the Bengt 
nator. Then PF is positive for 4, angle BPP © e side of the line 
Ax+By+C=0 and negative for aif ps-.s on the other side. 
To determine which side of the line corresponds to the positive 
sign, it is most convenient to test some one point, preferably 
the origin. 

Ex. Find the distance from the point (7, —4) to the line 27+3y 


+8=0. 
By use of the formula, 


PRS 


2(T)4+8(—4)+8_ 10 
V13 V13 


Since the codrdinates of the origin, similarly substituted, give a positive 
sign to the result, the point (7, — 4) is on the same side of the line as the 
origin. A plot verifies this. 


PROBLEMS 


1. Find the equation of the straight line passing through (1, — 3) 
with the slope 2. 


2. Find the equation of the straight line passing through (—1, 
— 4) with the slope — 3. 


3. Find the equation of the straight line passing through (5, —1) 
with its slope the same as that of the straight line determined by 
(0, 3) and (2, 0). 

4. Vind the equation of the straight line passing through (2, — §) , 
with the slope zero, 


5. Find the equation of the straight line passing through (4, 3) 
with an infinite slope. 


6. Find the equation of the straight line of which the slope is 5 
and the intercept on OY is — 4. 


7. Find the equation of the straight line of which the slope is — 3 ,/ 


and the intercept on OY is }. 


8. Find the equation of the straight line of which the slope is 0 
and the intercept on OY is — 2. 


9. Vind the equation of the straight line through the points |, 
(—1, — 4) and (0, 5). . 


10. Wind the equation of the straight line through the points 
2, — 4) and (—1, }). 
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11. Find the equation of the straight line through oe points 
(2, —1) and (, 3). 

12. What is the equation of a straight line the intercepts of which 
on the axes of # and y are 3 and — 4 respectively ? 


13. What is the equation of the straight line the intercepts of 
which on the axes of x and y are — 5 and — 8 respectively ? 


14. Derive the equation of the straight line the intercepts of 
which on the axes of a and y are a and 6 respectively. 


15. Find the equation of a straight line through (%, §) and the 
point of intersection of the lines 32—5y—11=0and 42+y—7=0. 


16. Find the equation of the straight line joining the point of inter- 
section of the lines 2a — y—1=0 and x —y+7= 0 and the point 
of intersection of the lines x —7 y —1=0 and 24 —5y41=0. 


17. Find the equation of the straight line passing.through (2, — 3) 
and making an angle of 120° with Ox. 


18. Find the equation of the straight line making an angle of 30° 
with OX and cutting off an intercept 3 on OY. 


19. A straight line making a zero intercept on OY makes an angle 
of 45° with OX. Find its equation. 

20. A straight line making a zero angle with OX cuts OY ata. 
point 3 units from the origin. Find its equation. 


21. Find the equation of the straight line through (2, — 3) parallel 
to the line 24 + y=T. 

\ 22. Find the equation of the Bae line through (— 3, — 2) 
parallel to the line 32—2y+4+2= 

23. Find the equation of the straight iis pasiieaeaene 1,—1) 
parallel to the straight line Pned by (— 2, 6) and (2, 1). 

24. In the triangle A(— 2, —1), B(3, 1), C(—1, 4) a straight 
line is drawn bisecting the adjacent sides 4B and BC. Prove by 
computation that it is parallel to AC and half as long. 

25. Find the equation of the straight line passing through the 
point of intersection of e—3y+2=0 and 52+6y—4=0 and 
parallel to 4a + y+7= 0. 

26. Find the equation of the straight line parallel to the line 
x +3y—5=0 and bisecting the straight line joining (— 2, — 3) 
and (5, 5). 
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27. Find the equation of the straight line through the origin 
perpendicular to the line 8a 4+4y—1=0. 

28. Find the equation of the straight line through (2, — 3) per- 
pendicular to the line 77 —-4y+3=0. 

29. Find the equation of the perpendicular bisector of the straight 
line joining the points (— 5, —1) and (— 3, 4). 

30. A straight line is perpendicular to the line joining the points 
(— 4, 6) and (4, —1) at a point one third of the distance from the 
first point to the second. What is its equation ? 

31. Find the equation of the straight line perpendicular to 
2x2 —3y+7=0 and bisecting that portion of it which is included 
between the codrdinate axes. 

32. Find the equation of the straight line through the point of 
intersection of 62—2y+8=0 and 4x—6y+4+3=0 and per- 
pendicular to 54+ 27+6=0. 

33. Find the equation of the perpendicular bisector of the base of 
an isosceles triangle having its vertices at the points (4, 3), (—1, — 2), 
and (3, — 4). 

34. Find the acute angle between the lines x —-y+4=0 and 
3¢0—y+6=0. 

k 35. Find the acute angle between the lines 27 —-y7¥+8=0 and 
2x4+5y—4=0. 

36. Find the acute angle between the lines r+ y—5=0O and 
4er+y—8=0. 

37. Find the acute angle between the line 3x —27+6=0 and 
the line joining (4, — 5) and (— 3, 2). 

38. Find the acute angle between the straight lines drawn 
from the origin to the points of trisection of that part of the line 
2x%+3y—12=0 which is included between the codrdinate axes. 

39. Show that «— y+ 3-= 0 bisects one of the angles between 
the lines 42 —3y+411= 0 and 32 —4y+4+10=0. 

40. Find the vertices and the angles of the triangle formed by 
the lines 32 +5y—14=0, 92 —-y + 22=0, and x—y—2=0 

41. Find the equations of the straight lines through the point 
(— 3, 0) making an angle tan-!} with the line 32 —5y+9=0. 

42. Find the equations of the straight lines through (4, —3) 
making an angle of 45° with the line 32 +4y=0 
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43. Find the equations of the straight lines through the point 
(—1, —1) making an angle tan~'} with the line 32+ 2y—6=0. 
_ 44. Find the equations of the straight lines through the point 
(2, 1) making an angle tan-!2 with the line 22 -y+4=0. 

45. Find the equations of the straight lines through the point 
(3, 1) making an angle tan-13 with the line x +3y—3=0. 

46. Find the distance of (2,1) from the line y = 3a +7. 

47. Find the distance of (2, — 3) from the line x +2y—4=0. 

48. Find the distance of the point (6, —a) from the line 
bx + ay = ab. 

49. The equations of the sides of a triangle are respectively 
32+ 5y—16=0, x—y=0, and 32+y+4=0. Find the dis- 
tance of each vertex from the opposite side. 

50. The base of a triangle is the straight line joining the points 
(— 3,1) and (5, —1). How far is the third vertex (6, 5) from the base ? 

51. The vertex of a triangle is the point (5, 3), and the base is 
the straight line joining (— 2, 2) and (3, — 4). Find the lengths of 
the base and the altitude. 

52. Find the equations of the medians of the triangle formed by 
the lines 22 —3y+11=0,32+y—11=0,anda+4y=0. 

53. Find the foot of the perpendicular drawn from the point 
(—1, 2) to the line 32 — 5y — 21=0. 

54. Find the distance between the two parallel lines 2x+3 y—8=0 
and22+3y—10=0. 

55. Find the distance between the two parallel lines 3a—5y+1=0 
and 38a2—5y—7T=0. 

56. A triangle has the vertices (2, 4), (3, —1), and (— 5, 3). Find 
the distance from the vertex (2, 4) to the point of intersection of 
the median lines. 

57. A straight line is drawn through (2, — 3) perpendicular to the 
line 32 —4y+6=0. How near does it pass to the point (6, 8)? 

58. Determine the value of m so that the line y = mz + 3 shall 
pass through the point of intersection of the lines y= 2x+1 and 
y=atd. 

59. A straight line passes through the point (—}, 4), and its 
nearest distance to the origin is 2 units. What is its slope? 
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60. One diagonal of a parallelogram joins the points (3, — 1) and 
(— 8, —3). One end of the other diagonal is (2,3). Find its equation 
and its length. 

61. Perpendiculars are let fall from the point (9, 5) upon the 
sides of the triangle the vertices of which are at the points (8, 8), 
(0, 8), and (4, 0). Show that the feet of the three perpendiculars 
lie on a straight line. 

62. Find a point on the line 2a + 3y — 6 = 0 equidistant from 
the points (4, 4) and (6, 1). 

63. Find a point on the line 54 —-37 +15 =0 the distance of 
which from the axis of x equals 2 its distance from the axis of y. 

64. A point is equally distant from (3, 2) and (— 3, 4), and the 
slope of the straight line joining it to the origin is 3. Where is the 
point ? 

65. A point is 8 units distant from the origin, and the slope of the 
straight line joining it to the origin is —}. What are its codrdinates ? 

66. A point is 5 units distant from the point (1, — 2), and the 
slope of the line joining it to (0, — 8) is }. Find the point. 

67. Find the points on the straight line determined by (1, 1) and 
(— 2, — 3) which are 15 units distant from either of the given points. 

68. Prove analytically that the locus of points equally distant 
from two points is the perpendicular bisector of the straight line 
joining them. 

69. Prove analytically that the medians of a triangle meet in a 
point. 

70. Prove analytically that the perpendiculars from the vertices 
of a triangle to the opposite sides meet in a point. 

71. Prove analytically that the straight lines joining the middle 
points of the adjacent sides of any quadrilateral form a parallelogram, 

72. Prove analytically that the perpendicular bisectors of the sides 
of a triangle meet in a point. 

73. Prove analytically that the perpendiculars from any two ver- 
tices of a triangle to the median from the third vertex are equal. 

74. Prove analytically that the straight lines drawn from a vertex 


of a parallelogram to the middle points of the aoe sides trisect 
a diagonal. 


CHAPTER VI 
CERTAIN CURVES 


34. Locus problems. A curve is often defined as the locus of 
a point which has a certain geometric property. It is then usually 
possible to obtain the equation of the curve by expressing this 
property by means of an equation involving the coérdinates of 
any point of the locus. This is illustrated in the following 
examples: 

Ex. 1. Find the locus of a point at a distance 3 from the straight line 


4z+3y—6=0. 
Let (2, y) be any point of the locus. By § 33, the distance of (a, y) from 


the given straight line is + aids tee ay Hence, by the conditions of the 
problem, 
att hubs, 


which reduces to 4z2+3y—21=0, or 4xr4+3y7y+9=0. 
These are the equations of two straight lines parallel to the given line. 


Ex. 2. Find the locus of a point at a distance 9 from the point 
(—5, —3). 

Let (2, y) be any point of the locus, Its distance from (— 5, — 8) is, 
by § 5, V(e+ + 5)? + Gy + 3)% Hence, by the conditions of the problem, 


Ve + 5)? + (y + 8)? = 9, 
which reduces to e+y+lor+6y—47=0. 
This is the equation of the required locus. The curve may be plotted 


from the equation or may be drawn with compasses, as it is obviously 
a circle. 


In the following articles we shall employ the methods just 
illustrated, to obtain the equations of certain important curves. 
An equation thus obtained may be used both for plotting the 


curve and for examining its properties. 
AC 69 
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35. The circle. A circle is the locus of a point at a constant 
distance from a fixed point. The fixed point is the center of the 
circle, and the constant distance is the radius. 

Let (h, &) be the center C (fig. 71), and lct 7 be the radius of 
the circle. Then if P(2, y) is a point on the circle, 2 and y must 


satisfy the equation y 
(@—hY+y—-bHi=", AD 
by § 5. 
Conversely, if 2 and y satisfy x 


the equation (1), the point 
(%, y) is at a distance 7 from 
(h, k) and therefore lies on the 
circle. 
Therefore (1) is-the equation 
of the circle. 
Equation (1) expanded gives Fie. 71 


e+y—Qhe—-2hy+h?+hr—r=0; 


and if this is multiplied by any quantity 4, it becomes 


Ax’ + Ay’?+ 2Gxr+2 Fy+C=0, (2) 
where h=——, k=—=, fia, yt gn 


Ex. The equation of a circle with the center (}, — }) and the radius 3 is 


(@— dP +t DP= 4H, 
which reduces to 12274127?—-122+8y—-1=0. 


36. Conversely, the equation 
Ax’ + Ay’?+ 2Gx+2Fy+C=0, 


where A+* 0, represents a circle if it represents any curve at all. 
To prove this we will follow the method of Ex. 2, § 18, and 
write the equation in the form 


G\ FY @+i’—AC 
A(z + ©) 4( a= StF Ae, 
( 4) Aly 7 
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There are then three possible cases: 


1. G+F*—AC>0. The equation is then of the type Gy 


G TBE ok ; — 
§ 35, where h = — 7? k=— 7k = a and therefore 


represents a circle with the center (- ce — *) and the radius 
V@+ F*— AC hi 
SS beetle 

2. G+ F?—AC=0. The equation is then 


(2+) +(y+7)=0, 


which can be satisfied by real values of w and y only when 


a= _4 and y=— “ - Hence the equation represents the point 


(- “. — - ) This may be called a circle of zero radius, regarding 


it as the limit of a circle as the radius approaches zero. 

3. G?+F?—AC<0. The equation can then be satisfied 
by no real values of z and y, since the sum of two positive 
quantities cannot be negative. Hence the equation represents 
no curve. 


Ex..1. The equation 22? + 27?+4+22—2y—5=0 may be written 
(0+ A+ (y- WP=8, 


and represents a circle with the center (— 4, }) and the radius V3. This 
circle can now be drawn with compasses, the methods of Chapter II not 
being required. 


Ex. 2. The equation 2? + y27—2x2+4y+5=0 may be written 
fel) + (y+ 2° = 0, 
and is satisfied only by the point (1, — 2). 
Ex. 3. The equation 2? + y7—2x2+44+7=0 may be written 
@al?tYyt2ja= 2, 


and represents no curve. 
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37. To find the equation of a circle yrhich will satisfy given 
conditions, it is necessary and sufficient to determine the three 
quantities h, k, r, or the ratios of the four quantities 4, G, F, C. 
Each condition imposed upon the circle leads usually to an equa- 
tion involving these quantities. In order to determine the three 

“quantities it is necessary and in general sufficient to have three 
equations. Hence, in general, three conditions are necessary and 
sufficient to determine a circle. 

It is not important to enumerate all possible conditions which 
may be imposed upon a circle, but the following three may be 
mentioned. 

1. Let the condition be imposed upon the circle to pass 
through the known point (#7, y,). Then (2, y,) must satisfy 
the equation of the circle; therefore h, %, and 7 must satisfy the 


condition ; 
G— hy)? + CE hk)” == -. 


2. Let the condition be imposed upon the circle to be tangent 
to the known straight lne 4z¢+ By+C=0. Then the distance 
from the center of the circle to this line must equal the radius; 
therefore, by § 33, h, 4, and y must satisfy the condition 


Ah+Bk+C _ 
Vee 


The sign will be ambiguous unless from other conditions of the 

problem it is known on which side of the line the center lies. 
3. Let it be required that the center of the circle should lie on 

the line Ax + By + C= 0. Then hand k must satisfy the condition 


Ah+ Bk+C=0. 


Ex. 1. Find the equation of the circle through the three pole (2, — 2), 
(7, 3), and (6, 0). 


The quantities h, k, and r must satisfy the three conditions 
(2—h)}? + (= 2 =k) = 7", 
(7—h)? + (8 —k)?P = 7, 
(6 —h)? + (0 — k)? = r2. 
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Solving these, we have h = 2, k= 3, and r=5. Therefore the required 
equation is 


(e— 2)2 (y= 3) = 25, 
or r+ y—4r—6y—-12=0. 
Ex. 2. Find the equation of the circle which passes through the points 
(2, — 3) and (— 4, —1) and has its center on the line 3 yo — 18 = 0. 
The quantities 4, k, and r must satisfy the conditions 
(2—A)?+(—-38 kar, 
(—4—/)? 4+ (-1-—b2 =”, 
Sk+h—-18=0. 


Solving these equations, we find h= 3, k= 1), °° 
the required equation is 


(@— 9 + t= 144, 


or r+y—3r—lly—40=0. 


= 135, Therefore 


Ex. 3. Find the equation of a circle which is tangent to the lines 
Wet+y—35=0 and 1324+11ly+50=0, 


‘ aud has its center on the line 882 +707 +15 =0. 
The quantities 4, k, and r must satisfy the conditions 


17h+k—35 
ee 
V290 
134 +411k + 50 
$$ Ht s 
V 290 


88h+70k4+15=0. 


These equations have the two solutions 


h=—%, k=%; = 6 
5 3V290 
and R= Dd, k=— 43, = 


Hence each of the two circles 
827 +3y%7+52—5y—20=0 
and 40 2? + 40 y? — 400 x + 520 y + 2429 = 0 


satisfies the conditions of the problem. 
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38. The ellipse. An ellipse is the locus of a point the sum of 
the distances of which from two fixed points 18 constcnt. 

The two fixed points are called the foci. Let them be denoted 
by F and F' (fig. 72), and let the axis of 2 be taken through 
them, and the origin halfway 
between them. Then if P is 
any point on the ellipse and 
2a represents the constant 
sum of its distances from the 
foci, we have 


FIP+FP=2a (1) 


. 
Bp 


From the triangle #’PF it 
follows that 


JOUR OMG, 


B' 


Ree 12 


Hence there is a point A on the axis of x and to the right 
of F which satisfies the definition. We have, then, 


FIA+FA = 2a, 


or (F'0+04)+(04—OF)=2a; 
whence OA=a. 
Let us now place ve =e, where e<l. 


The quantity e is called the eccentricity of the ellipse. 
Then the points # and #” are (+ae, 0). Computing the values 
of #’P and FP by § 5 and substituting in (1), we have 


Vat ael t+ Y+tvV @ —aey+ p= 2a. (2) 


By transposing the second radical to the right-hand side of the 
equation, squaring, and reducing, we have 


a— ex =V (x — ae)?+ y= FP. . (3) 
Similarly, by transposing the first radical in (2), we have 


atex =V (a + ae)? + 7 hur: (4) 
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Either (8) or (4) leads to the equation 


Gd-&)r+y/=¢1-2), (5) 
lo 2. 
or a ae is =I. (6) 


Since e <1, the denominator of the second fraction is positive, 
and we place 


ad—e)=B, (7) 
ane ee alg 
thus obtaining e a8 aS the (8) 


We have now shown that any point which satisfies (1) has 
codrdinates which satisfy (8). 


We may show, conversely, that any point whose coérdinates satisfy (8) 
is such as to satisfy (1). Let us assume (8) as given. We can then obtain 
(6) and (5), and (5) may be put in each of the two forms 


x? + 2 aexz + ae? + y? = a? + 2 aex + €?x?, 
Do CG Nea Ye Oe ett e702, 
the square roots of which are respectively 
HE Se (Oe) 
PP = (a— en). 
These lead to one of the four following equations: 

i’P + FP=2a, 
Pie SP Did, 
—F’P + FP =2a, 
— F’P— FP=2a. 

Of these, the last one is impossible, since the sum of two negative num-: 
bers cannot be positive; and the second and third are impossible, since the 
difference between FP and F’P must be less than FF’, which is less than 2 a. 
Hence any point which satisfies (8) satisfies (1), and therefore (8) is the 
equation of the ellipse. 

39. Placing y = 0 in (8), § 38, we finda=+a. Placing «= 0, 
we find y=+6. Hence the ellipse intersects OY in two points, 
A(a, 0) and 4'(— a, 0), and intersects OY in two points, B(0, 6) 
and B’(0, —6). The points 4 and 4’ are called the vertices of the 
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ellipse. The line 44’, which is equal to 2a, is called the major 
axis of the ellipse, and the line BB’, which is equal to 25, is 
called the minor axis. 

Solving (8) first for y and then for z, we have F 


f 


} 


b ———— 
— nee, oer 
y=t—-Va 


Goes 
and Cre ee gihe 


These equations show that the ellipse is symmetrical with 
respect to both OX and OY, that 2 can have no value numeri- 
cally greater than a, and that y can have no vaiie numerically 
greater than 6. If we construct 
the rectangle ALILN (fig. 73), IB L 
which has O for a center and 
sides equal to 2@ and 26 
respectively, the ellipse will 
lie entirely within it; and if 
the curve is constructed in one 
‘quadrant, it can be found by 
symmetry in all quadrants. 
The form of the curve is shown 
in figs. 72 and 73. 

40. Any equation of the form (8), § 38, in which a > 6, repre- 
sents an ellipse with the foci on OY. For if we place, as in § 38, 
6? = a’(1— e’), we find, for the eccentricity of the ellipse, 


V a2 253 
e = ———__ 
a 


and may fix # and #’, which in § 38 were arbitrary in position, 
by the relation OF =— OF'= ae. 

The foci may be found graphicaily by placing the point of a com- 
pass on B and describing an are with the radius a. This are will 
intersect 44’ in the foci; for since OB=b and OF=Va2— 62, BF=a. 

It may be noted that the nearer the foci are taken together, the 
smaller is e and the more nearly 6=a. Hence a circle may be 
considered as an ellipse with coincident foct and equal axes. 
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Similarly, an equation of the form (8), § 88, in which >a, 
represents an ellipse in which the foci lie on OY at a distance 
V?—a@ from 0. In this case BB’=26 is the major axis and 
AA'= 2a is the minor axis. 

Finally, any equation of the form 


@— hy G2 3S 
0 Cie 


represents an ellipse with its center at the point (h, &) and its 
axes parallel to OY and OY respectively; for if the axes are 
shifted to a new origin at (A, k) by the formulas of § 17, this 
equation assumes the form (8), § 38. 


Ex. 1. Show that 427+ 67?+42z—12y—1=0 is the equation of an 
ellipse, and find its center, semiaxes, and eccentricity. 
Following the method of Ex. 2, §18, we may write the equation in 


the font 4(x + 3)?+ 6(y-1)?=8, 
rs vg") 
or Ts So a oy a 


Hence this curve is an ellipse with its center at (— }, 1) and its major 
4V3 


Its eccentricity is pk 


e 


and minor axes equal respectively to 2V2 and 


Ex. 2. Find the equation of an ellipse with the eccentricity } and its 
foci at the points (— 1, 4), (7, 4). 

Since the center is halfway between the foci, the center is the point 
(3, 4). The major axis of the ellipse is parallel to OX, since it contains 
the foci. Since each focus is at a distance ae from the center, 

ae = 4, 

But ¢ = }, therefore iis 


Then, from (7), § 38, b= a? (ie?) = 128; 
The equation of the ellipse is therefore 


(a8) i 
li 198 


which reduces to 827+ 97?—482—72y— 936 = 0. 


41. The hyperbola. An hyperbola is the locus of a point the 
difference of the distances of which from two fixed points is constant. 


78 CERTAIN CURVES 


The two fixed points are called the foc, Let them be # and 
F’ (fig. 74), and let #¥”’ be taken as the axis of 2, the origin 
being halfway between / and #’. Then if P is any point on 
the hyperbola and 2a is the constant difference of its distances 
from F and F’, we have 
either 


BPR—-FP=2a (1) 
OnE — HP = 2d. (2) 


ve 


Since in the triangle 
F'PF the difference of the 
two sides FP and F’P is 
less than F’F, it follows 
fiat 2 2 a. 

There is therefore at least one point 4A between O and F 
which satisfies the definition. 


Then F'A—AF= 2a, 
or (F'0 + OA) — (OF — OA) = 24; 
whence OA= a. 


We may therefore place 


OF 


Aa e, Where e>1. 


The quantity e is called the eccentricity of the hyperbola. 
Then the points / and #” are (+ ae, 0), and equations Cy 
and (2) become 


V(« + ae)? + y>— V(x —ae)’+y=2a (3) 
and V(« —aey+y?— V(a +ae)?+y? = 2a. (4) 


By transposing one of the radicals to the right-hand side of 
these equations, squaring, and reducing, we obtain from either 


(3) or (4) 


A-&)2+yY=@ (1—e’), () 
x y 

or pe pe Bel of : 
a 1 a’ (1— e’) : ) 
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But since e>1, a°(1—e’) is a negative quantity, and we 


may write a”(1—e*)=— 2, thus obtaining 
on a Op 
rie (7) 


an equation satisfied by the codrdinates of any point which 
satisfies (1). 
Proceeding as in § 38, we may prove, conversely, that any point whose 


coérdinates satisfy (7) is such as to satisfy either (1) or (2), and hence is 
a point of the hyperbola. 


42. If we place y=0 in (7), $41, we have x=+a. Hence 
the curve intersects O.Y in two points, A and 4’, called the vertices. 
If «= 0, yis imaginary. Hence the curve does not intersect OY. 

Solving (7), § 41, for y and z respectively, we have 


y= Lp os ie 
a 
and c=+ ee i, 


These show that the curve is 
symmetrical with respect to both 
OX and OY, that z can have no 
value numerically less than a, and 
that y can have all values. 

Moreover, the equation for y can 
be written 


; a : 
As « increases, the term — decreases, approaching zero as a 
ie 


limit. Hence the more the hyperbola is prolonged, the nearer it 


comes to the straight lines yatoe. Therefore the straight 
C 


lines eae are the asymptotes of the hyperbola. They are 
a 


the diagonals of the rectangle constructed as in fig. 75 and are 


used conveniently as guides in drawing the curve. The line 44! 
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is called the transverse avis, and the line BB' the conjugate axis, 
of the hyperbola. The shape of the curve is shown in figs. 74 
and 75. > 

43. Any equation of the form (7), § 41, where @ and 6 are 
any positive real values, represents an hyperbola with the 
foci on OX. For if we place —0?=a?(1—e’*), we find for 
the eccentricity of the hyperbola 


Vat B 
CS ae 


a 
and may find the position of the foci from the equations 


OF =— OF'= ua. 


Similarly, any equation of the form 


represents an hyperbola with the foci on OY. 
If the two hyperbolas, 
x yf 7 yf 
—=-%=1 and —-—=+%5=1 
Cae at RB 
have the same values for a and 4, each is said to be the conjugate 
hyperbola to the other. 
If =a, the hyperbola is called an equilateral hyperbola, and its 
equation is either 27— y’=a@ or —a+y =a’. 
Finally, it is evident that either 


Gah = oa 
a ? 
or eae pes as me SS 
a b* 
is the equation of an hyperbola with its center at the point (h, #). 
44, The parabola. A parabola is the locus of a point equally 
distant from a fixed point and a fixed straight line. The fixed 
point is called the focus and the fixed straight line the directriz. 
Let the line through the focus perpendicular to the directrix 
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be taken as the axis of x, and let the origin be taken on this 
line, halfway between the focus and the directrix. Let us denote 
_the abscissa_of the focus by p. In fig. 76 let # be the focus, RS 
the directrix intersecting OX at D, and P 
any point on the curve. Then F is (p, 9), 
D is (—p, 9), and the equation of RS is 
x=—p. Draw from P a line parallel to 
OX, intersecting RS in NV. If F is on the 
right of RS, P must also lie on the right 
of #S, and, by the definition, 


SY 


Pf T R 
ifn. Fic. 76 


If, on the other hand, F is on the left of RS, P is also on the 


left of RS, and FP=PN=—NP. 


In either case FP’ =NP’. 
But, by § 5, FP’ — («—p)y+y’, 
and NP=2z+p; 
hence (2—py+y=(a+p)’, 
which reduces to y = 4 pe. (1) 


Any point on the parabola then satisfies equation (1). 
Conversely, it is easy to show that if a point satisfies (1), it 
lies so that FP=+ NP, and hence lies on the parabola. 

Equation (1) shows that the curve is symmetrical with 
respect to OX, that « must have the same sign as p, and that y 
increases as x increases numerically. The position of the curve 
is as shown in fig. 76 when p is positive. When p is negative, 7 
lies at the left of O, and the curve extends toward the negative 
end of the axis of z. 

Similarly, the equation 2 = 4 py represents a parabola for 
which the focus lies on the axis of y, and which extends 
toward the positive or the negative end of the axis of y 
according as p is positive or negative. In all cases O is 
called the verter of the parabola, and the line determined 
by O and F is called its azis. 


82 CERTAIN CURVES 


A more general equation of the parabola is evidently 


(y—hy’=4p@—h) 
or ‘@—hy’=4pG—h), 
the vertex in either case being at the point (/, #). The work of 
locating the parabola in the plane is illustrated in the following 
example. 
Ex. Show that 7?+¥y—32+1=0 is a parabola, and locate it in 
the plane. 


The equation may be written 


9 


ypry=sx—-l, 


or yptyt}=3r-1+4 }, 
which reduces to (y¥t+})?=3(¢—-}). 

Hence the vertex is at the point (1, — }); the equation of the axis is 
y+4=0, or 2y+1=0; the focus is at the point ($+ 3, — 3), or A, —}); 
and the equation of the directrix is x —- } =— #, or 247 4+1=0. 


45. If P(2,, y,) and R(2,, y,) are two points on the parabola 
y= 4 pz (lig. 77), then 


4 
ys =4 pr, 
Yn = 4 pr,3 
YY? 2v 
whence vA —, 
¥. 


which may be written 


Q Go vy 


(2 ye) a 2, 
if both numerator and denominator of the left-hand fraction 
are multiplied by 4. 

;\ 7 Done é 6 ae « 6 
From the symmetry of the parabola, 2 y,= Q,R and Q,RB =2 Ys3 
and since 2,= OM, and x,= OM,, (2) becomes 


2 


QP,’ _ om, 
QP. OM, © 
QP» 2 

That is, the squares of any two chords of a parabola which are 


perpendicular to the axis of the parabola are to each other as their 
distances from the vertex of the parabola. 
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The figure bounded by the parabola and a chord perpendic- 
ular to the axis of the parabola, as Q,OF (fig. 77), is called a 
parabolic segment. The chord is called the base of the segment, 
the vertex of the parabola is called the verter of the segment, 
and the distance from the vertex to the base is called the 
altitude of the segment. 

46. Theconic. A conic is the locus of a point the distance of which 
from a fixed point is in a constant ratio to its distance from a fixed 
straight line. 

The fixed point is called the focus, 
the fixed line the directriz, and the 
constant ratio the eccentricity. 

We shall take the directrix as the 
axis of y (fig. 78), and a line through 
the focus F/ as the axis of 2, and 
shall call the focus (¢, 0), where e 
represents OF and is positive or 
negative according as / lies to the 
right or the left of O. 

Let P be any point on the conic; 
connect P and F, and draw PN per- 
pendicular to O Y. Then, by definition, 


FP=+e- NP, (1) 
according as P is on the right or the left of OY. In both cases 


Fig. 78 


FP =¢.NP . 
But FP =(x— ey +y’, by § 5, and NP=2. Therefore for 
any point on the conic 
(c— ce)? + 4f = ex". (2) 


It is easy to show, conversely, that if the codrdinates of P sat- 
isfy (2), P satisfies (1). Hence (2) is the equation of the conic. 

It is clear that the parabola is a special case of a conic, for the 
definition of the latter becomes that of the former when e= 1. 

It is also not difficult to show that the ellipse is a special case 
of a conic, where the eccentricity is e of § 38 and <1, 
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‘ 2 
For if P (fig. 79) is a point on the ellipse S + =1, we found 
in § 38 that 

FP=a-—ea, EP =a e@; 
or wp = (4-2), WP =<+2). 


e 


If now we take the point 


D so that Obes and D!’ 
é 


so that OD! =— as and if we 
é: 


draw the lines DS and D'S’ 
perpendicular to OX, the 
line W’PN perpendicular to 
DS, and the ordinate MP, 


= ae 70 
Be 79 


we have a 


So OD OMS MDa PN 
é 


o42=D'0+0M=D'M=N'P. 
€ 
Therefore FP = ¢s PN, F'P =e N'P. 


‘ . : ; a 
The ellipse has, therefore, two directrices at the distances + — 
é 


from the center. When the ellipse is a circle, e=0 and the 
directrices are at infinity. 

In a similar manner we may show that the hyperbola is a 
special case of a conic where e > 1. 

47. The witch. Let OBA (fig. 80) be a circle, OA a diameter, 
and LA the tangent to 
the circle at 4A. From O 
draw any line intersect- 
ing the circle at B and 
LE at C. From B draw 
a line parallel to ZA and 
from C a line perpendic- eee 80 
ular to LA, and call the intersection of these two lines P. 
The locus of P is a curve called the witch. 
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To obtain its equation we will take the origin at O and the 
line O4 as the axis of y. We will call the length of the diameter 
of the circle 2a. Then, by continuing CP until it meets OX at 
. Mand calling (2, y) the codrdinates of P, we have 


OM=a, MP =y, OA = MC = 2a. 
MP OB_OB-OC 
MCG. OC oe 


In the triangle OMC, 


@) 


Draw AB. Then OBA is a right angle, and consequently 
OB.0C.=04; also OC =OM'+ UC. 


2 


Therefore sat = eee 53 (2) 
MC OM +MC 
: 4a? 
h ee 
“a 2a 27+42? @) 
P; 8a’ 
and finally, y (4) 


P+ 4 


Solving (4) for z, we have 


e 


e=42a./24—¥, 
Y 


This shows that the curve is sym- 
metrical with respect to OY, that y 
cannot be negative nor greater than 
2a, and that y=0 is an asymptote. 

48. The cissoid. Let ODA (fig. 81) 
be a circle with the diameter O4A, 
and let LK be the tangent to the 
circle at A. Through O draw any 
line intersecting the circle in D and 
LK in #. On OF lay off a distance 
OP, equal to DE. Then the locus of nae L 
P is a curve called the cissoid. ; 

To find its equation we will take O as the origin of. coédrdi- 
nates and OA as the axis of 2, and will call the diameter of the 


circle 2a. Join A and D and draw MP perpendicular to OA, 
AC ‘ 


a ~~ 
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Denoting angle MOP. by yee have 


ORK = 2a sec, Gy 
ON = 2a cosd; (2) 
whence DE = OE — OD = 2.a(sec@ — cos@). (3) 
Therefore OP = 2 a(sec@ — cos@). (4) 
Now 2z=OM=OP cos0 
= 2.a(1— cos’) 
= 2asin’@. (5) 
But sin@= ~ eS T= 7 (6) 
Substituting in (5), we have 
etl (7) 
r+y 
whence i a (8) 
Qa—a 


This equation is satisfied by the 
coordinates of any point upon the 
cissoid. It may be written 


wv 
=4+2 . 
y \ ees 


From this it appears that the 
curve is symmetrical with respect 
to-O.Y, that no value of x can be 
greater than 2a or less than 0, 
and that the line a= 2a is an 
asymptote. 

49. The strophoid. Let LA and 
RS (fig. 82) be two straight lines 
intersecting at right angles at O, 
and let A be a fixed point on LK. 
Through 4 draw any straight line 
intersecting RS in D, and lay off 


R 
Fie. 82 


on AP in either direction a distance DP equal to OD. The 
locus of P is a curve called the strophoid. 
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To find its equation take LK as the axis of z and RS as the 
axis of y, and let OA=a. By the definition, the point P may 
fall in any one of the four quadrants. If we take the positive 
direction on 4D as measured from 4 towards D, we have 


OD=PD 
when P is in the first quadrant, 
OD=—PD 
when P is in the second quadrant, 
—OD=—PD 
when P is in the third quadrant, and 
—OD=PD 


when P is in the fourth quadrant. 
These four equations are equivalent to the single equation 


OD =PD. ql) 
Draw PM parallel to OY and denote the angle MAP by @. 
Then OD =atan@ (2) 
and PD=~zxsec @. (3) 
Substituting in (1), we have 
a tan? @ = x’ sec? 6. (4) 
MP y 
= = ts 5 
But tan 0 ge eee (9) 
Substituting in (4), we have 
(fags eee oo 
‘ ee oi i ! Cae oe 
la 2 
: P ner. : 7 
which may be reduced to YN ra Cio 


This shows that the curve is symmetrical with respect to OX, 
that no value of z can be .ess than —a or greater than + a, 
and that z=—a is an asymptote. 
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50. Use of the equation of a curve. The use of the equation 
of a curve in solving geometrical problems is illustrated in 
the following problems: 


Ex. 1. Prove that in the 
ellipse the squares of the 
ordinates of any two points 
are to each other as the 
products of the segments of 
the major axis made by the 
feet of these ordinates. 

Weare to prove that (fig. 83) 

MP; A’M,-M,A 
MP2 A’M,-M,A 


Let P, be (a,, y,) and let 
2} 18) (Gp de) ANaven 


_@ Se CO ry) 


whence —— * 
y2 @—a2 (a+2,)(a— 2) 


But y, = M,P,, a+2,= A’0+0M, = A’M,, a—z,=0A —OM, = M,A, 
¥,—M,P.,4+2,—A’'M,, a—a,=M, ek Hence the proposition is proved. 


Ex. 2. If M,P, is the ordinate of a f 
point P, of the parabola y?=4 pz, and 
a straight line drawn through the middle Py 
point of M,P, parallel to the axis of x 
cuts the curve at Q, prove that the inter- Q 
cept of the line M,Q on the axis of y 
equals %M,P). 


Let P; (fig. 84) be (@, 9). Then O M, re 

Dy sci, from the equation of the 
apt 

parabola. 

By construction, the ordinate of Q 
is a, Since Q is on the parabola, its a 
es is found by placing y = 2 i in y? = 4 pe. Then Q is (2 ni ty, and 

2 6p 


M is (x, 9), which is the same as (4 0). Hence the equation of 4,Q 
is, by § 30, 4p 


8px + 8y,y— 2y2=0. 
The intercept of this line on OY is 3 y, = 3. M,P,, which was to be proved. 
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51. Empirical equations. We have met in § 8 examples of 
related quantities for which pairs of corresponding values have 
been found by experiment, but for which the functional relation 
connecting the quantities is not known. In such a case it is often 
desirable to find an equation which will represent this relation, 
at least approximately. The method, in general, is to plot the 
points as in § 8 and then fit a curve to them. At best this work 
is approximate, the result depending largely on the judgment of 
the worker, and in complicated cases it demands methods too 
advanced for this book. We shall discuss a few simple exam- 
ples, to illustrate merely the fundamental principles involved. 

The simplest case is that in which the plotted points appear 
to lie on a straight line, or nearly so. If the two related quan- 
tities are a and y, the relation between them is expressed by the 
equation y= mex +4, (1) 


where m and @ are to be determined to fit the data. In practice 
the points are plotted, and it appears that a straight line may be 
so drawn that the points either lie on it or are close to it and 
about evenly distributed on both sides of it. The straight line 
having been drawn, its equation may be found by means of two 
points on it, which may be either two of the original data or any 
two points of the graph. This method is illustrated in Ex. 1. 
Closely connected with this case are two others. Suppose the 
relation between the two quantities 2 and y is known or assumed 
to be of the form y = ar" (2) 


or 7a, (3) 
where a, 6, and n are to be determined to fit the given numerical 


values of z and y. By taking the logarithms of both sides of 
these equations, we have respectively 


log y = n log x + loga (4) 

and log y = (log b) x + log a; (5) 
or, if we place logy=y/’, logx=2', loga=0', logb=m, 

y' = na’ + 0, (6) 

y' = me +b, (7) 
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We may now plot the points (2, y’) or (a, y') and determine 
the straight line on which they lie approximately. The equations 
(6) and (7) having thus been found, the return to equations 
(2) and (3) is easy. This method is illustrated in Ex. 2. 

When the use of a straight line either directly or by aid of 
logarithms fails, the attempt may be made to fit a parabola 


y=at+ be + cx (9) 


to the points of the plot. Since three points are sufficient to de- 
termine the constants of the equation, the parabola may be made 
to pass through any three of the plotted points. This parabola 
may then be tested to see if it passes reasonably near to the 
other points. This method is illustrated in Ex. 3, 

Other curves with equations of the form 


y=atbert+ecr?+ dv?t+t... +12" 


may also be used. In this case the number of points through 
which the curve may be exactly drawn is equal to the number 
of arbitrary coefficients. 

In all these cases it is often convenient to use different scales 
for x and y, the proper allowance being made in the calculations. 
This is illustrated in Ex. 2. 


Ex. 1. Corresponding values of two related quantities z and y are 
given by the following table: 


Find the empirical equation 
connecting them. 

We plot the points (a, y) 
and draw the straight line as 
shown in fig. 85. The straight 
line is seen to pass through the 
points (0, 1) and (2, 2). Its 
equation is therefore 


y= .52 +1, 


which is the required equation. 
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Ex. 2. Corresponding values of pressure and volume taken from an 
indicator card of an air compressor are as follows: 


Find the relation between them in the form pv” = c. 
Writing the assumed relation in the form p=cv—” and taking the 
logarithms of both sides of the equation, we have 
log p =— nlogv + loge, 
or y=—nz t+ b, 


where y = log p, x = log», and b = loge. 


The corresponding values of x and y are 


xz=logv | —.1972 | —.2549 | — .6233 | —.4012 | —.49385 | — .6144 


y =logp 255: 1.3222 1.4232 1.5250 1.6435 1.7924 


We assume on the z-axis a scale twice as large as that on the y-axis, plot 
the points (x, y), and draw the straight line as shown in fig. 86. The 
construction should be made 
on large-scale plotting paper. 
The line is seen to pass through 
the points (—.05, 1.075) and 
(— -46, 1.6). Its equation is 
therefore 5? 


y= —1.282 41.01. 


Hence n = 1.28, loge = 1.01, 
ec = 10.2, and the required re- 
lation between p and v is 


pri = 10.2. Fic. 86 


Ex. 3. Corresponding values of two related quantities x and y are 
given by the following table: 


Find the empirical equation connecting them. 
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If we plot the points as in fig. 87, they suggest a parabola. Accordingly 


_ We assume y= at be + cx? 


and dbisrmine a, b, and c, so that the curve will pass through the first, 
third, and last points. The equations for a, 5, and ¢ are 
1837=atlb4+e, 
Al=a+386+49e, 
1.05 =at5b+ 2c; 


3 1 
whence a= 2.45, b =— 1.28, and 


e=.2. The required equation 
is therefore 


| 
— : 
y = 2.45 —1.28 2 4+ .2 27. Fic. 87 


If we substitute for x in this equation the values 2 and 4, we find the 
corresponding values of 7 to be .69 and .53. This shows that the curve passes 
reasonably near to the points of the plot which were not used in computing 
the coefficients. 


PROBLEMS 
1. Find the equations of the locus of a point the distance of which 
from the axis of x equals five times its distance from the axis of y. 


2. Find the equations of the locus of a point the distance of which 
from the axis of x is 3 more than twice its distance from the axis of y. 


3.. Find the equation of the locus of a point the distances of which 
from (2, —1) and (— 3, 2) are equal. 

4. Find the equations of the locus of a point equally dstant 
from the lines 8a —5y—15=0 and 5a—3y+4+1=0. 

5. Find the equations of the bisectors of the angles between the 
lines 9a + 2y —3=Oand Tz —6y+2=0. 

6. Find the equations of the bisectors of the angles between the 
lines 84 4+4y—7=0 and 12% —5y41=0. 

7. A point moves so that its distance from the axis of y equals 
its distance from the point (5, 0). Find the equation of its locus. 

8. Find the equation of the locus of a point the distance of 
which from the axis of @ is one half its distance from (0, 2). 

9. A point moves so that the square of its distance from the 


point (0, 3) equals the cube of its distance from the axis of y. Find 
the equation of its locus. 
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10. Find the equation of the locus of a point the distance of which 
from the line x = 3 is equal to its distance from (4, — 2). 


11. Find the equation of the locus of a point which moves so that 
the slope of the straight line joining it to (a, a) is one greater than 
the slope of the straight line joining it to the origin. 


12. A point moves so that its distance from the origin is always 
equal to the slope of the straight line joining it to the origin. Find 
the equation of its locus. 


13. Find the equation of the locus of a point the distance of which 
from the line 3x + 47 — 6 = 0 is twice its distance from (2, 1). 


~- 14. Find the equation of the circle having the center (3, — 5) and 
the radius 4. 


_ 15. Find the equation of the circle having the center (— 4, 3) and 
the radius 2. 


, 16. Find the points at which the axis of intersects the circle 
having as diameter the straight line joining (1, 2) and (— 3, — 4). 


17. Find the equation of the circle having as diameter that part 
of the line 3a —4y-+12=0 which is included between the coér- 
dinate axes. 


18. Find the equation of the circle having as diameter the common 
chord of the two circles 


e+tptd4a2—4y—2=0 and 2?+y’—2xe+2y—14=0. 
19. Find the equations of the circles of radius a which are tangent 
to the axis of y at the origin. 
20. Find the center and the radius of the circle 
e+ yt 262+4+16y—42= 
21. Find the center and the radius of the circle 
2274+ 27+62+3y—10=0. 
22. Find the equation of a straight line passing through the cen- 


ter of the circle a? + 47?7—4x2+4+2y—5=0 and perpendicular to 
the line « — 2y+1= 0. How near the origin does the line pass ? 


23. Prove that two circles are concentric 1f their equations differ 
only in the absolute term. 
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24. Show that the circles 2?+7°+2Gr+2Fy+C=0 and 
e+ y+ 2G'e+2F'y+C'=0 are tangent to each other if 


VG= G+ (F—FY =VG+F—CEVG" +E? —C". 


25. Find the equation of the circle which passes through the 
points (0, 2), (2, 0), and (0, 0). 

26. Find the equation of the circle circumscribing the triangle 
with the vertices (0, 1), (— 2, 0), and (0, — 1). 

27. Find the equation of the circle circumscribing the isosceles 
triangle of which the altitude is 5 and the base is the line joining 
the points (— 4, 0) and (4, 0). 

28. Find the equation of the circle circumscribed about the tri- 
angle the sides of which are x + 2y —3=0, 34 —y—2=0, and 
2x4—3y—6=0. 

29. Find the equation of the circle passing through the point 
(— 3, 4) and concentric with the circle 27 + 7+ 3a2—4y—1=0. 

30. A circle which is tangent to both codrdinate axes passes 
through (4, — 2). Find its equation. 

31. The center of a circle which is tangent to the axes of 2 and 
of y is on the line 3a —5y+15=0. What is its equation ? 

32. A circle of radius 5 passes through the points (4, — 2) and 
(5, — 3). What is its equation ? 

33. The center of a circle which passes through the points (— 2, 4) 
and (— 1, 3) is on the line 22 —3y+4+2=0. What is its equation ? 

34. A circle which is tangent to OX passes through (—1, 2) and 
(6,9). What is its equation ? 

35. The center of a circle which is tangent to the two parallel 
lines « — 2 = 0 and x — 6= 0 is on the line y = 32 — 6. What is 
its equation ? 

36. The center of a circle is on the line 27+y7+4+3=0. The 


circle passes through the point (3, 1) and is tangent to the line 
4x —3y—14=0. What is its equation ? 

37. The center of a circle is on the line « + 2y —10 = 0 and the 
circle is tangent to the two lines 2a — 3y+ 9 = Oand 32 —2y+1=0. 
What is its equation ? 


» 38. Given the ellipse 9a?+ 25y* = 225, find its semiaxes, 
eccentricity, and foci. 
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~ 39. Given the ellipse 327+ 4,*= 2, find its semiaxes, eccen- 
tricity, and foci. 

- 40. Find the vertices, eccentricity, and foci of the ellipse 
447+ 2 ¥ =1. 

+41. Find the center, vertices, eccentricity, and foci of the ellipse 
42°+ 97? +162 —18y—-11=0. 

4 42. Find the center, vertices, eccentricity, and foci of the ellipse 
162° + 97? —162 +4 6y —189 = 0. 

. 43. Find the equation of the ellipse when the origin is at the 
left-hand vertex and the major axis lies along OX. 

44. Find the equation of the ellipse when the origin is taken at 
the lower extremity of the minor axis and the minor axis lies 
along OY. F ; 

+ 45. Determine the semiaxes a and @ in the ellipse S + a =1 so 
that it shall pass through (2, 3) and (—1,—4). © 

. 46. Find the equation of an ellipse if its axes are 8 and 4, its 
center is at (2, — 3), and its major axis is parallel to OX. 

_47. Find the equation of an ellipse if its axes are 3 and j, its 
center is at (1, —1), and its major axis is parallel to OY. 

. 48. If the vertices of an ellipse are (+ 6, 0) and its foci are 
(+4, 0), find its equation. 

49. Find the equation of an ellipse when the vertices are (+ 4, 0) 
and one focus is (2, 0). 

50. Find the equation of an ellipse when the vertices are (0, 2) 
and (0, — 4) and one focus is at the origin. 

51. Find the equation of the ellipse the foci of which are (+ 4, 0) 
and the major axis of which is 10. 

52. Find the equation of the ellipse the foci of which are (0, + 3) 
and the major axis of which is 12. 

53. Find the equation of an ellipse when its center is at the 
origin, one focus is at the point (— 4, 0), and the minor axis is 
equal to 6. 

54. Find the equation of the ellipse the foci of which are (1, + 2) 
and the major axis of which is 6. 

55. Find the equation of an ellipse the eccentricity of which is 4 
and the foci of which are (0, + 5). 
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56. The center of an ellipse is at the origin and its major axis _ 
lies on OX. If its major axis is 6 and its eccentricity is 4, find its 
equation. 

57. The center of an ellipse is at (— 2, 3), and its ee axis is 
parallel to OY and 8 units in length. Its ee is }. Find its 
equation. 

58. The center of an ellipse is at (1, 2), its eccentricity is 1, and 
the length of its major axis, which is parallel to OY, is 8. What is 
the equation of the ellipse ? 


59. Find the equation of an ellipse the eccentricity of which is 4 
and the ordinate at the focus is 4, the center being at the origin and 
the major axis lying on OX. 

60. Find the eccentricity and the equation of an ellipse if the 
foci lie halfway between the center and the vertices, the center 
being at the origin and the major axis lying on OX. 

61. Find the equation and the eccentricity of an ellipse if the 
ordinate at the focus is one third the minor axis, the center being 
at the origin and the major axis lying on OX, 

62. Find the eccentricity of an ellipse if the straight line connect- 
ing the positive ends of the axes is parallel to the straight line joining 
the center to the upper end e une ordinate at the left-hand focus. 

2 
~63. Given the hy perbola = =a 
and asymptotes. 


=1, find its eccentricity, foci, 


. 64. Given the hyperbola 42° — 97’ = 36, find its eccentricity, 
foci, and asymptotes. 


' 65. Find the center, eccentricity, foci, and asymptotes of the 
hyperbola 9a? — 47? — 36a — 24y — 36=0. 

66. Find the center, eccentricity, foci, and asymptotes of the 
hyperbola 2a7—3y+4a2+12y+4=0. 

67. Find the equation of an hyperbola if its transverse axis is 
V3, its conjugate axis V3, its center at (1, — 2), and its transverse 
axis parallel to OX. 

68. Find the equation of an hyperbola if its transverse axis is 
5, its conjugate axis 3, its center (— 2, 3), and its transverse axis 
parallel to OY. 


69. Find the equation of the hyperbola when the origin is at the 
left-hand vertex, the transverse axis lying on OX, 
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70. Find the equation of an hyperbola if the foci are (+ 4, 0) and 
the transverse axis is 6. 

71. Find the equation of an ence if the ro are (0, + 3) and 
the transverse axis is 4. 

72. An hyperbola has its center at (1, 2) and its transverse axis 
is parallel to OX. If its eccentricity is # and its transverse axis is 
5, find its equation. 

73. Find the equation of an hyperbola when the vertices are (7, 1) 
and (—1, 1) and the eccentricity is 3 

74. Find the equation of an hyperbola the vertices of which are 
halfway between the center and the foci, the center being at O and 
the transverse axis lying on OX. 

75. Find the equation of the hyperbola which has the lines 
y =+%-~- for its asymptotes and the points (+ 2, 0) for its foci. 

76. Find the equation of the hyperbola which has the asymptotes 
y =x 3-2 and passes through the point (2, 1). 

77. Find the equation of an equilateral hyperbola which passes 
through (3, — 1) and has its axes on the coordinate axes. 

78. Show that the eccentricity of an equilateral hyperbola is equal 
to the ratio of a diagonal of a square to its side. 

79. If the vertices of an hyperbola lie two thirds of the distances 
from the center to the foci, find the angles between the transverse 
axis and the asymptotes. 

80. Express the angle between the asymptotes in terms of the 
eccentricity of the hyperbola. 

81. An ellipse and an hyperbola have the uae of each at the 


foci of the other. If the equation of the ellipse is z aE La = 1, find 


that of the hyperbola. Find the equations of the directrices of the 
two curves. 
a y 
82. Show that a Pag a ae BP 


oe? 
quantity, represents an ellipse confocal to = q+ Y —=1 when k'< b?, 


2 
= 1, Wie Ra is an arbitrary 


at 
and represents an hyperbola nentee val to = er ie y =1 when k?> 0? but 
<a’, a? being greater than 0”. 


~ 83. Find the vertex, axis, focus, and directrix of the parabola 
y+4y—62+7=0 
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84. Find the vertex, axis, focus, and directrix of the parabola 
4e7°+ 474+ 38y—2=0. 


85. Determine p so that the parabola 7? = 4 px shall pass through 
the point (— 2, 4). 

86. The vertex of a parabola is at the point (2, 3), and the parab- 
ola passes through the origin of codrdinates. Find its equation, its 
axis being parallel to OX. 


. 87. The vertex of a parabola is at the point (— 1}, 2), and the 
parabola passes through the point (—1, —1). Find its equation, its 
axis being parallel to OY. 


_ 88. Find the equation of the parabola when the origin is at the - 
focus and the axis of the parabola lies on OX. 


— 89. Find the equation of the parabola when the axis of the curve 
and its directrix are taken as the axes of x and y respectively. 


7 90. The vertex of a parabola is (3, 2) and its focus is (5, 2). Find 
its equation. 


91. The vertex of a parabola is (— 1, 2) and its focus is (— 1, 0). 
Find its equation. 


92. Find the equation of the parabola of which the focus is 
(2, — 1) and the directrix is the line y — 4 = 0. 


93. The vertex of a parabola is at the point (— 2, — 5) and its 
directrix is the line « — 3=0. Find its equation. 


94. The vertex of a parabola is at (5, — 2) and its directrix is the 
line y+4=0. Find its equation. 


95. The focus of a parabola is at the point (4, — 1) and its direc- 
trix is the line y—a#=0. Construct the curve from its definition | 
and derive its equation. What is the equation of its axis ? 


96. The altitude of a parabolic segment is 8 ft. and the length of 
its base is 14 ft. A straight line drawn across the segment perpen- 
dicular to its axis is 7 ft. long. How far is it from the vertex of 
the segment ? 


97. An arch in the form of a parabolic curve, the axis being verti- 
cal, is 40 ft. across the bottom, and the highest point is 12 ft. above 
the horizontal. What is the length of a beam placed horizontally 
across the arch 3 ft. from the top ? 
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~. 98. The cable of a suspension bridge hangs in the form of a 
parabola. The roadway, which is horizontal and 300 ft. long, is sup- , 
ported by vertical wires attached to the cable, the longest wire being ~ 
90 ft. and the shortest being 20 ft. Find the length of a supporting 
wire attached to the roadway 50 ft. from the middle. 

99. Any section of a given parabolic mirror made by a plane pass- 
ing through the axis of the mirror is a parabolic segment of which 
the altitude is 8 in. and the length of the base is 12in. Find the 
perimeter of the section of the mirror made by a plane perpendicular 
to its axis and 6 in. from its vertex. 

100. Given the ellipse 4.2? + 9 7? = 36, find its foci and directrices. 

101. Given the ellipse 52? + 37? =1, find its foci and directrices. 

102. Given the hyperbola 5a7—10y’?= 50, find its foci and 
directrices. 

103. Find the equation of an ellipse when the foci are (+ 3, 0) 
and the directrices are x = +7. 

104. Find the center, vertices, foci, and directrices of the ellipse 
92? + 2577+ 3074+ 40y — 184 = 0. 

105. Find the center, vertices, foci, and directrices of the hyper- 
bola 527—47+107+4+16y —31=0. 

106. Find the equation of a circle through the vertex and the 
ends of the double ordinate at the focus of the parabola 7? = 4 px. 

107. Find the equation of the circle through the vertex, the 
focus, and the upper end of the ordinate at the focus of the parab- 
ola y? — 8x4 = 0. 

108. Find the equation of a circle which passes through the 
vertex and the focus of the parabola 7? = 8a and has its center 
on the line rx—y+2=0. 

109. Find the equation of the locus of a point which moves so 
that the slope of the straight line joining it to the focus of the 
parabola 2? =8y is three times the eccentricity of the ellipse 
1627+ 97?—144=0. 

110. Find the equation of the cissoid when the origin is at the 
center of the circle used in its definition, the direction of the axes 
being as in § 48. 

111. Find the equation of the cissoid when its asymptote is the 
axis of y and its axis is the axis of a. 
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112. Find the equation of the strophoid when the asymptote is 
the axis of y, the axis of x being as in § 49. 


113. Find the equation of the strophoid when the origin is at 
A (fig. 82), the axes being parallel to those of § 49. 


114. Show that the lines y =+ 2 intersect the strophoid at, the 
‘origin only, and find the equation of the curve referred to these 
lines as axes. 


115. Find the equation of the witch when LK (fig. 80) is the axis 
of « and OA the axis of y. 


116. Find the equation of the witch when the origin is taken at 
the center of the circle used in A Taaeee it, the axes being par- 
allel to those of § 47. 


117. Show that the locus of a aot which moves so that the sum 
of its distances from two fixed straight lines is constant is a straight 
line. 


118. Find the equations of the locus of a point equally distant 
from two fixed straight lines. 


119. A point moves so that its distances from two fixed points 
are in a constant ratio k, Show that the locus is a circle except 
when k =1. 


120. A point moves so that the sum of the squares of its dis- 
_ tances from the sides of an equilateral triangle is constant. Show 
that the locus is a circle and find its center. 


121. A point moves so that the square of its distance from the 
base of an isosceles triangle is equal to the product of its distances 
from the other two sides. Show that the locus is a circle and an 
hyperbola which pass through the vertices of the two base angles. 


122. A point moves so that the sum of the squares of its dis- 
tances from the four sides of a square is constant. Find its locus. 


123. A point moves so that the sum of the squares of its dis- 
tances from any number of fixed points is constant. Find its locus. 


124. Find the locus of a point the square of the distance of 
which from a fixed point is proportional to its ais yane from a 
fixed straight line. 


125. Find the locus of a point such that the lengths of the tan- 


gents from it to two concentric circles are inversely as the radii of 
the circles. 


PROBLEMS 101 


126. A point moves so that the length of the tangent from it to 
a fixed circle is equal to its distanes from a fixed point. Find its 
locus. 


127. Find the locus of a point the tangents from which to two 
fimed circles are of equal length. 


128. Straight lines are drawn through the points (— a, 0) and 
(a, 0) so that the difference of the angles they make with the axis 


of x is tan“ Find the locus of their point of intersection. 


129. The slope of a straight line passing through (a, 0) is twice 
the slope of.a straight line passing through (— a, 0). Find the locus 
of the point of intersection of these lines. 


130. A point moves so that the product of the slopes of the 
straight lines joining it to A (—a, 0) and B (a, 0) is constant. 
Prove that the locus is an ellipse or an hyperbola. 

131. If, in the triangle ABC, tan A tan} B= 2 and AB is fixed, 
show that the locus of C is a parabola with its vertex at A and its 
focus at B. 


132. Given the base 26 of a triangle and the sum s of the tan- 
gents of the angles at the base. Find the locus of the vertex. 


133. Find the locus of the center of a circle which is tangent to 
a fixed circle and a fixed straight line. 


134. Prove that the locus of the center of a circle which passes 
through a fixed point and is tangent‘ to a fixed straight line is a 
parabola. | 

135. A point moves so that its shortest distance from a fixed 
circle is equal to its distance from a fixed diameter of that circle. 
Find its locus. 

136. If a straight line is drawn from the origin to any point @ of 
the line y =a, and if a point P is taken on this line such that its. 
ordinate is equal to the abscissa of @, find the locus of P. 


137. AOBand CODare two str aight lines which bisect each other at 
right angles. Find the locus of a point P such that Pa PBs PC> Pp: 


_ 138. ABand CD are perpendic ‘ular diameters of a circle and M is 
any point on the circle. Through M, AM and BM are drawn. AM 
intersects CD in N, and from N a straight line is drawn pa’allel to 


AB, meeting BM in P. Find the locus of P. 
AC 
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139. Given a fixed straight line 4B and a fixed point @. From 
any point R in AB a perpendicular to 4B is drawn, equal in length 
to RQ. Find the locus of the end of this perpendicular. 


140. O is a fixed point and AB is a fixed straight line. A straight 
line is drawn from O, meeting AB at Q, and in 0@ a point P is taken 
so that OP-OQ=k*. Find the locus of P. 


141. Let OA be the diameter of a fixed circle. From B, any point 
on the circle, draw a straight line perpendicular to OA, meeting it 
in D. Prolong the line DB to P, so that OD: DB=OA:DP. Find 
the locus of P. 


142. A perpendicular is drawn from the focus of an hyperbola to 
an asymptote. Show that its foot is at distances a and 4 from the 
center and the focus respectively. 


143. Two straight lines are drawn through the vertex of a parab- 
ola at right angles to each other and meeting the curve at P and Q. 
Show that the line PQ cuts the axis of the parabola in a fixed point. 


144. In the parabola 7 =4px an equilateral triangle is so 
inscribed that one vertex is at the origin. What is the length 
of one of its sides ? 


145. Prove that in the ellipse half of the minor axis is a mean 
proportional between 4 F and F4'. 


. 146. Show that in an equilateral hyperbola the distance of a point 
from the center is a mean proportional between the focal distances of 
the point. 


147. If from any point P of an hyperbola PK is drawn parallel 
to the transverse axis, cutting the asymptotes in Q and R, prove 
PQ:PR=a. If PK is drawn parallel to the conjugate axis, prove 
PQ. PR=— 0* 


148. Prove that the product of the distances of any point of the 
hyperbola from the asymptotes is constant. 


149. Prove that in the hyperbola the squares of the ordinates of 
any two points are to each other as the products of the segments of 
the transverse axis made by the feet of these ordinates. 


150. Straight lines are drawn through a point of an ellipse from 
the two ends of the minor axis. Show that the product of their 
intercepts on OX is constant. 
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151. P, is any point of the parabola vy’ = 4 pa, and P,Q, which 
is perpendicular to OP,, intersects the axis of the parabola in Q. 
Prove that the projection of P,Q on the axis of the parabola is 
always 4p. 


152. Show that the focal distance of any point on the hyperbola 
is equal to the length of the straight line drawn through the point 
parallel to an asymptote to meet the corresponding directrix. 


153. Show that the following points lie approximately on a straight 
line, and find its equation: 


~ 154. For a galvanometer the deflection D, measured in millimeters 
on a proper scale, and the current J, measured in microamperes, are 
determined in a series of readings as follows: 


Ri eer 4g.) 72-7 | 92.0 | 118.0 | 140.0 | 165.0 | 199.0 


T | 0.0493 0.0821 | 0.123 | 


0.154 | 0.197 | 0.234 | 0.274 | 0.328 


Find an empirical law connecting D and J. 


155. For a copper-nickel thermocouple the relation between the 
temperature ¢ in degrees and the thermoelectric power in microvolts 
is given by the following table: 


Find an empirical law connecting ¢ and p. 


-. 156. The safe loads in thousands of pounds for beams of the same 
cross-section but of various lengths in feet are found as follows : 


Length 10 11 


Load 123.6 121.5 111.8 107.2 101.3 90.4 


Find the empirical equation connecting the data. 
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- 157. The relation between the pressure p and the volume v of a 
gas is found experimentally as follows: 


Pressure | 20 | 23.5 | 81 ] 42 | 59 | 78 


Volume 0.619 | 0.540: 0.442 | 0.358 | 0.277 


Find an empirical equation connecting p and v in the form pe" = e. 


158. The deflection a of a loaded beam with a constant load is 
found for various lengths Z as follows: 


Find an empirical equation connecting @ and / in the form a = kl", 


159. The relation between the length 7 (Gn mm.) and the time ¢ 
(in seconds) of a swinging pendulum is found as follows: 


90.4 | 101.8 | 107.8 | 140.6 


0,960 1.010 


| 
| 


Find an empirical equation connecting 7 and ¢ in the form ¢ = kl". 
} q g 


160. For a dynamometer the relation between the deflection 86, 


9 

A a7 A : 
when the unit 6 = -——; and the current ./, measured in amperes, is 
as follows : 


400 


Find an empirical equation connecting J and 6 in the form J = 6". 


161. In a chemical experiment the relation between the concen- 
tration y of undissociated hydrochloric acid is connected with the 
concentration a of hydrogen ions as shown in the table: 


1,22 | 0.784 | 0.426 | 0.092 | 0.047 | 0.0096 | 0.0049 | 0.00098 


1.382 | 0.676 | 0.216 | 0.074 | 0.0085 | 0.00315 0.00036 | 0.00014 0.000018 


Find an empirical law connecting the two quantities in the form y=ka”. 
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162. Show that the values of w and y as given in the following 
table are connected by a relation of the form y= ca”, and find ¢ and a. 


163. In a certain chemical reaction the concentration ¢ of sodium 
acetate produced at the end of the stated number of minutes ¢ is 
as follows: 


3 


0.00492 0.00410 


| 
| 
| 
| 


0.0070 | 0.00586 


Assuming that the law is of the form ¢ =a‘, find the equation 
connecting the concentration with the time. 


164. The molal heat capacity at constant temperature is for water 
vapor at various temperatures as follows: 


Temp. | 10 | 100 | 500 | 700 | 1000 


Cap. 8s | 8. 8.4 | 8.6 9.1 
Determine the law in the form C = a + dt + ct? 


165. Assuming Boyle’s law, pv = ec, determine ¢ graphically from 
the following pairs of observed values : 


42.17 | 45.80 | 4852 | 51.89 60.47 65.97 


a3. | 96.92 | 38.99 | 31.02 | 26.86 | 924.58 


166. The distance p of an object from a lens and the distance p! 
of its image are found by experiment as follows : 


p | 320 | 240 | 180 | 140 | 120 100 80 60 


p | 21.385 | 21.80 | 22.50 23.20 23.80 24.60 26.20 29.00 


Assuming the a + 2. = 3 where f is the focal length of the lens, 
p ) 


compute f graphically by plotting the reciprocals of p and p’. 


~~ 


CHAPTER VII 
PARAMETRIC REPRESENTATION 


52. Definition. Consider the two equations 


c=f(t), y=, (1) 


where f(t) and f,(t) are two functions of an independent 
variable t. If we assign to t any value in (1), we determine 
a2 and y and may plot a point with these codrdinates. In- 
this way a value of ¢ determines a point in the plane. So 
other values of ¢ determine other points, which together deter- 
mine a curve. 

The two equations (1) then represent the curve. The vari- 
able ¢ is called a parameter, and the equations (1) are called 
the parametric representation of the curve. It is sometimes 
easy to eliminate ¢ from the equations (1) and obtain thus 
a Cartesian equation 
of the curve, but this 
elimination is not essen- 
tial and is not. always 
desirable. 


Ube, 6 Sik Ops 


Giving ¢ in © succession 


the values —3, —2, —1, 0, 
1, 2, 3, we find the corre- 
sponding points (9, —=8), 


(4, —2), Gd, —1), ©, 0), 
(1, 1), G, 2), (, 8). These 
points, if plotted, may be 
connected by the curve of eee 

fig. 88, and as many _inter- 

mediate points as desired may be found. In this case we may easily 
eliminate ¢ from the equations and obtain z= y?. The curve is a parabola. 
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—4, 0, 3, 1, we 
0), (2 2), (, 0), 


Giving ¢ in succession the values 
find as corresponding points (0, — 6), 
(& — ¥, @, 0) 

These points give the curve s 
fig. 89. If more details as to the 
the loop are wanted, more values o 
be assumed intermediate to those 
used. Elimination of ¢ in this 
possible but hardly desirable. 


Ex. 3. r= acos*t, y= a sin*¢ 


If values of ¢ are assumed 
intervals between ¢=0° an 
curve may be found to be 
The elimination of ¢ gi 
v4 2 2 a 
zs + y3=a3. The curve 
cusped hypocycloid (§ 58). 


As the examples show, the param- 
eter ¢ is in general simply an _ inde- Fic. 89 
pendent variable to which values are 
assigned at pleasure. In problems of mechanics, however, the pa- 
rameter frequently represents time. In this case the curve of equa- 
tions (1) represents the path 
of a moving point, the position 
of the point at any instant 
being given by the equations. 
Any of the above examples 
may be interpreted in this 
way. Other illustrations will 
be found in the examples of 
$$ 53 and 54. 

In some cases, also, it is 
possible to give a geometric 
interpretation to the param- 
eter t. This is illustrated 
by the curves which follow, where in each case the parameter is 
a certain angle. 
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53. The circle. 
with its center a 
be the angle ma 
the sine and co 


y) (fig. 91) be any point on a circle 
) and its radius equal to a. Let ¢ 

OX. Then, from the definition of 
are the parametric equatic 


ee » (MN 
with ¢ as the arbitrary pa x 
Ex. A particle moves in a con- 
stant rate k. Then, if s repr 
traversed in the time 4, 


s=ki and p=-= 
a 


y=asl 


Therefore the equations of the 


pig 
— @sin—- 
a 


kt 
xZ=acos—; 
a 


54. The ellipse. In a circle with radius a let the abscissa of 
every point @ (fig. 92) be left unchanged and its ordinate be 
altered in a fixed ratio 6:a, where 0 is any length whatever. 
The point Q then takes such a position 
as P, where in the figure 6<a. The 
parametric SI of the locus of P 
are therefore, from § 53, 

v= acos d, 
y = bsin d. 

The elimination of ¢ from these equa- 
tions gives (2) +(4) =1, showing that 
) 

the locus of P is an ellipse. 


p is called the eccentric angle of a point on the ellipse, and 
the circle 2#*+ y’= a" is called the auxiliary circle. 


Fig. 92 


Ex. A particle Q moves at a constant rate along the auxiliary circle of 
an ellipse ; required the motion of its accompanying point P. 


PARE kt é 
As in § 538, ¢= aS Hence the equations of the path are 


At halt 
«= acos—y; y = bsin—. 
a a 
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_ The cycloid. If a circle rolls upon a straight line, each 
; po nt ¢ of the circumference describes a curve called a cycloid. 

-a circle of radius a roll upon the axis of a, and let C 
id) be its center at any time of its motion, NV its point of 
et with OX, and P the point on its circumference which 


Fic. 938 


the cycloid. Take as the origin of coérdinates, O, the 
d by rolling the circle to the left until P meets OX. 


ON= are PN. 


P and CN, each perpendicular to OX, PR Lee to 
nnect C and P. Let 

angle NOP= ¢. 
a=OM=ON— MN 
=arcNP—\PR) . |. 
=ap—asin gd. 
= MP=NC—-RE 
=a—acosd.~ 
ric representation of the cycloid is 
= a(¢—sing), ~ 
a(1— cos ¢). 
equation of the cycloid may be written 
oF V9 ay — 7, 

a oo : 


han the parametric representation. 
seycloid meets OX a sharp vertex 
he distance between two consecutive 


.8 less conyé 
‘h point whe 
usp is formed 
evidently 2 7a. 


{ 
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56. The trochoid. When a circle rolls upon a straigh 
any point upon a radius, or upon a radius produced, d 
a curve called a trochoid. 

Let the circle roll upon the axis of z, and let C (figs. 
95) be its center at any time, V its point of contact \ 


axis of x, P(x, y) the point which describes the trog 
K the point in which the line CP meets the circle 
the origin O the point found by rolling the circle 
left until K is on the axis of z Then 


ON = are VK. 


a line 
Let the 


Draw PM and CN perpendicular to O.4 
parallel to OX, meeting CN, or CY py 
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57. The epicycloid. When a circle rolls upon the outside of a 
fixed circle, each point of the circumference of the rolling circle 
_deseribes a curve called an epicycloid. 

Let O (fig. 96) be the center of the fixed circle, C the center 
of the rolling circle, NV its point of contact with the fixed circle, 
and P(x, y) the point 
which describes the 
epicycloid. | Determine 
the pomt A by rolling 
the circle C until P 
meets the circumference 


of 0. “Then 
arc KN = are NP. 


Take O as the origin 
of coordinates and OK 
as the axis of 2 Draw: 
PM and CL perpendic- 
ular to OX, PS parallel 
to OX, meeting CL in 
R, and connect O and C. 
Let the radius of the 
rolling cirele be a, that of the fixed circle 6, and denote the 
angle OCP by @, the angle KOC by ¢.. Then 


arc KN= bd, are NP =.a0 ; 
whence bh = af. 
We now have «=OM=OL+1M 
= OC cos KOC — CP cos SPC 


=(a+b) cos d — acos (p+ 0) 


a+ b A 


Fie. 96 


\=(a+6) cos d—acos 


a 
y= MP=LC—RC 

= OC sin KOC — CP sin SPC 

=(a+h)sind—asin(¢+@) 
ath 

a ee 


=(a+0)sing—a sin 
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The curve consists of a number of congruent arches, the first of 


which corresponds to values of @ between 0 and 27, that is, to 
2 at 


values of ¢ between 0 and Similarly, the kth arch corre- 


D 


2(k—1)« 2 ka 
sponds to values of ¢ between “7a ead 


and ———. Hence 
b 
the curve is a closed curve when, and only when, for some value 


9 
“ae kar 


is a multiple of 27. Ifa and 4 aré incommensurable, 


op ee f a D. : Are: 
this is impossible, but if 3 =i where q is a rational fraction in 


) 


its lowest terms, the smallest value of k= g. The curve then con- 
sists of g arches and winds p times around the fixed circle. 

58. The hypocycloid. When a circle rolls upon the inside of 
a fixed circle, each point of the rolling circle describes a curve 
called the hypocycloid. If the axes and the notation are as in 
the previous article, the equa- 
tions of the hypocycloid are 


Da 


R= (b— a) cos d+ a cos 


$, 


a 


Der 


y =(6—a)singd—asin 


dp. 


a 


The proof is left to the student. 
The curve is shown in fig. 97. 

In the special case in which 
the radius of the rolling circle 
is one fourth that of the fixed 
circle, we have b=4a. Then 


x= a(5 cos d + cos 3 f) = 44 cos’ d = b cos*¢, 
y=a(Q4sing—sin3 ?)=4asin’d=bsin®¢. 


This is the four-cusped hypocycloid of Ex. 3, § 52. 

59. The involute of the circle. If a string, kept taut, is 
unwound from the circumference of a circle, its end describes 
a curve called the involute of the circle. Let O (fig. 98) be 
the center of the circle, a its radius, and 4 the point at which 


PROBLEMS 113 


‘the end of the string is on the circle. Take O as the origin of 
coordinates and OA as the axis of 2 Let P(a, y) be a point 
on the involute, PA the line drawn from P tangent to the 
circle at A, and ¢ the angle 
XOK. Then PK represents a 
portion of the unwinding string, 
and hence 
AP arc AK = ap. 


Now it is clear that for all 
positions of the point A, OK 
makes an angle ¢—= with OY. 
Hence the projection of OX on 
OX is always OK cos 6=a cos ¢, 
and its projection on OY is Fie. 98 


OK cos ($ — 5) =asin gd, Also AP always makes an angle ¢ = 


-_ od 


with OX and an angle 7— ¢ with OY. Hence the projection o 
WF on OX 18-2368 ( $-7)= ap sing, and its projection 
on OY is KP cos (7 — p= — ie cos @. The projection of OP on 
OX is z, and on OY is y. Hence, by the law of projections, § 2, 
r=acosd+ad¢ sin , 
y = asin d— ad cos >. 
PROBLEMS 


Plot the graphs of the following parametric equations : 


1 2 +1 3 6 ' 6t 
a yY=t+i1. Oe or ———————— man) a eet 
ae "  £V4+9# +V4492 
4 4 ae 
2 ee 4. caLEe (eel de 
2 Pia 2a 
Sagat Pr Arar 1 De Oe 
ft 2 a sin® 
6. « = 2asin’d, arene a 


Tl. 2= ee Rint, 7 =e cos ys. 
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8.x=adpt+asing, y= 4 — 4008 d. 


3a. th 
9. 2 == cos — F005 34, y =-5 sing —5sin 3 ¢. 


10. x =2acosd—acos2¢, y= 2asing —asin2 ¢. 


11. A projectile moves so that the codrdinates of its position 
at any time ¢ are given by the equations x = 607, y = 80¢ —16 Bi. 
Plot its path. 


12. Find the parametric equations of the parabola 7? = 4 pr when 
the parameter is the slope of a straight line through the vertex. 


13. Find the parametric equations of the ellipse = = = =1 when 


‘the parameter is the slope of a straight line through the center. 


14. Find the parametric equations of the cissoid when the param- 
eter is the slope of a straight line through the origin, the axes of 
coérdinates being as in fig. 81. 


15. Find the parametric equations of the cissoid when the param- 
eter is the angle AOP (fig. 81). 


16. Find the parametric equations of the strophoid when the 
parameter is the angle J/4 P (fig. 82): 


17. When a circle rolls upon the outside of a fixed circle, a point 
on the radius of the rolling circle at a distance A from its center 
describes a curve called an epitrochoid. Find its equations, 


18. When a circle rolls upon the inside of a fixed circle, a point 
on:the radius of the rolling circle at a distance 2 from its center 
describes a curve called an hypotrochoid. Find its equations. 


19. If a circle rolls on the inside of a fixed circle of twice its 
radius, what is the form of the curve generated by a point of the 
circumference of the rolling circle ? 


20. AB is a given straight line perpendicular to OX at the point 
C, where OC =a. Through O any straight line is drawn, meeting 4B 
at D. On OX a point M is taken so that CM@=+CD. Finally, 
through M a straight line is drawn perpendicular to OX, intersect- 
ing OD at P. Find the parametric equations of the locus of P, using 
the angle XOD as the parameter. Find also the Cartesian equation, 
name the curve, and sketch the graph. 


j 
} 


| 
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21. A fixed circle of radius a with its center at O intersects OX 
at A. The straight line BC is tangent to the circle at 4. Through 0 
any straight line is drawn, intersecting the circle at D and intersecting 
BC at E. Through D a straight line is drawn parallel to OY, and 
through £ a straight line is drawn parallel to OX. These lines inter- 
sect at P. Find the parametric equations of the locus of P in terms 
of the angle XOD as parameter. Find also the Cartesian equation 
and sketch the curve. 


22. A circle of radius a has its center at O, the origin of coérdinates. 
The tangent to the circle at any point A meets OX at M. Through 
a straight line is drawn parallel to OY, and through 4 a straight line 
is drawn parallel to OX. These lines intersect at P. Find the par- 
ametric equations of the locus of P, using the angle MOA as the 
parameter. Find also the Cartesian equation and sketch the curve. 


23. A circle of radius a has its center at the origin of coérdinates 
O. Through O any straight line is drawn, intersecting the circle at 
A. The tangent to the circle at A intersects OY at B. Through B a 
straight line is drawn parallel to OX, meeting OA produced at P. 
Find the parametric equations of the locus of P in terms of the 
angle XOA as parameter. Find also the Cartesian equation. 


24. Let OA be the diameter of a fixed circle and LK the tangent 
at A. From O draw any straight line intersecting the circlé at B 
and LK at C, and let P be the middle point of BC. Find the para- 
metric equations of the locus of P, using the angle AOP as the 
parameter, OA as the axis of y, and O as the origin. Find also the 
Cartesian equation. : 


25. A circle of radius a has its center at the origin of coérdinates 
O, and the straight line AB is tangent to the circle at A(a, 0). From 
O any straight line is drawn, meeting AB at E and the circle at D. 
On OE, OP is taken equal to DE. Find the parametric equations of 
the locus of P in terms of the angle AOP as parameter. 


26. The straight line AB is perpendicular to OX at A(a, 0). From 
O a straight line is drawn to any point C of AB. The straight line 
drawn from C perpendicular to OC meets OX at M. The perpendic- 
ular to OX at M meets OC produced at P. Find the parametric 
equations of the locus of P in terms of the angle XOC as parameter. 
Find also the Cartesian equation. 
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27. OBCD is a rectangle with OB =a and BC =e. Any line is 
drawn through C, meeting OB in £, and the triangle EPO is con- 
structed so that the angles CEP and EPO are right angles. Find 
the parametric equations of the locus of P, using the angle DOP as 
the parameter, OB as the axis of @, and O as the origin. Find also the 
Cartesian equation of the locus. 


28. A fixed circle has as diameter the straight line joining the 
origin and the point A(0, 2a). Any point B of the circle is connected 
with A and O, and BM is drawn perpendicular to OX, meeting OX 
at M. On MB, MP is laid off equal to BA. Find the parametric 
equations of the locus of P in terms of the angle XOB as parameter. 
Find also the Cartesian equation. 


29. Let AB be a given straight line, O a given point a units from 
AB, and k a given constant. On any straight line through O, meet- 
ing AB in M, take P so that OM. MP=k*. Find the parametric 
equations of the locus of P, using O as the origin, the perpendicular 
from O to AB as the axis of w, and the angle between OX and OP 
as the parameter. Also find the Cartesian equation. 


30. ABC is a given right triangle of which the sides AB and BC 
about the right angle at B are always equal to a and & respectively. 
The triangle moves in the plane XOY so that 4 is always on OY and 
B is always on OX. P is the middle point of the hypotenuse 4C. 
Find the parametric equations of the locus of P, using the angle 
XBC as the parameter. 


31. Let 0 be the center of a circle with radius a, A a fixed point 
on the circle, and Ba moving point on the circle. If the tangent at 
B meets the tangent at A in C, and P is the middle point of BC, 
find the equations of the locus of P in parametric form, using the 
angle AOB as the arbitrary parameter, OA as the axis of a, and O 
as the origin. 


32. A fixed circle has as diameter the straight line joining the 
origin of coérdinates and the point 4 (2a, 0), and LK is tangent to. 
the circle at A. From O any straight line is drawn, meeting the circle 
at D and the tangent LK at E. On OE a point P is so taken that 
PD=DE in both length and direction. Find the parametric equa- 
tions of the locus of P in terms of the angle AOE as parameter. 
Find also the Cartesian equation. 
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33. A and B are two points on the axis of y at distances — a and 
+ a respectively from the origin. AH is any straight line through 4, 
meeting the axis of a at H. BK is the perpendicular from B on AH, 
meeting it at AK. Through K a straight line is drawn parallel to 
the axis of x, and through H a straight line is drawn parallel to 
the axis of y. These lines meet in P. Find the parametric equa- 
tions of the locus of P, using the angle BAK as the parameter. 
Also find the Cartesian equation. 


34. Q is the point on the auxiliary circle of the ellipse 


ge? y 

cal aa =1, (a>) 
corresponding to the ara P of the ellipse. The straight line 
through P parallel to OQ meets OX at L and OY at M. Prove. 


i b, and PM= a. 


35. If a projectile starts with an initial velocity v in an initial 
direction which makes an angle @ with the axis of z, taken horizontal, 
its position at any time ¢ is given by the parametric equations 


i= Ut COR a, y = vt sina—}g?’. 


Find the Cartesian equation of the path of the projectile and its 
nature and position. 


36. From the equations of problem 35 determine when and where 
the projectile strikes a point on the axis of a. 


37. From the equations of problem 35 determine when, and for 
what value of z, the projectile passes through a point which is at 
a distance h below the horizontal. 


38. From the equations of problem 35, what elevation must be 
given to a gun that the projectile may pass through a point d units 
distant from the muzzle of the gun and lying in the horizontal line 
passing through the muzzle ? 


39. From the equations of problem 35, what elevation must be 
given to a gun to obtain a maximum range on a horizontal line 
passing through the muzzle ? 

40. A gun stands on a cliff % units above the water. From the 
equations of problem 35, what elevation must be given to the gun 
that the projectile may strike a point in the water d units from the 
base of the cliff ? 

AC 


CHAPTER VIII 
POLAR COORDINATES 


60. Codrdinate system. So far we have determined the posi- 
- tion of a point in the plane by two distances, z and y. We 
may, however, use a distance and a direction, as follows: 

Let O (fig. 99), called the origin, or pole, be a fixed point, and 
let OM, called the initial line, be a fixed line. Take P any point 
in the plane and draw QP. Denote OP by r and the angle 
MOP by 0. Then r and @ are called the polar codrdinates of 
the point P(7, 8), and when given will completely determine P. 

For example, the point (2, 15°) is plotted by laying off the 
angle MOP =15° and measuring OP = 2. 

OP, or r, is called the radius vector, and 6 
the vectorial angle, of P. These quantities may 
be either positive or negative. A negative 
value of @ is laid off in the direction of the 
motion of the hands of a clock, a positive 
angle in the opposite direction. After the 
angle @ has been constructed, positive values of r are measured 
from O along the terminal line of 6, ard negative values of r 
from O along the backward extension of the terminal line. It 
follows that the same point may have more than one pair of 
coordinates. Thus (2, 195°), (2, —165°), (— 2) 15%), and 
(— 2, — 845°) refer to the same point. In practice it is usually 
convenient to restrict @ to positive values. 

Plotting in polar codrdinates is facilitated by using paper ruled 
as in figs. 100 and 101. The angle @ is determined from the num- 
bers at the ends of the straight lines, and the value of r is counted 
off on the concentric circles, eithee towards or away from the 
number which indicates 6, according as 7 is positive or negative. 

When an equation is given in polar codrdinates, the corre- 


sponding curve may be plotted by giving to @ convenient 
11& 


8 


P(r,0) 


Fie. 99 
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values, computing the corresponding values of n plotting the 
resulting points, and drawing a curve through them. 


Ex. 1./r=acos6. | 
— ie 


ais a constant which 
may be given any con- 
venient value. We may 
then find from a table o1 
natural cosines the value —-165 
of r which corresponds 
to any value of 6. By 180 
plotting the points corre- 
sponding to values of 6 
from 0° to 90°, we obtain 210 
the are ABCO (fig. 100). 
Values of 6 from 90° to 
180° give the are ODEA. 
Values of 6 from 180° 
to 270° give again the Fie. 100 
arc ABCO, and those 
from 270° to 360° give the are ODEA. Values of 6 greater than 360° can 
clearly give no points not already found. The curve is a circle (§ 63). 


Cale SO 
Soon ee 
TRESS 


Ex. 2. r=asin3 6. 


As 6 increases from 0° to 
30°, r increases from 0 to a; 
as 6 increases from 30° to 60°, 
r decreases from ato 0; the 
point (7, 6) traces out the 
loop OAO (fig. 101). As 6 
increases from 60° to 90°, 
r is negative and decreases 
from 0 to — a; as 6 increases 
from 90° to 120°, r increases 
from —a to 0; the point 
(r, 9) traces out the loop 
OBO. As @ increases from 
120° to 180°, the point (r, 4) 
traces out the loop OCO. 
Larger values of 6 give Fie. 101 
points alrrady found, since 
sin 3 (180° -+ 6) =—sin36. The three loops are congruent, because 
sin 3 (60° + 6) =— sin36. This curve is called a rose of three leaves. 
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Ex. 3. 7? = 2a? cos 20. 
Solving for r, we have r= +aV2cos 26. 


Hence, corresponding to any values of 6 which make cos 26 positive, there 
will be two values of r numerically equal and opposite in sign and two 
corresponding points of the curve symmetrically situated with respect to 
the pole. If values are assigned to @ which make cos 26 negative, the cor- 
responding values of r will be imaginary and there will be no points on 
the curve. 

Accordingly, as 6 increases 
from 0°'to 45°, r decreases nu- 
merically from-aV2 to 0, and the 
portions of the curve in the first 
and the third quadrant are con- 
structed; as 6 increases from 45° Fic. 102 
to 135°, cos 26 is negative, and 
there is no portion of the curve between the lines 6 = 45° and 6 = 135°; 
finally, as @ increases from 135° to 180°, r increases numerically from 0 
to a V2, and the portions of the curve in the second and the fourth quadrant 
are constructed. The curve is now complete, as we should only repeat the 
curve already found if we assigned further values to 6; it is called the 
lemniscate (fig. 102). 


135° 45° 


61. The spirals. Polar codrdinates are particularly well 
adapted to represent certain curves called spirals, of which 
the more important follow: 


Ex. 1. The spiral of Archimedes, 
p= whe 


- 


Tn plotting, 6 is usually considered 
in circular measure. When 6=0, 
r= 0, and as @ increases, r increases, 
so that the curve winds infinitely often -> 
around the origin while receding from Fie. 103 
it (fig. 103). In the figure the heavy 
line represents the portion of the spiral corresponding to positive values 
of @, and the dotted line the portion corresponding to negative values of 6. 


Ss 


OF as ge eit 


Ex. 2. The hyperbolic spiral, 


a 
rO =a, or p= 


As @ increases indefinitely, r approaches zero. Hence the spiral winds 
infinitely often around the origin, continually approaching it but never 
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reaching it (fig. 104). As 6 approaches zero, r increases without limit. 
If P is a point on the spiral and VP is the perpendicular to the initial line, 


sin@ 
6 


Hence, as 6 approaches zero as 
a limit, NP approaches a (§ 95). 
Therefore the curve comes con- 
stantly nearer to, but never reaches, 
the line LK, parallel to OM at a 
distance a units from it. This line is therefore an asymptote. In the 
figure the dotted portion of the curve corresponds to negative values of 6. 


NP=rsin@=a 


6 


Fie. 104 


Ex. 3. The logarithmic spiral, 


Tr = ea, 


When 6=0, r=1. ‘As 6 increases, 7 
increases, and the curve winds around 
the origin at increasing distances from 
it (fig. 105). When @ is negative and 
increasing numerically without limit, r 
approaches zero. Hence the curve winds 
infinitely often around the origin, continu- 
ally approaching it. The dotted line in the 
figure corresponds to negative values of 6. 

A property of this spiral is that it cuts 
the radius vectors at a constant angle? The Fie. 105 
student may prove this after reading § 103. 


We shall now give examples of the derivation of the polar 
equation of a curve from the definition of the curve. 

62. The straight line. Let LX (fig. 106) be a straight line 
perpendicular to OD. Let the angle MOD be denoted by a, 
and let OD=p; then p is the normal 


distance of LK from the pole. K 
Let P(r, 0) be any point of LK. P 
Then, by trigonometry, .s 
ORs DOr = OD, 
ores r cos(@— a) =p, (1) “ is 
waich is the equation of the straight \ 


line. Fre. 106 
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If «=0 and p=a, we have the special equation 
rcos0=a, 
or 7 = asec 0. (2) 


If the straight line passes through the origin, p=0. The 
equation of the line then becomes 


cos(@— a) = 0, 
or simply é= z + a, 
which is of the form @=e. (3) 


63. The circle. Let C(b, a) be the center and a the radius of 
a circle (fig. 107). Let P(7, 6) be any point of the circle, and 
draw the straight lines OC, OP, and CP. 

By trigonometry, we have 


OP’ +00’ —20P.- 0Ccos POC=CP’. 


Noting that- cos POC =cos(@—«a), OP=r, OC=6, and 
CP =a, and substituting in the equation, we have the result 


r—2rbcos(@—a)+R=a* (1) 


as the polar equation of the circle. fe 
uns (r,O) 
When the origin is at the center of ee 
the circle, = 0 and (1) becomes simply 


O Zo2 0 M 
P= he (2) Fic. 107 
When the origin is on the circle, =a and (1) becomes 
r—2acos(@—a)=0; 
which may be written r= a, cos 6 + a, sin 0, (3) 
where a, and a, are the intercepts on the lines @=0 and @=7 
respectively. 
When the origin is on the circle and the initial line is a 
diameter, (3) becomes 
; » @) becomes r=, 60s 0. (4) 
When the origin is on the circle and the initial line is tange} 
to the circle, (3) becomes 


r= a, sin 0. (5) 
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64. The limacon. Through any fixed point O (fig. 108) on the | 
circumference of a fixed circle draw any line cutting the circle 
again at D, and lay off on this line a 
constant length measured from D in 
either direction. The locus of the 
points P and @ thus found is a curve 
called the limagon. 

Take O as the pole, and the diameter 
OA as the initial line, of a system of - 
polar coordinates, and call the diame- 
ter of the circle a and the constant 
length 6. Then it is clear that the Fie. 108 
entire locus can be found by caus- 
ing OD to revolve through an angle of 860° and laying off 
DP =, always in the direction of the terminal line of AOD. 

Let P be (7, 8), where 9= AOD. Then r=OD+DP when 
@ is in the first or the fourth quadrant, and r=— OD+ DP 
when @ is in the second or the third 
quadrant. But it appears from the 
figure that OD = OA cos 6 when @ is 
in the first or the fourth quadrant, 
and that OD =— OA cos@ when @ is 
in the second or the third quadrant. 
Hence, for any point on the limagon, 


r=acos6+4. 


In studying the shape of the 
curve there are three cases to be 
distinguished : 

1. >a. 7 is always positive; the curve appears as in fig. 108. 


Fic. 109 


2. b<a. r is positive when cosG@>——, negative when 


b i. 
cos 6<—-—, and zero when cos@=—~-—-+ The curve appears as 
a a 


in fig. 109. 
3. b=a, The equation now becomes 


ath 
r=a(cosé+1)= 2a cos’ 5 
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Here 7 is positive, except that when @=180° r is zero. The 
curve appears as in fig. 110 and is called the cardiocd. 
The cardioid is an epicycloid for 
which the radius of the fixed circle 
equals that of the rolling circle. The 
proof of this is left to the student. 
65. Relation between rectangular 
and polar coordinates. Let the pole M 
O and the initial line OW of a sys- 
tem of polar codrdinates be at the 
same time the origin and the axis 
of x of a system of rectangular 
coordinates. Let P (fig. 111) be Fie. 110 
any point of the plane, (2, y) its 
rectangular codrdinates, and (7, @) its polar coordinates. 
Then, by the definition of the trigonometric functions, 


: 
cos@=-, 
= 
sin O=: 4. 
‘ 


Whence follows, on the one hand, 


x=rcos 6, 


y=rsin 0; ee 
and, on the other hand, 
paVoi+ Die Sh 
Voit y 


By means of (1) a transformation can be made from rectangular 
to polar codrdinates, and by means of (2) from polar to rectangular 
coordinates. 


Ex. 1. The equation of the cissoid (§ 48) is 


a x8 
: 2a—2 


Substituting from (1) and making simple reductions, we have the polar 
equation 2asin2d 
2asin 


cos 6 
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Ex. 2. The polar equation of the lemniscate (Ex. 3, § 60) is 
r= 2 atcos 20: 


Placing cos 2@= cos?6— sin?6 and substituting from (2), we have the 


rectangular equation 
(22+ y= 2a (a2 yp), 


66. The conic, the focus being the pole. From § 46, the equa- 
tion of a conic when the axis of z is an axis of the conic and 
the axis of y is a directrix is 

(e—ceyf+y=en. 


We may transfer to new axes having the focus of the conic as 
the origin and the axis of the conic as the axis of 2 by placing 


nae + gf, Y= Y, 
_ thus obtaining ay! == €(a' +¢)*. 


If we now take a system of polar coérdinates having the focus 
as the pole and the axis of the conic as the initial le, we have 


2 =r cos 0, y' =r sin 0. 
The equation then becomes 
jr—=2(r cos 0+ ¢)’, 
which is equivalent to the two equations 


ce ‘ ce 


eT ecos 6. So con 


Either of these equations alone will give the entire conic. 
To see this, place @= 6, in the second equation, obtaining 
— ce 


t= =>=———; 
1 1+ecos@, 


Now place 6= 7 + 6, in the first equation, obtaining r =— r,. 
The points (7, 6.) and (—r, 7+ 6.) are the same. Hence any 
point which can be found from the second equation can be 
found from the first. 


Ce 
Therefore r 


~ 1—ecos8é 


is the required polar equation. 
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67. Examples. Polar codrdinates may be used with great 
advantage in the solution of problems involving a number of 
straight lines radiating from a given point, the given point 
then being taken as the pole of the system of coordinates. 
This use is illustrated in the following examples: 


Ex. 1. Prove that if a secant is drawn 
through the focus of a conic, the sum of the B 
reciprocals of the segments made by the 
focus is constant. 
Let P,P, (fig. 112) be any secant through A 
the focus Ff, and let FP, =r,, FP, =7,, and F 
the angle MFP, = 0. Then the polar coérdi- q; 
nates of P, are (r,, 0) and those of P, are 
(r, 9+7). From the polar equation of the 
conic, we have 


ee ee Hras 112m 
1“ 1—ecos@ 
pi ee aS ce 
2“ 1—ecos(0+ 7) 1+.ecosd 
2 
Hence Bh ge 


UT "> ce 


Ex. 2. Find the locus of the middle points of a system of chords 
of a circle all of which pass through a fixed point. 

Take any circle with the center C 
(fig. 118), and let O be any point in the 
plane. If O is taken for the pole, and OC 
for the initial line, of a system of polar 
coordinates, the equation of the circle is 


r?—2rbcos0+b?—a?=0. (1) 


Let P,P, be any chord through O, and 
let OP, =17,, OP,=r,. Then r, and r, are 
the two roots of equation (1) which corre- 
spond to the same value of 6. Hence 


Fre. 118 


r, + 7, = 26 cos 6. 
If Q is the middle point of P,P, and we now place OQ = r, we have 


aah 


r = bcos 6. 


But this is the polar equation of a circle through the points O and C. 


PROBLEMS 127 


PROBLEMS 


Plot the following curves: 


: 5 Oe 
1. r= asin 20. 18. r=2+ sin—- 


2. r=acos 386. 


watt 
eo) 2 © Sin. 


2 


3 


5. r= a sin®—- 
a 


2 
19. 7? = a*(1 — cos 8). 
20. 77 = a7?(1+ 2 cos 2 6). 
21a ——nOA Ue O: 
22. r=a tan 20. 


6 
23. r=atan—- 
r a tan 5%. 


24. r=asec26. 


6.27 = ao sin 0. 6 

7. r =a’ sin 38. oie Se 
8. r= a" sin 40. et ieee 
9. r=a(1+sin 6). 2 


10. r=a(2+sin 86). 

11. r=a(1+ cos 2 6). 
12, r=2(1 — cos 20), 
13. r=a(1+ cos 36). 


27. r=a(1 + sec 6). 
28. r=a(1+2 sec 6). 
29. r=a(2-+ sec 8). 
30. rcos9=acos 26. 


14. r= a(2 + cos 26). Lane Peery 
15. r=a(1+ 2sin 8). 29. ei OE 

16. r=a(1+ 2 cos 26). se ee 

17. r=a(1+2 cos 38). 6—1 


Plot each pair of the following curves in one diagram and find 
their points of intersection : 


34 


35. 


36. 


37. 
38. 
39. 


4 


7 COS C — 5) =a, 1 cos (6 = a) = a. 


r cos (6 = ) = av2, 7 =2acos6. 


. 7 COS (0 — ) = ,07 008 (0 ote ) =a. 


=a’ sing, r= a’ sin 26. 
r=a(1+sin 26), 7? = 4a’sin 26. 


=a sind, r= a’ sin 3 6. 
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40. Oisa fixed point and LK a fixed straight line. If any straight 
line through O intersects LK in @, and a point P is taken on this 
line so that OP - OQ =k’, find the locus of P. 

41. A straight line OA of constant length @ revolves about 0. 
From 4 a perpendicular is drawn to a fixed straight line OM, inter- 
secting it in B. From B a perpendicular is drawn to OA, intersecting | 
it in P. Find the locus of P, OM being taken as the initial line. 

42. O is a fixed point of a circle of radius a, and OM is a fixed 
straight line passing through the center of the circle. A straight 
line is drawn from O to any point P, of the circle, and from P, a 
straight line is drawn perpendicular to OM, meeting OM at Q. From 
Q a straight line is drawn perpendicular to OP,, meeting OP, at P. 
Find the equation of the locus of P, taking O as the origin of codér- 
dinates and OW as the initial line. 


43. MN is a straight line perpendicular to the initial line at a 
distance a from 0. From 0 a straight line is drawn to any point B 
of MN. From B a straight line is drawn perpendicular to OB, inter- 
secting the initial line at C. From C a straight line is drawn per- 
pendicular to BC, intersecting WN at D. Finally, from D a straight 
line is drawn perpendicular to CD, intersecting OB at-P. Find 
the locus of P. 


Transform the following equations to polar coérdinates : 
oe i 46. a* + ay? — ay? = 0. 
»45. 2° + 77? — 8aa —8ay=0. 47. ae of = aa =), 


48. Find the polar equation of the strophoid when the pole is O 
and the initial line is OA (fig. 82). 


Transform the following equations to rectangular coérdinates : 


49. rcos(@——)+ 7 ecos{( 6+ —)=12 
ros (6 7) r-cos(@ *) 1 


50. r= asin 8. 51. 7 = @ tan 6. 


52. Vind the Cartesian equation of the rose of four petals 
r=asin 26. 


53. Find the Cartesian equation of the cardioid » = a(1 — cos @). 


54. Find the Cartesian equation of the limacon r = a cos 6 + b. 
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55. In a parabola prove that the length of a focal chord which 
makes an angle of 30° with the axis of the curve is four times the 
focal chord perpendicular to the axis. 


56. A comet is moving in a parabolic orbit around the sun at the 
focus of the parabola. When the comet is 100,000,000 miles from 
the sun the radius vector makes an angle of 60° with the axis of the 
orbit. What is the equation of the comet’s orbit? How near does 
it come to the sun ? 


57. A comet moving in a parabolic orbit around the sun is 
observed at two points of its path, its focal distances being 5 and 15 
million miles, and the angle between them being 90°. How near 
does it come to the sun? 


58. If a straight line’drawn through the focus of an hyperbola 
parallel to an asymptote meets the curve at P, prove that FP is one 
fourth the chord through the focus perpendicular to the transverse 
axis. 

59. The focal radii of a parabola are extended beyond the curve 
until their lengths are doubled. Find the locus of their extremities. 


60. If P, and P, are the points of intersection of a straight line 
drawn from any point O to a circle, prove that OP, - OP, is constant. 


61. If P, and P, are the points of intersection of a straight line 
from any point O to a fixed circle, and Q is a point on the same 


pee Og find the locus of Q. 
OP, + OP, 

62. Secant lines of a circle are drawn from the same point on the 
circle, and on each secant a point is taken outside the circle at a 
distance equal to the portion of the secant included in the circle. 
Find the locus of these points. 


straight line such that 0Q = 


63. From a point O a straight line is drawn intersecting a fixed 
circle at P, and on this line a point Q is taken so that OP . OQ =k’. 
Find the locus of Q. 

64. Find the locus of the middle points of the focal chords of 
a conic. 

65. Find the locus of the middle points of the focal radii of 
a conic. 


66. If P,FP, and Q,FQ, are two perpendicular focal chords of a 


: 1 1 ’ 
Eee ——— nT GS tant: 
conic, prove that PF. FP, to OF FQ, is constan 
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68. Limits. A variable is said to approach a constant as a 
limit, when, under the law which governs the change of value of 
the variable, the difference between the variable and the constant 
becomes and remains less than any quantity which can be named, 
no matter how small. 

If the variable is independent, it may be made to approach a 
limit by assigning to it arbitrarily a succession of values follow- 
ing some known law. Thus, if z is given in succession the values 

1 3 as | 


and so on indefinitely, it approaches 1 as a limit. For we 
may make x differ from 1 by as little as we please by taking n 
sufficiently great ; and for all 


ea 3 7 45 
: 0 f 38 By 
larger values of n the differ- SE rane 
ence between x and 1 is still : rs 4 
Fie. 114 


smaller. This may be made 
evident graphically by marking off on a number scale the 
successive values of a (fig. 114), when it will be seen that 


a an date go 4 
3 ear O Paes vf 
= | it — 
5 Dae G2, De oe 
Fie. 115 


the difference between 2 and 1 soon becomes and remains 
too minute to be represented. 


Similarly, if we assign to 2 the succession of values 


i 1 1 1 1 
CSS =) SS oe rs =(— ctl eee Ss 
2 Ha 3° % a , «,=(—1) aaa 
x approaches 0 as a limit (fig. 115). 
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If «ne variable is not independent, but is a function of 2, the 
values which it assumes as it approaches a limit depend upon 
the values arbitrarily assigned to x For example, let y=f(2), 
and let « be given a set of values, 


v,) @) V5 @ 4) OO Oia Bor sae 


approaching a limit a. Let the corresponding values of y be 


Yop Yo Yo Yo reer Iw 

Then, if there exists a number 4 such that the difference between 
y and A becomes and remains less than any assigned quantity, y 
is said to approach 4 as a limit as 2 approaches a in the manner 
indicated. This may be seen 
graphically in fig. 116, where 
the values of » approaching a 
are seen on the axis of abscissas, 
and the values of y approach- 
ing A are seen on the axis 
of ordinates. The curve of the 
function is continually nearer 
to the line y= A. 


1 
1 
1 
1 
| 
i 
i} 
i] 
| 
' 
| 
1 
| 
| 
' 
| 
| 
| 
| 
! iy 
a 


In the most common cases the @, a; 
limit of the function depends 
only upon the limit a of the Fic. 116 


independent variable and not 
upon the particular succession of values that 2 assumes in 
approaching a. This is clearly the case if the graph of the 
function is as drawn in fig. 116. 

Ex. 1. Consider the function 

_ _e+rar—4 
- sy ‘ 
and let z approach 1 by passing through the succession of values 
iil, o— 1,001, 2 000r 
Then y takes in succession the values 
y=51, y=5.01, y=5.001, y=5.0001. 


Tt appears as if y were approaching the limit 5. To verify this we place 
z=1+h, where h is not zero. By substituting and dividing by h, we find 
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y=5+h. From this it appears that y can be made as near = us we 
please by taking A’ sufficiently small, and that for smaller values of h, 
y is still nearer 5. Hence 5 is the limit of y as 2 approaches 1. More- 
over, it appears that this limit is independent of the succession of values 
which x assumes in approaching 1. 


~ 


Ex. 2. Consider y= ee ass approaches zero. 
i= Vie 
Give x in succession the values .1, .01, .001, .0001,---. Then y takes the 
values 1.9487, 1.9950, 1.9995, 1.9999, ---, suggesting the limit 2. 
In fact, by multiplying both terms of —__ sabe 1 + V1— 2, we fad 


1—-vl-<2z 
y =14+V1-—-. for all values of # except zero. 
Hence it appears that y approaches 2 as x approaches 0. 


We shall use the symbol = to mean “approaches as a limit.” 
Then the expressions 
Limz=a 
and eae 


have the same significance. 
The expression Lam jf (@)=4 
cra 


is read “The limit of f(a), as 2 approaches a, is A.” 
69. Theorems on limits. In operations with limits the follow- 
ing propositions are of importance : 


1. The limit of the sum of a finite number of variables is equal 
to the sum of the limits of the variables. 


We will prove the theorem for three variables; the proof is 
easily extended to any number of variables. 

Let Y, Y, and Z be three variables, such that Lim Y= A, 
Lim Y=, Lim Z=C. From the definition of limit (§ 68) we 
may write Y=A+a, Y=B+b, Z=C+e, where a, b, and e¢ 
are three quantities each of which becomes and remains 


numerically less than any assigned quantity as the variables 
approach their limits. 
‘Adding, we have 


X+V¥+Z=A+B+C+at+bte 
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Now if e€ is ary assigned quantity, however small, we may 
ee € ; 
make a, 6, and ¢ each numerically less than 3? 80 that a+ 6+ cis 


numerically less than e. Then the difference between Y+ Y+Z 
and 4+ B+ C becomes and remains less than e€; that is, 


Lim (X¥+Y4+7Z)=4+8+C= Lim X¥+ Lim Y+ Lim Z. 
2. The limit of the product of a finite number of variables is 
equal to the product of the limits of the variables. 


Consider first two variables _Y and Y, such that Lim Y= and 
Lim Y=8. As before, we have Y= 4A+a and Y=B+ 6. Hence 


XY=AB+6A+aB+ ab. 
Now we may make a and 6 so small that 64, aB, and ad are 


each less than = , where € is any assigned quantity, no matter how 
small. Hence 
fam X¥—AP=(lLim XY) (lim 7): 


Consider now three variables X, Y, Z Place YY=U. Then, 
as just proved, 4 


that is, Lim V ¥Z=(Li 
Lim X) (Lim VY) (Lim Z). 


oe . 
h eqreps ty be proved for any finite number 


onstant multiplied by a variable is equal to 
the constam d by the limit of the variable. 


The proofs b for the student. 

4, The | 
quotient 0 
divisor ts 

Let X ye two variables, such that Lim XY=4A and 
Lim Y= as before, X¥=A+a, Y= B+. 


‘ the quotient of two variables is equal to the 
its of the variables, provided the limit of the 


A Agape A ob — dA 
Var he is bo BOB 
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Now the fraction on the right of this equation may be made less 
than any assigned quantity by taking a and # sufficiently sraall. 


es Ae Lim 4 
Vow ~ TimY 


Hence Lim 


The proof assumes that 6 is not zero. 

70. Slope of a curve. By means of the conception of a limit 
we may extend the definition of “slope,” given in § 6 for a 
straight line, so that it may be applied to any curve. Let 
BR and B& be any two points upon a curve 
(fig. 117). If B and B& are connected by 
a straight line, the slope of this line is eal 


et, If B and B are close enough to- 


ft 

gether, the straight line AZ will differ only [ x 
a little from the are of the curve, and its / & 

slope may be taken as approximately the ee. uz 
slope of the curve at the point &. Now 

this approximation is closer, the nearer the point £ is to P. 
Hence we are led naturally : 


The slope of a curve at a por 


ee. eal | ; ba al 
by the fraction "—“*, where x, ¢ the codrdinates of a 
omen ; 
second point PB on the curve and wh ag 
moves toward PR along the curve. 
Ex. 1, Consider the curve y = 2? and the poin and let 


= 5, 7, = 25. 

We take in succession various values for x, and 
points on the curve which are nearer and nearer to (a 
our results in a table as follows: 


Ly Yo Ly — 2, 
6 36 1 
5.1 26.01 ol 
5.01 25,1001 01 


5.001 25.010001 001 


DIFFERENTIATION OF A POLYNOMIAL 


Ex. 1. Find the derivative of y when y = 2°. 
(1) Assume Ax = h. 
(2) Compute Ay = (2 + h)8 — 28 = 3 ah + 8 ch? + hz 
(3) Find = =3827+ 3 ch + h2. 


(4) The limit is evidently 32%. Hence ob Bie 
ax 

Ex. 2. Find the derivative of x 

(1) Place y = a and assume Az = h. 

wb 
’ iL it h 

2) Compute Ay = —— — —- = - ———.. 

py Compute dy HiGeg Mh x? + xh 

(8) Find Ay ——— sae : 

Az a raaels 7 1 
(4) The limit is clearly — ne and therefore a ae ee 


It appears that the operations of finding the derivative of f(x) 
are exactly those which are used in finding the slope of the curve 
y =f (x). Hence the derivative is a function which gives the slope 
of the curve at each point of it. 

74. Differentiation of a polynomial. The obtaining of a deriv- 
ative by carrying out the operations of the last article is too 
tedious for practical use. It is more convenient to use the 
definition to obtain general formulas which may be used for 
certain classes of functions. In this article we shall derive 
all formulas necessary to differentiate a polynomial. 

d d(ax") ax”) 
dS 
constant. © 

Let # Y = Ue 

(1), Assume Azr=h, 
(2) Then Ay =a(«x+h)"— ax" 


= a(n ge pe Ue e+. +H), 


i: 


= naxr"—1, where n is a positive integer and a any 


I 


ray 


») 


a 


(3) 3 =a Gas + ce Yaad ie ae a wn), 


(4) Takivg the limit, we have ob Ts Males 


AL 
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——+ =a, where a is a constant. 


This is a special case of the preceding formula, n being here 
equal to 1. The student may prove it directly. 
de 


3. —=0, where ¢ is a constant. 
dx 

Since ¢ is a constant, Ac is always 0, no matter what the 

value of x Hence Boe 0, and consequently the limit ie = 0); 
Az dx 

4. The derivative of a polynomial is found by adding the 
derivatives of the terms in order. 

This is a special case of a more general theorem (3, § 82). 
The proof of the special case before us may be easily given 
by the student or may be assumed temporarily. 

Ex. Find the derivative of 

i (@) =625—32!+527°—T2z2+ 82 — 2. 

Applying formulas 1, 2, or 3 to each term in order, we have 

JF @) = 38024 —12 28 + 15 2?—142 + 8. 

75. Sign of the derivative. A function of 2 is called an 
increasing function when an increase in 2 causes an increase 
in the function. A function of 2 is called 
a decreasing function when an increase in x 
causes a decrease in the function. The graph 
of a function runs up toward the right hand 
when the function is increasing and runs 
down toward the right hand when the fune- 
tion is decreasing. Thus 2°— a — 6 (fig. 119) 
is decreasing when a <4 and increasing when 
2 >t. 

The sign of the derivative enables us to 
determine whether a function is increasing 
or decreasing in accordance with the follow- 
ing theorem: 


When the derivative of a function is posi- ne 


tive, the function is increasing; when the derivative is negative, the 
Sunction is decreasing. 
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To prove this, consider y=f(x), and let us suppose that 
dy. ~— Sse omens Ys Ay 
cr ESS t . AE; 5 — 1S = Fi) i = 
Jz 18 Positive en, since ie is the limit of Ne it follows that ie 
is positive for sufficiently small values of Av; that is, if Az 


is assumed positive, Ay is also positive, and the function is 
increasing. Similarly, if = is negative, Ay and Az have oppo- 
dx 


site signs for sufficiently small values of Az, and the function is 
decreasing by definition. 


Exe lot y=27? — =z — 6, ta 2a 1, which is negative when «<4 


and positive when x>}. Hence the function is decreasing when z<} and 
increasing when z> 4, as is shown in fig. 119. - 
Q 27 7 dy 2 Q 
Ex. 2. If y=1(2?—322—92+27), = 22?— 32—2=3(@+1)(z—8). 
dy . ae : a 
Now = is positive when «<—1, negative when —1<2z<3, and positive 
x 
when z>3. Hence the function is increasing when x <—1, decreasing 


when zx is between —1 and 3, and increas- 
ing when «>3 (fig. 120). x 


It remains to a cases in 
which a =(. Referring to the two ex- 
XL 


amples just given, we see that in each 
the values of « which make the deriv- 
ative zero separate those for which the 
function is increasing from those for 
which the function is decreasing. The 
points on the graph which correspond 
to these zero values of the derivative Fin. 120 

can be described as turning points. 

Likewise, whenever f’(a) is a continuous function of 2, the 
values of x for which it is positive are separated from those 
for which it is negative by values of 2 for which it is zero 
(§ 72). Now in most cases which occur in elementary work, 
f'(2) is a continuous function. Hence we may say, 


The values of x for which a function changes from an increas- 
ing to a decreasing function are, in general, values of x which 
make the derivative equal to zero. 
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The converse proposition is, however, not always true. A 
value of x for which the derivative is zero is 10t necessarily a 
value of 2 for which the function changes 
from increasing to, decreasing or from 
decreasing to increasing. For consider 


Y 


4@’— 9a°+ 27x—19). 


Its derivative is 2—62+9=(#—3)’, 
which is always positive. The function 
is therefore always increasing. When 
z=—8 the derivative is zero, and the 
corresponding shape of the graph is 
shown in fig. 121. 

76. Tangent line. A tangent to a curve is the straight line 
approached as a limit by a secant line as two points of intersection 


®Pbe-——- --- 


Fie. 121 


of the secant and the curve are made to approach, coincidence. 


Let & and & be two points on a curve. Then if a secant is 
drawn through F and £ of a curve (fig. 122) and the point 
Bis made to move along the curve toward RF, which is kept 
fixed in position, the secant will turn on F as a pivot and will 
approach as a limit the tangent #7. The point P is called the 
point of contact of the tangent. 

From the definition it follows that the slope 
of the tangent is the same as the slope of the 
curve at the point of contact; for the slope 
of the tangent is evidently the limit of the 
slope of the secant, and this limit is the slope 
of the curve, by § 70. 

The equation of the tangent is readily written by means of 
§ 28 when the point of contact is known. Let (%, #7) be 
the point of contact, and let & 


AL 


Fie. 122 


d 
) denote the value of “4 when 
1 dx 
=x, and y=y, Then (2, y,) isa point on the tangent and 
Gdy\ i . : OL. 
($4) is its slope. Therefore its equation is 
AUC /1 


/ 


ad ; 
metiirh 
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Ex. 1. Find the equation of the tangent to the curve y= 2 at the 
» point (z,, y,) on it. 
Using formula (1), we have 
Y — fy = 3 xy (4 — 2). 

But since (2,, 7,) is on the curve, we have y, = 2}. Therefore the equa- 
tion can be written Pais 58 
Y= oe GC — 2a ea IP 

Ex. 2. Find the equation of the tangent to 

y=r? +32 P 
at the point the abscissa of which is 2. 


dy 


7 = 2a + 3. 
dx x 
ii och, S46 a (4 =a a 

ie ee le Fre. 128 


Therefore the equation is 
ape Get) Ol, ey — aCe 
If PT (fig. 123) is a tangent line and ¢ the angle it makes 
with OX, its slope equals tan ¢, by § 32. Hence 
di 
tan d= —- 
$ dx 


77. The differential. Let the function f(a) be represented by 
the curve y=f(x), and let P and @ be two neighboring points 
of the curve (fig. 124). Draw the 
tangent P7 and the lines P& and 
RQ parallel to the axes, RY and 
PT intersecting at 7. Then, from 
the preceding work, 


Pit= Az, 

EQ= Ay, 
tan RPT =f"! (2). 
RT =Ctan RPT) PR = f'(«) Az. Fic. 124 


The quantity f/(2) Az is called the differential of y and is 
represented by the symbol dy. Accordingly 


dy = f'(x) Aa. . ela 
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This definition is true for all forms o/ the function f(x) and is 
accordingly true when y=f(2)=. In this case f’(v)=1, and 


formula (1) gives dx = Az. (2) 
Substituting from (2) into (1), we have the final form 
dy = f"(a) de. (3) 


To sum this up: The differential of the independent variable is 
equal to the increment of the variable; the differential of the function 
is equal to the differential of the independent variable multiplied by 
the derivative of the function. 


It is important to notice the difference between Ay and dy. 
The figure shows that, in general, they are not equal, but that 
they become more nearly equal as Az approaches zero. Without 
using the figure, we may proceed thus: 


: 2 eee 
Lim — = f'(2), 
Since ee F'@) 
TAN 
= =f'(2) +6, 


where Lime = 0; and hence 
oie Ay =f'(2) Av + cAr = dy + «Ax. 
Ex. 1. Let y==2*. 
We may increase x by an increment Ar equal to dx. Then 
Ay = (« + dx)? — 28 = 3 a2dz + 3 x (dx)? + (dr). 
On the other hand, by definition, 
Li oon: 

It appears that Ay and dy differ by the expression 3 x (dx)? + (dx)’, which 
is very small compared with dz. 

Ex. 2, If a volume v of a perfect gas at a constant temperature is under 


k : 
the pressure p, then v = —, where k is a constant. Now let the pressure be 
P 


increased by an amount Ap = dp. The actual change in the volume of the 
gas is then the increment 


es k - k aoa kdp i kdp 1 : 
pt+dp p P(p + ap) P dp 


142 
The differential of v is, however, P 


} 


| 
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It is to be emphasizel that dv and dy are finite quantities, 
subject to all the laws governing such quantities, and are not 
to be thought of as exceedingly minute. Consequently both sides 
of (3) may be divided by dz, with the result 


: dy 
ens 
Jeg Pe 


That is, the derivative is the quotient of two differentials. 
This explains the notation already chosen for the derivative. 
ay in aa the limit of the quotient ae two inerements rs equal 


ag ‘let y=J@) Vand B2=O(e). 

Then Ay = f'(@)Az-+ Ag, 
Az = ¢'(x) Ax + ¢,Az, 
dy = f'(a) de, 
dz= p' (a) dz, 
Ay | lia (2)+ er 

at Az ¢'(a)+¢6 
W hence Lim AY _ Lim Gee a 


f@+e, g(a) da 

78. Area under a curve. Let LK (fig. 125) be a curve with 
equation y=f(x), and let OL=a and OB=6, It is required 
to find the area bounded Y p, K 
by the curve LK, the axis 
of z, and the ordinates at # 
and B. 

For convenience, we as- 
sume in the first place that 
a<band that f(z) is positive 
for all values of z between a 
and 6. We will divide the OF EM M,M,M,M,M,M, MB 
line HB into n equal parts Fie. 125 


= anid laying off the lengths #M,=M M,= 


by placing Az — e 
MM... Ve BeaAy, (In fig, 125, ne 9.) 
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Let OM,= 2, OM,=2,,+++,OM,1=%_-1+ Draw the ordinates 
ED=f(a), MR=f(™%), M,B=f (4%) +++ MW, 1 P= I(%-1)s 
and BC. Draw also the lines DR, RR,, BR, +++, 2_,f,, parallel 
to OX. Then, 


f(a) Ax = the area of the rectangle HDR, M., 
J (@,) Av = the area of the rectangle U,/#,M,, 
F (w,) Av = the area of the rectangle 1,22, M,, 


F (1) Av = the area of the rectangle M,_,P_,F, B. 


n—1 


The sum 


S(@ Ax +f(@,) Az hy (ea) Av+.-+++f(a,_,) Ar alk 


is then the sum of the areas of these rectangles and equal to 
the area of the polygon EDR,FLR,--- Rk, ,P RB. It is evident 


n—1 es 
that the limit « of this sum as 7 is indefinitely ‘nonuael is the 
area bounded by ED, EB, BC, and the are DC. 
~ The sum Cis expressed concisely by the notation 


t=n-1 


f (a;) Aa, 
>. (a,) Aa 


where = (sigma), the Greek form of the letter S, stands for the 
word “sum,” and the whole expression indicates that the sum 
is to be taken of all terms obtained from f(2;) Ax by giving to 7 
in succession the values 0, 1, 2, 3,---, »—1, where v= 4. 

The limit of this sum is expressed by the symbol 


b - 
if S (2) du, 


where f is a modified form of S. 


i=n—1 
Hence i a Dis = Lim > JS (@;) Av =the area FHBCD. | 


n=0o i=0 


It is evident that the result is not vitiated if HD or BC is 
of length zero. 
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2 
Ex. Required to find the ¢rea bounded by the curve y = a the axis of 


z, and the ordinates x = 2 and « = 3 (fig. 126). 
(1) We may divide the axis of z between x = 2 and x = 3 in 10 parts, 
: 3—2 
placing Ar = io aie 


We make then the following calculation : 


oe J (@Az = .08 yeas 
t= Ce J (4) Ax = .0882 
cee, is) Nt Oo) 
R= 2-05 JQ) Ae 1008 
Lp, i Gi) Aa =e 2 
C= 2.5, Gr) Ar —=1200 
Le =-2.05 J @,) Av = 1352 
La = 2-1, SJ (a) Az = 1458 
i= 28, J(@, An = 1568 

2.9 Je.) No — 682 


8 
° 
ll 


1.2170 


The first approximation to the area is therefore 1.217, which is, for this 
example, the value of the 
sum (1) for n=10. 

(2) As a better approxi- 
mation the student may 
compute the sum for n = 20 
and Ar = pe .05. The 

20 
result is 1.2418. ° 
(3) If we take n=100 


ol Se 01, the 


ie 


calculation is very tedious. 
The result, however, is 
1.26167. These successive 
determinations appear to be approaching a limit. By subsequent 
methods it will be shown that this limit is 1,%5. 


Fic. 126°‘ <i 


It is obvious that the direct calculation of the sum (1) is very 
tedious, if not practically impossible, if the number of terms is 
very large. Some other method must be found to determine the 
limit of the sum as » increases indefinitely. This method is fur- 
nished by the discussion in the following sections. 
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79. Differential of area. Let any cne of the rectangles of 
fig. 125 be redrawn in fig. 127 and relettered, for convenience, 
MNRP. Draw also QS and complete the rectangle MNQS. 
Let 4A denote the variable area y 
EMPD. Then 

MN = Az, EO= Ag 

MNOP=4AA, 
MNRP=MP. MN= yAz,: 
MNQS=NQ- MN 


37 


= ae uN i 
But, from the figure, Fic. 127 
MNERP < MNQP < MNQS; 
that is, yAr)<AA< (y+ Ay) Az, 
AA 
whence y <—<ytAy. 
Az 
; eh A dA 
Now as Az approaches zero as a limit, —— approaches 
Lv 404 


y is unchanged, and y+Ay approaches y. Hence =: which 


lies between y and y+Ay, also approaches y; that is, 


he: : 
“ pn Raed (ot (1) 


‘In the differential notation we have 
dA= f(x) da. (2) 
To find the area it is therefore necessary first to find a fune- 
tion whose derivative is f(v) and whose differential is f(2) dz. 
80. The integral of a polynomial. The process by which a 


function is found from its derivative or its differential is called 


integration, and the result of the process is called the integral of 
the derivative. 


Integration is expressed by the symbol i ; thus, 
fr@ de = (a), (1) 


‘ 
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where F(x) is a function, of which the derivative is f(z). The 


process may be carried out in the simpler cases by reversing the 
rules for differentiation. Thus, 


ferdeae+ Ce, [3edeaes C, 


by the formulas of § 74. d 
In these results ¢ may be any constant aie since 7 == (). 
by 


In fact, any derivative has an infinite number of integrals dif- 
fering by a constant. The most general form of formula (1) is 


fr@ dx=F(#)+ C, (2) 


where /(x) is any particular function whose derivative is f(«) 
and C is any arbitrary constant, called the constant of integration. 

To integrate a polynomial we need to know that its integral is 
the sum of the integrals of its terms and that the integral of 
each term is found either by the formula 


- Ba | 
foct~= +¢ 
n+1 


or by the formula i adx=ax+e. 


These are simply the formulas of os 74 reversed. 


at = 
zB NE pat 3 C: 
4 ae 7 gin + oo + 


Ex. f@+ 5a?+7r+ aay da = 
81. The definite integral. Return now to the problem of area. 
From § 79, dA =f (x) dex, 
whence, by use of § 80, A=F(«#)+C. «) 
This is the area of the figure “MPD (fig. 127), in which the 
line MP can be drawn anywhere between HD and BC. But if the 
line MP coincides with HD, A=0 and «=a. Substituting these 
values in (1), we have 0 = F(a) +0, 


whence C=— F(a). 
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Formula (1) now becomes 
A= F(a) — F(a). 
The area A becomes the area HBCD when x=06. Then 
ALGAE OL) — F(b) — ee iF 


This gives us our desired method of evaluating the limit of 
the sum (1), § 78, and may be expressed by the formula 


[ $@ar=FO)-FO. (2) 


b 
The limit of the sum (1), § 78, which is denoted by f F@) dz, 


is called a definite integral, and the numbers a and 6 are called 
the lower limit and the upper limit* respectively of the definite 
integral. 

This result gives the following rule for evaluating a definite 
integral : 


b 
To find the value of i F(x) dx, evaluate fk f(x) dx, substitute 


a 
x=b and x=a successively, and subtract the latter result from 
the former. 


It is to be noticed that in evaluating | f(7)dz the constant 


of integration is to be omitted, since — F(a) is that constant. 
However, if the constant is added, it disappears in the sub- 
traction, since 


[FO) + C]-[F@)+ C]=FO) — F(a). 


In practice it is convenient to express F( 6) — F(a) by the 
symbol [F(#)]*, so that 


ie Je) de =F) I. 
Ex. The example of § 78 may now be completely solved. The required 


area is 8 m2 AoTIS 9 
if ie =| FI eee = 
2 5 16| 0 16am eeeel > 


* The student should notice that the word ‘limit’ is here used in a sense 


quite different from that in which it is used when a variable is said to approach 
a limit (§ 68). 
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In the foregoing dis2ussion we have assumed that f(7) is 
always positive and that a<6. These restrictions may be 
removed as follows: 
If f(x) is negative for all values of a between a and 6, where 
a < 6, the graphical representation is as in fig. 128. Here 


J (a)Az =-— the area of the rectangle EM, kD, 
JF (@,) Av = — the area of the rectangle M,M,R,B, etc., 


a) 
so that if J («) dx =— the area HBCD. 


In case f(a) is sometimes positive and sometimes negative, 
we have a combination of the foregoing results, as follows: 


Tf a<b, the integral Y 
b 
if F(x)dx_ represents 


the algebraic sum of the 
areas bounded by the 
curve y =f (a), the axis 
of x, and the ordinates 
Z=a and 2=b, the 


areas above the axis of 
x being positive and 
those below negative. 


3 Re | 
Fig. 128 Cres 


be 

n 
necessary in the above statement, however, is in the algebraic 
signs, the areas above the axis of # being now negative and 
those below positive. It is usual to arrange the work so that 


Az shall be positive. 
It is obvious, however, that 


[i@w=-[r@ue 


Also, from the areas involved, 


[%@ dx =[1@ dx +f F@) dx. 


If a>46, Az is negative, since Az = The only change 


AC 


L 
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PROBLEMS 


Find approximately, by a numerical calculation, the slope of each 
of the following curves at the point given: 

ret = ca (2,4). 
2 = er ah (3, 9). 
Soy Leable Ll). 
As = ce ab (2, 3). 


1 
5. Y= z at (2, $). 
16. y=Va at (4, 2). 
Ws 


Find from the definition, without the use of formulas, the deriva- 
tives of the following expressions : 


ihe thas he fe? aye 2 
1 gD = 
8. ba? + Tx — 2.” 10s are 
x 12. Ve. 


Find by the formulas the derivatives of each of the following 
polynomials : 


(ABI Chae Ba le Oa = ae Ws ee Se Tha nae Seep Sh 
1, ey A ap te BY 16. da? —3a°4 3a*+42*—Te. 


17. Prove that the derivative of az*® + ba? + cr + e is the sum of 
the derivatives of its terms. - 


. 18. By expanding and differentiating show that the derivative 
of (4a + 3)° is 12(4@ 4 3). 


19. By expanding and differentiating show that the derivative 
of (a + a)" is n(@ + ay. 


Find the values of « for which the following expressions are 
respectively increasing and decreasing, and draw their graphs: 


20a oe 23. xt — 22747, 
21. 2 —327+7. 24. 205 —15 27? + 862 — 270. 
PW ied dil y (ae 25. 2° —Sa— Oa + 27. 


26. If a stone is thrown up from the surface of the earth with a 
velocity of 100 ft. per second, the distance traversed in ¢ seconds is 


given by the equation s = 100¢ — 162. Find when the stone moves 
up and when down. 


a 
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27. A particle is moving in a straight line in such a manner that 
its distance a from a fixed point 4 of the straight line, at any time 
t, is given by the equation w = ¢* — 9¢#?+4 24¢+100. When will the 
particle be approaching 4? 


28. A piece of wire of length 20 in. is bent into a rectangle one 
side of which, is x. When will an increase in x cause an increase in 
the area of t_ ele and when will it cause a decrease ? 


\ 29. Ina ae isosceles triangle of base 20 and altitude 10 a rec- 
tangle of base x 1s inscribed. Find the effect upon the area of the 
rectangle caused by increasing «. 


30. A right circular cylinder with altitude 2a is inscribed in a 
sphere of radius a. Find when an increase in the altitude of the 
cylinder will cause an increase in its volume and when it will cause 
a decrease. 


- 31. A right circular cone of altitude x is inscribed in a sphere of 
radius a. Find when an increase in the altitude of the cone will 
cause an increase in its volume and when it will cause a decrease. 


32. On the line 32% +y=6 a point P is taken and the sum s of 
the squares of its distances from (5, 1) and (7, 3) computed. Find 
the effect on s caused by moving P on the line. 


Find the turning points of the following curves and draw the 
curves : 


a 22. 4 = 20° — 927. 35. y= 1at— 2274}. 
34. y= 20° + 327-122 —18. 36. y= at — 2° +4, 
37. Find the equation of the tangent to the curve y= 42?+ 42 —3 

at the point the abscissa of which is — 1. 


\ 38. Find the equation of the tangent to the curve y = a + 42 
at the point the abscissa of which is — 3. 


39. Show that the equation of the tangent to the curve y = aa? + , 


2 ba + ¢ at the point (x, y,) is y = 2 (ax, + 6) a — aap +e. 


40. Show that the equation of the tangent to the curve y = a* + 
ax + b at the point (a, y,) is y=(3 a7 + a)a — 2a) +b. 


~ 41. Find the area of the triangle included between the codrdinate 
axes and the tangent to the curve y = x* at the point (3, 27). 
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\ 42. Determine the point of intersection of the tangents to the 
curve y=a*?—5a+7 at the points the abscissas of which are 
— 2 and 3 respectively. 

. 43. Determine the point of intersection of the tangents to the 
curve y= «®—38x2+7 at the points the abscissas of which are 
2 and 0 respectively. 


44. Find the angle between the tangents to the van yY=xr?— 
4a +41 at the points the abscissas of which are 1 and 3 respectively. 


45. Find the angle between the tangents to the curve y = a? — 
3a?+4a—12 at the points the abscissas of which are — 1 and 1 
respectively. 

46. Find the equations of the tangents to the curve y = 2° 4 2? 
that have the slope 8. 


47. Find the equations of the uae to the curve 22? + 42? — 
x — y = 0 that have the slope } 


48. Find the points on the curve y = 32° — 42° at which it makes 
an angle of 45° with OX. 


49. Find the points on the curve y = 2® — a? + 22+ 3 at which 
the tangents are parallel to the line y = 3a —7. 


50. How many tangents has the curve y=a*®— 227+a2—2 
which are parallel to the line Tx —4y+28= 0° Find their 
equations. 


51. Find approximately the area bounded by the straight line 
y =2a +3, the ordinates x =1 and x= 2, and the axis of 2, by 
considering the area as the sum of rectangles the bases of which are 
.2 in the first approximation and .1 in the second approximation. 
Also find the area exactly by elementary geometry. 


52. Find approximately the area between the axis of x and the 
portion of the curve y= —« which is above the axis of 2, by 
considering the area as the sum of rectangles the bases of which are 
-2 in the first approximation and .1 in the second approximation. 


53. Find approximately the area bounded by the curve y = = 
x 


the ordinates # = 2 and « = 3, and the axis of «, by considering the 
area as the sum of rectangles the bases of which are .2 in the first 
approximation and .1 in the second approximation. 
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54. Find the area bounded by the curve y = V2, the ordinates 
=1 and x = 4, and the axis of x, by considering the area as the 
sum of rectangles the bases of which are .5 in the first approxima- 
tion and .2 in the second approximation. 


55. Find by integration the area described in Ex. 51. 
56. Find by integration the area described in Ex. 52. 


’ 57. Find the area bounded by the curve y = a — 22?+ 32 —1, 
the ordinates x = 2 and x = 4, and the axis of x. 


58. Find the area bounded by the axis of a and the portion of 
the curve y = 9 — 2 above the axis of a. 

59. Find the area between the axis of x and that part of the 
curve y = 10 — 112 — 62” which is above the axis of x. 

60. Find the area between the axis of « and that part of the 
eurve y= 2° — 327 — 92+ 27 which is above the axis of a. 

61. Find the area bounded by the axis of x and the portion of 
the curve y = 2° + 32? — 4 below the axis of a. 


~ 62. Find each of the two areas bounded by the curve y = 150” — 
25 x? — x and the axis of x. 


63. Find the area bounded by the axis of a, the curve y = 22° + 
32? + 2, and the ordinates through the turning points of the curve. 

64. Prove that the area of a parabolic segment is two thirds of 
the product of its base and altitude. 
~ 65. Find the area between the parabola y = } 7 and the straight 
line 842 —2y—4=0. 

66. Find the area of the crescent-shaped figure between the 
curves y= 2? + 5 and y= 227 +1. 


CHAPTER X 
DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 


82. Theorems on derivatives. In order to extend the process 
of differentiation to functions other than polynomials, we shall 
need the following theorems: 


1. The derivative of a function plus a constant is equal to the 
derivative of the function. 
Let w be a function of x which can be differentiated, let ¢ be 


a constant, and place y=ute. 


Then if z is increased by an increment Az, u is increased by 
an increment Au, and ¢ is unchanged. Hence the value of y 
becomes u + Au + e. 


Whence Ay =(u+Au+e)—(u+ ce) = Au. 
Therefore See 
Av Aa 
and, taking the limit of each side of this equation, we have 
dy _ du 
de> de 


Ex. 1. y=425 + 3. 
Cyne. 
+ = — (425) =12 2%. 
dx ie ee 2 
2. The derivative of a constant times a function is equal to the 
constant times the derivative of the function. 


Let uw be a function of 2 which can be differentiated, let ¢ be 


a constant, and pl 
ae place y = eu 


Give x an increment Az, and let Aw and Ay be the corre- 
sponding increments of w and y. Then 


Ay =e(u+Au)— cu=c Au. 
154 
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Hence meh gal 
and, by theorem 3, § 69, 


Lim oes e Lim ae : 
x Az 
dy du 
Theref. Se eat ean 
erefore oes Cc on 


by the definition of a derivative. 


Ex. 2. y¥=5(a23 + 32? +1). 
ee iy aan os 
—=5— (+ 32741)=5(62?+ 62) =15(a? + 22). 
dz dx 
3. The derivative of the sum of a finite number of functions 
ts equal to the sum of the derivatives of the functions. 
Let wu, v, and w be three functions of 2 which can be differen- 
tiated, and let yautotw. 
Give z an increment Az, and let the corresponding increments 
of u, v, w, and y be Au, Av, Aw, and Ay. Then 


Ay=(u+Au+v+Av+wu+Aw)—u+u+w) 
=Au+Av+Aw; 
’ A 
pea ee ae 


h _ eects 
eas Agee “Agvi, Av (Az 


Now let Az approach zero. By theorem 1, § 69, 


eye's), . Au . Av . Aw 
LS as iy ; 
Lim a Lim ie + Lim ie + Lim Te 


that is, by the definition of a derivative, 


dy du dv dw 


Pad ioc dx 


The proof is evidently applicable to any finite number of 
functions. 


Ex. 8.7 —2— 10 «4+ 227 —7 a. 


dy _ 


473—92? 447-7, 
dz 
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4. The derivative of the product of a finite number of functions 
is equal to the sum of the products obtained by multiplying the 
derivative of each factor by all the other factors. 

Let w and v be two functions of 2 which can be differentiated, 
and let y =U. 


Give x an increment Az, and let the corresponding increments 
of u, v, and y be Au, Av, and Ay. 
Then Ay =(u+ Au)(v + Av) — w 
=uAv+vAu+ Au- Av 
Ay Av Au , Au 


d 2 =Y ) - Av. 
an i. U ce +4 ie + e Ar 


If, now, Az approaches zero, we have, by § 69, 


eA) on INE ANY . Au 
Lim —* = y% Lim — + v Lim — vias) Sc: Da E 
im U mat lima, tin Lim Av 
But Lim Av= 0, 
dy ee du 
and theref ZL — 
an erefore ries a + a 
Again, let Yy = Www. 


Regarding wv as one function and applying the result already 
obtained, we have 


dy _ y ae = A(w) 


dx dx dx 
dw dv du 
= U2 <- + u of ne +v oe] 
dw dv du 
SH a5 tw tS 


The proof is clearly applicable to any finite number of factors. 


Ex. 4. y=(8 2 —5)(a? + 1) 2°. 


“ oe 2 


a5) +1)— 


$GB2—synt@ Joe 241s pd@e—5) 
OF 


=(8 a — 5)(a? + a x) + (82 —5)a8(22) +4 (a? + 1) 28 (8) 
= (18 «8 — 25 7?+122— 15) 2. 
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5. The derivative of a fraction is equal to the denominator times 
the derivative of the numerator minus the numerator times the deriva- 
tive of the Segall all divided by the square of the denominator. 


Let y =—, where wu and v are two functions of x which can be 


differentiatdd. Let Az, Au, Av, and Ay be as usual. Then 
_ut+Au u_vAu—wuAv 


vtAv vy w+tvdAv 
Au ea 
Ay Ax Az 
and =: 
Az v+v Av 


Now let Av approach zero. By § 69, 


vy Lim ou — uw Lim Ay 


5 8 Az Az 
Lin — = ————_; 
Ax v’+ v LimAv 
du dv 
)— — U&— 
1 dy _ dx da 
whence Te > 
2] 
Ex. 5. a wy 
dy_(@+1)@2)—@-1)2t_ 4% 
dx Ge + iL)? (a2 4 1)? 


6. If y is a function of x, then x is a function of y, and, the 
derivative of x with respect to y is the reciprocal of the derivative 
of y with respect to x. 


Let Az and Ay be corresponding increments of x and y. Then 


Az = itt 
Ay Ay 
Az 
; Lj Az 1 
whence Am — = - 
Ay Lim Ay 
x 
dx 1 


that is, ae 
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7. If y is a function of u and u is a function of 2, then y 18 
a function of x, and the derivative of y with respect to x is equal 
to the derivative of y with respect to wu times the derivative of u 
with respect to x. 

An increment Az determines an increment Aw, and this in turn 
determines an increment Ay. Then evidently 


Ay _ Ay Au 
Az Au Az’ 
whence Lim 2 = Lim 22. Lim 245 
2 dy dy du 
aa dx du dx’ 
Ex.6. y=u?+3u+1, where is 
dy _ 6 ay NN fe See ee Se 
dt iS v-+5( =) = se zs x 


The same result is obtained by substituting in the expression for y the 
value of wu in terms of x and then differentiating. 


This result has an important application to the differential. For 
suppose we have 


y=f@, u=$@). qa) 
By substitution, we obtain 
¥y=F(E@)=7@Q), (2) 
and the formula proved above gives us 
F' (av) =f'() - ¢' (a). (3) 
By use of § 77 we obtain from (1) 
dy =f'(u) du, du = $'(x) dz, (4) 
and from (2) we have dy=F'(2) dz. (5) 


It is important to know that the two values of dy in (4) 
and (5) agree. In fact, by means of (3) and the second part 
of (4), (5) becomes 

dy =f'(u) ' (x) dx = f'(u) du. 


Hence it is not necessary, in applying § 77 to find a differential, 
to ask whether # is an independent variable or not. 
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83. Derivative of uw. If w is any function of 2 which can be 
differentiated and » is any real constant, then 


AC ee du 
es aT ir: 
To prove this formula we shall distinguish four cases: 
1. When x is a positive integer. 
d(u") _d(u") du 5 
dx du dx COE ce) 


= nar 3 | (By 1, § 74) 


x 
2. When x is a positive rational fraction. 


Let n= as where p and q are positive integers, and place 
qY 


wz 
y=u'. 

By raising both sides of this equation to the gth power, we have 
yf =u’, 


Here we have two functions of 2 which are equal for all 
values of z If we give x an increment Az, we have 


A(y)=A(u"), 
Ay) _ Au) 


Az Az 
q Pp 
and therefore ne) = ne): 
dx da 
dy _, du 
ie Dla 
whence qf ie pu ae 


since p and q are positive integers. Substituting the value of y 
and dividing, we have 
dy p t-.du 
—2i — LY oes 
dx 4 dx 
Hence, in this case also, 
. d 
d(u") sagt U 


n—1 ie 


dx dz 
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3. When is a negative rational number, 


Let n =— m, where m is a positive number, and place 
y=u "= Be 
LS a um 
_ du) 
d. 
Then dy oe (by 5, S 82) 
dx un 
m1 aU 
mun * 
——— (by 1 and 2) 
U m 
=— mu *— lad 
0 


Hence, in this case also, 


d(u") et ee 
ane ee dx 


4. When v is an irrational number. 
The formula is true in this case also, but the proof will not 
be given. 
It appears that 1, § 74, is true for all real values of n. 
Exh. = abe 7), 
gy =3(@94+4a7-—5a+ Tyo +42°—524+7) 
; ax 


dx 


=3(827 + 8a—5)(28 + 427-524 1): 


ee é 
Ex. 2. y= V2? j= us +278, 
te 


di Pp pes 
a 3— sZa-4# 
dx 3 
ee 3 
= 
8Va 2 


Ex. 8. y= (¢+1)V2? +1. 


=} d(a2 4 ; 

: =(2+@ = + (08 + pice = 
= («+1 [}(e?+172-22]4 (413 
SIC ELON («? +1)3 

(a2 +12 
ms 2a%7 +a +4 i 


Vare+1 
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#14) £64) 
dx 3\x3 41 dz\x8 +1 


84. Formulas. The formulas proved in the previous articles are 


d(u+e) _ du 


1 
dx dx ; C ) 
d(cu) du ; 
dx dz c, 
d(u+v) ms du ty dv (3) 
dx dz dz 
d(uw) dv, du 4 
dx is wae ©) 
uU du dv 
d («) 0) cP = i: 
a: x (5) 
dx v 
BOD gp 2, (6) 
dx Ay 
dx ne 1 (7) 
dy a dy 
da 
ty oe (8) 
dx du dz 
dy 
dy du (9) 
dx dr . 
du 


Formula (9) is a combination of (7) and (8). 
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85. Higher derivatives. If y=f(x), then a is in general a 
function of « and may be differentiated with respect to z. The 
result is called the second derivative of y with respect to x 


and is indicated by the symbol = (#), which is commonly 
P LL Lr 


2, 
abbreviated into aed, 
dx 


Similarly, the derivative of the second derivative is called 
the third derivative, and so on. The successive derivatives are 
commonly indicated by the following notation : 


y =f («), the original function ; 


dy =f'(r), the first derivative ; 


dx* 


dz 
2, 
$ (24) = o =f"(a), the second derivative ; 
dq” 3 . Ay, 
<(4 4) es JS''(@), the third derivative ; 


vu =f (x), the nth derivative. 

It is noted in § 9 that f(a) denotes the value of f(x) when 
a=a. Similarly, f’(a), f(a), f(a) are used to denote the 
values of f’(v), f’(@), f/"(e) respectively when 2=a. It is 
to be emphasized that the differentiation is to be carried out 
before the substitution of the value of z. 


sat ” 
Ex, If f(r) => find /”(0). 
ow EIS OT 
ei (*) (x? ae Ly 
my de _ 28 — 62279-6242 
AO ah am 
Therefore VAMOS 


86. Differentiation of implicit functions. Consider any equation 
of the form 
I@ y= 9. Cd) 


By means of this equation, if a value of z is given, values of y are 
determined. Hence (1) defines y as a function of 2. When (1) is 
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solved for y, so that y is expressed in terms of 2, y is an explicit 
function. When (1) is not solved for y, y is an ¢mplicit function. 
For example, 
82°—4ay+5y—624+Ty—8=0, 
which may be written 
byY+(7—42)¥4+(82?—6x—8)=0, 
defines y as an implicit function of 2. 
If the equation is solved for y, giving 
—T+424+V209 + 642-4427 
aah A ie SS 
10 
y is expressed as an explicit function of 2. 


It is possible to find oy from (1) without solving (1), for we 
AL 


have in (1) a function of 2 which is always equal to zero. Hence 
its derivative is zero. The derivative may be found by use of 
the formulas of the previous articles, as shown in the following 
examples: 


Ex. 1. Given 27+ 7?= 5. 


2 2 
Then CEI 
dz 
that is, Oe ay 0; 
dz 
whence LE 
dx y 
The derivative may also be found by solving the equation for y. Then 
ij ae 5 oe 
dy =+ ae =— be e 


dx V5 — x? Uh 
Ex. 2. Given 7?— zy—1=0. 


Then d(y') _ dG) _ 9 
ie dx 
2 
oly LT ThA 
Hence BY ee oe = 
and dy E 


dx 3 y— ax ; 
The second derivative may be found by Pt aed the 
result thus obtained. 
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a dy _ _£ 
Ex. 3. If z?+ 7? =5, we have found 7 = i 
arp th 
Therefore es rab 
ee 
dx 
= ; 
me 
y . 
So eee 
yp? 
pe A 
y 
dy 8 
Ex. 4. If y3— ry —1= 0, we have DE Se 
1(3 y— <x 
i ee 
Then oF — a 
da? (3 y— 2)? 
~oikalort—) 
Gy 2a = 4a 
a 37— 2) 
oe Me ee 6 y? -1) 
Roe ree dtpaer: 
(38 y*— x)? 
—2Qxy 
~ GP- 2) 


87. Tangents and normals. It has been shown in § 76 that 
the tangent to a curve y= f(x) at a point (@, y,) is 


y= v-(2) (w—2,), 


where (<4) denotes the value of 2 at (a, ¥,)- 
1 


AX 


The normal to a curve at any point is the straight line perpen- 
dicular to the tangent at that point. 


To find the equation of the normal we first find the slope 
of the tangent and then use the method of § 32, 3. 
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Ex. 1. Find the equations of the tangent and the normal to the parabola 
y* = 38x at the points for which x =38. 
When £=93, y= 3. 
By differentiation we have 
2 ee or Bees 
“pike dee a) 
Therefore the slope of the tangent at (8, 3) is }, and the slope of the 
tangent at (3, — 3) is — 4. 
Hence at (8, 3) the equation of the tan- “ 
gent is 
a es) Oth tre) 10; 
and the equation of the normal is 
(SS SSeS, Or Zsa a 
and at (3, — 3) the equation of the tangent is 
it a=—t(e—s), of #274 3=6, 
and the equation of the normal is 
pe ie (Fd) OT Bf — =) 


Yy 


Ex. 2. Prove that the normal to a pa- , Fie. 129 
rabola at any point makes equal angles 
with the axis of the parabola and the focal radius drawn to the point. 


Let P,(z,, y,) be any point of the parabola y? = 4 px (fig. 129), and let 
F(p, 0) be the focus. Then FP, is the focal radius of P,, and let PN be 
the normal to the parabola. To prove ZF NP, = ZFP,N. 


By differentiation we have 2 yo = 4p, whence the slope of the tan- 
AL 


gent at P, is 2P and the slope of the normal is — an It follows that 


oi 
tan FNP, = ae 
Py 
Slope of FP, = ue p 
£4 —p 
on his hi! 
Paes Tye) 
therefore tan FP,N = : 
hoe 
2p\t,— Pl 
= 4, (4, + P) 
2 pi Gy — p= Yi 
_ ih 
2p 


if we replace y? by 4 pz,, since y? = 4 pax,, P, being a point of the parabola. 
Since tan FP,N = tan FN P,, the angles are equal. 
AC 
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The angle of intersection of two curves is the angle between 
their respective tangents at the point of intersection. The 
method of finding the angle of intersection is illustrated in 
the following example: 


Ex. 3. Find the angle of intersection of 
the circle x? + y? = 8 and the parabola x? = 2 y. 
The points of intersection are P, (2, 2) and 
P,(— 2,2) (fig. 180), and from tie symmetry 
of the diagram it is evident that the angles 
of intersection at P, and P, are the same. 
Differentiating the equation of the circle, 
we have 22+ 9 Wy = 0, whence We oe 
dx dx y 
and eee the equation of the parab- 


Fic. 130 


ola, we find dy =n 
dx 


Hence at P, the slope of the tangent to the circle is —1 and the slope 
of the tangent to the parabola is 2. 

Accordingly, if 8 denotes the required angle of intersection, 
—1-2 
or 6 —tan=*s- 


tan B= =O 


88. Sign of the second derivative. Since the second derivative 


2, 
is the derivative of the first derivative, the sign of ae shows 
dy dx 
hes dy 
The significance of Te for the graph y =f (2) is obtained from 


whether — is an increasing or a decreasing function. 


‘ 71 ; 2 
the fact that - a is equal to the slope; hence “4 is the deriva- 
dx la 


tive of the slope. Therefore, by § 75, if —< a oe is positive, the 


ea. : *) 
slope is increasing ; if 2 is negative, the ry: 


slope is decreasing. We may have, accord- 
ingly, the following four cases: 


3.6 
1) B e 
Ce ea : 
dx da? Pre. 13t 


Since both the ordinate and the slope are increasing, the 
graph runs up toward the right with increasing slope (fig. 131). 


dy ay ve 
2. —% —<0. 
eae dx : 
The graph runs up toward the right 
with decreasing slope (fig. 132). 0 x 
dy d’y 
ee Fie, 132 
: dx da? eg se 
The graph runs down toward the Y 
right. The slope, which is negative, is 
increasing algebraically and hence is 
decreasing numerically (fig. 133). 0 x 
eee Gn OL ay 
dx dae Fic. 138 
The graph runs down toward the 
right, and the slope is decreasing Y 
algebraically (fig. 134). 
The consideration of these cases leads 
2, 
to the following conclusion: Jf a U8 posi- 7) =e 
cys : 
tive, the graph is concave upward ; of ot 
e Fig. 1384 


is negative, the graph is concave downward. 


If a curve changes from concavity in one direction to con- 
cavity in the other direction at any point, that point is called a 
; : ‘ heme 
point of inflection. It follows that at such a point i changes 

A 
sign, either by becoming zero or by becoming infinite. These 
two cases are illustrated in the following 
examples: 

Ex. 1. Examine the curve y = y'y (x* — 6 2”) 
for points of inflection. 


dy Via 
dx 4° <? 

Py 1 f Bs = 6 
ma a” —l (f—2) 


The curve (fig.135) is concave downward 
when «<2, is concave upward when x>2, and accordingly there is a 
point of inflection when «=2. The ordinate of this point is — 1}. 
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Ex. 2. Examine the curve y = («# — 2% for points of inflection. 


iy pee 
da 3 (x —2)8 dx? 9 (a — 2)3 


Ne : 
It is evident that a =o if = 2, and that 
(0 iat 63 


4 2 
no finite value of z makes ot = Os Whe gas 
2 2 dz 
Js Owand if 2 > 2; ¢ Z <0. Hence the point 
dx? (Obie Fic. 136 


for which x =2 is a point of inflection, since 
on the left of that point the curve is coneave upward and on the right of 
that point it is concave downward (fig. 136). The ordinate of this point is 0. 


89. Maxima and minima. If f(x) changes from an increasing 
function to a decreasing function (§ 75) when z increases through 


Ve 


v=a 


Bie. UST Fic. 188 


the value a and f(@) is finite, f(a) is called a maximum value of 
J (2) (figs. 137, 188); and if f(2) changes from a decreasing 


re 


function to an increasing function when « increases through the 
value a and f(@) is finite, f(a) is called a minimum value of f (x) 
(figs. 139, 140). 

Since the derivative of an increasing function is positive and 
the derivative of a decreasing function is negative, it follows 


MAXIMA AND MINIMA 169 


that the derivative of the function must change sign at either 
a maximum or a minimum value and hence must become either 
zero or infinity. Accordingly we have two cases: 
ef a 0 or 2 when x=a, and oe >0 when x<a, Pg ae =<} 
= ee dx da 
when x >a, f(a) is a maximum value of y =f (2). 


Tite “v= 0 or © when x= a, and ET ey) when «<a, and 
Lv * AX °s 


1 : , ae 
= >0 when «>a, f(a) is a minimum value of y = f(«). 
dx 
d ; Ae eee 
If, however, changes sign by becoming infinite and at the 
dx 


same time y becomes infinite (fig. 33), the function is discon- 
tinuous and there is no corresponding maximum or minimum 
value. H 
In order to apply the above tests it is necessary to factor na 
as shown in the following examples: x 


Ex. 1. Find the maximum and the minimum value of 
i) = i Odea oes ie — 2 Oia ie 
We find SI (@) = 5 4 — 20 2? + 1527+ 202 — 20 
=5(a?—1) @*— 427 +4) 
=) (¢ Le — 1) (a = 2 je. 


The roots of f’(r) = 0 are —1,1, and 2. As x passes through —1, f’(x) 
changes from + to—. Hence z= —1 gives f/() a maximum value, namely 24. 
As x passes through + 1, f(x) changes from — to +. Hence x = +1 gives 
f(«) a minimum value, namely — 4. As x passes through 2, /’(x) does not 
change sign. Hence « = 2 gives f(r) neither a ntaximum nor a minimum 
value. 


Ex. 2. A rectangular box is to be formed by cutting a square from 
each corner of a rectangular piece of cardboard and bending the resulting 
figure. The dimensions of the piece of cardboard being 20 by 380 in, 
required the largest box which can be made. 

Let z be the side of the square cut out. Then if the cardboard is bent 
along the dotted lines of fig. 141, the dimensions of the box are 80 — 2a, 
20 —22, x. Let y be the volume of the box. Then 


y=2(20 —2 x)(80 — 22) 
600 2 — 100 a? + 4 2%. 


dy = 600 — 200 a2 +12 2% 
dx 


ll 


170 DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 


iquating this to zero, we have T 


3a? — 502 +150 =0. 


kan eee =e) One ale 
Hence 


“ = 12 (x — 3.9)(x — 12.7). 


“ oe from + to — as x 


Fic. 141 
ee through 3.9. Hence z = 3.9 


gives the maximum value 1056+ for the capacity of the box. 2=12.7 
gives a minimum value of y, but this has no meaning in the problem, 
for which « must lie between 0 and 10. 


Ex. 8. y= V@—N@—2'=(@—-1>@— HF 

dy _ OG 
dz” 3V@—1li@—2) 

“ = 0 when z= 4, and changes from + to — as x passes through 4. 
Therefore x = + gives a maximum value to the function. “ =o when 
sone we Vines sl), ay does not change vy 
sign.) When a= 2; “ eae. from — to 


+. Then 2 = 2 gives a minimum value of 
the function. Its graph is in fig. 142. 


Referring to figs. 137 and 139, we “ 


dy : 
see that if —+ re = 0 at a maximum value 
(@ 


of y, the curve is concave downward, 


le ~: 
and that if ie 0 at a minimum | Fre. 142 


dx 
value of y, the curve is concave upward. Hence we may have 
the following two cases: 


lela dy _ and Be 0 when x=a, f(a) is a maximum 
dx dx” 
value of y=f(®). 
ih 
Te Te : - =0 and TY. 9 when x=a, f(a) is a minimum 


dx 2 
value of a (2). 


MAXIMA AND MINIMA ala 


It is evident that these tests can be used to advantage when 


it may be difficult or impossible to factor os, and that they 
xr 


2 
fail if = also becomes zero. 


3 


Ex. 4. Light travels from a point A in one medium to a point B in 
another, the two media being separated by a plane surface. If the velocity 


in the first medium is v, and in the second 
vj, required the path in order that the time 
of propagation from A to B shall be a 
minimum. 

It is evident that the path must lie in 
the plane through A and B perpendicular 
to the plane separating the two media, 
and that the path will be a straight line 
in each medium. We have, then, fig. 143, 
where J/N represents the intersection of 
the plane of the motion and the plane 
separating the two media, and ACB rep- 
resents the path. 


A 
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Let MA =a, NB=b, MN=c;, and MC=2. Then AC=vV a? -+ @ and 
CB=vV(c—z)?+ 4. The time of propagation from A to B is therefore 


_ Bl ae Ca BY i(Giat® eatin 
= ———S 


Vy 
Bical dt x c—2x 
whence pe ay ee 
‘ dx Veta? v.V(e—2)?+ 2 
dt 2 6? 
and = 


dt v, (a? + x?)2 Pa (C= 0) a 


: debe. ae a tex ale 
Since qa always positive, the time is a minimum when 
dx 


Ho CH= &z 


=0. (1) 
Vata vwV(e— x)? + b? 


This equation may be solved for z, but it is more instructive to proceed 


as follows: 


et a 
V(e—ay?+ CB 


sing», 


Then equation (1) is TR? 
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Now ¢ is the angle made by AC with the normal at C and is called the 
angle of incidence, and w is the angle made by CB with the normal at C 
and is called the angle of refraction. Hence the time of propagation is a 
minimum when the sine of the angle of incidence is to the sine of the 
angle of refraction as the velocity of the light in the first medium is to 
the velocity in the second medium. This is, in fact, the law according to 
which light is refracted. 


In practical problems the question as to whether a value 
of « for which the derivative is zero corresponds to a maxi- 
mum or a minimum can often be determined by the nature of 
the problem. 


In Ex. 2 above, it is evident that there must be a maximum volume of 
the box and that there can be no minimum yalue. Accordingly, when we 


di ; P . a c 
have found = = (0 if =38.9 or 12.7, since 12.7 is unreasonable in our 
dx 


problem we conclude, without further discussion, that « = 3.9 corresponds 
to the maximum volume. 


90. Limit of ratio of arc to chord. The student is familar 
with the determination of the length of the circumference of a 
eircle as the limit of the length 
of the perimeter of an inscribed 
regular polygon. So, in general, 
if the length of an aic of any 
curve is required, a broken line 
connecting the ends of the are is 
constructed by drawing a series of 
chords to the curve as in fig. 144. 
Then the length of the curve is 
defined as the limit of the sum of the lengths of these chords 
as each approaches zero and as their number therefore in- 
creases without limit. The manner in which this limit is 
obtained is a question of the integral calculus and will not 
be taken up here. 

We may use the definition, however, to find the limit of the 
ratio of the length of an are of any curve to the length of its 
chord as the length of the are approaches zero as a limit; that is, 
as the ends of the are approach each other along the curve. 


A Fie. 144 
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Accordingly, let F and & (fig. 145) be any two points of a 
curve, 2£ the chord joining them, and 27 and £7 the tangents 
to the curve at those points re- 
spectively. We assume that the 
are RB lies entirely on one side 
of the chord BB and is concave 
toward the chord. These condi- 
tions can in general be met by 
taking the points # and £& near 
enough together. Then it follows 
from the definition that 


1 Fie. 145 


es Te > are Ee or: 
PBT+TB ., are Je 


aie 


whence eae ae 
ae Teds 


If TR is the perpendicular from 7 to FR, and if the angles RR T 
and FET are denoted by a and 8 respectively, then R7 = FR sec a, 
and TE = RE sec 8 =(RBR—BE) sec f. 

Therefore P7+ TR = BRseca+(LE-—FR) sec 8 

= PER sec 8+ FR (sec a — sec B), 
PT+TR PRsecB+PR(sec a —secf) 
Be BB 


PR 
= sec : 
eT py 


and 


(sec a — sec 8). 


Now, as R and & approach each other along the curve, @ and 8 
both approach zero as a limit, whence sec @ and sec 8 approach 


: Shee F BR . aor 
unity as a limit; and since TE is always less than unity, it fol- 
1-2 : 


or. SS LEN EES Ml eae ; 
lows that the limit of co aes is unity. 


a) 
are P ee 
Hence 


143 lies between unity and a quantity approaching 


a soy, Opell 
unity as a limit, and therefore the limit of — 


is unity; that is, 
ile | 
the limit of the ratio of an arc to its chord as the are approaches 


zero as a limit is unity. 
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91. The differentials dx, dy, ds. On any given curve let the 
distance from some fixed initial point measured along the curve 
to any point P be denoted by s, where s is positive if P lies in 
one direction from the initial point 
and negative if P lies in the oppo- 
site direction. The choice of the 
positive direction is purely arbi- 
trary. We shall take as the posi- 
tive direction of the tangent that 
which shows the positive direction 
of the curve and shall denote the 
angle between the positive direc- EZ 
tion of OX and the positive direction os 
of the tangent by ¢. 

Now for a fixed curve and a fixed initial point the position 
of a point P is determined if s is given. Hence z and y, the 
coordinates of P, are functions of s which in general are con- 
tinuous and may be differentiated. We will now show that 

dx 


dy 
—= cos d, 2 
ds $ ds 


xy 


0 #.¢ 
| Fie. 146 


=sin ¢. 


Let are PQ = As (fig. 146), where P and Q are so chosen that 
As is positive. Then PR =Az and RQ =Ay, and 
Az PK _ chord PQ Fad 7 
As are PQ ~ arePQ chord PQ 
_ chord PQ 
~ are P Q 


- cos RPQ, 


Ay -kQ chord PQ RQ 
As “ate PO are PQ chord PQ 
_ chord PQ 
are P@ 


- sin RPQ. 


Taking the limit, we have, since eerste and 


Lim RPQ = 4, are PQ 


dy : ; 
a, = 008 d, = = sin ¢. C1) 
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If the notation of differentials is used, equations (1) become 
dx = ds - cos ¢, dy = ds-sin ; 


whence, by squaring and adding, we obtain the important 
equation 


ds’ = dx + dy» (2) 

This relation between the differentials of 2, y, and s is 
often represented by the triangle of fig. 147. This figure is 
convenient as a device for memorizing formula (1), but it 
should be borne in mind that RQ is not Q 
rigorously equal to dy (§ 77), nor is PQ } 
rigorously equal to ds. In fact, RQ=Ay 
and PQ@=As, but if this triangle is 
regarded as a plane right triangle, we 
recall immediately the values of sin ¢, 
cos ¢, and tang which have been pre- 9 Fic. 147 
viously proved. 

92. Rate of change. If y=f(x), a change of Av units in x 


causes a change of Ay units in y, and the quotient 7 Ay ", gives the 


ratio of these changes. If this ratio is equal to m, We toe 
that is, the change in y is m times the change in x Hence, if 
m were independent of Az, a change of one unit in 2 would 


Ae A 
cause a change of m units in y, and x would consequently 
we 


measure the change in y per unit of change in # But m does 
depend in general upon Az, and hence does not give an unam- 
biguous measure of the relative changes in a and y. oo obtain 


such a measure, it is convenient to take the limit oe a as Ax 


approaches zero and to call this limit the rate of change of y 
with respect to z We have then 


“s =rate of change of y with respect to 2. 
a 


Ex. 1. Coefficient of expansion. Let a substance of volume v be at a 
temperature ¢. If the temperature is increased by At, the pressure remain- 
ing constant, the volume is increased by Av. The change per unit of vol- 


ume is then a and the ratio of this change per unit of volume to the 
y P 
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change in the temperature is a. The limit of this ratio is called the 
; v At 


‘ : oe s 1 dv 

coefficient of expansion; that is, the coefficient of expansion equals — oe 
Dag 

Tn other words, the coefficient of expansion is the rate of change of a unit 


of volume with respect to the temperature. 


Ex. 2. Elasticity. Let a substance of volume v be under a pressure p. 
If the pressure is increased by Ap, the volume is increased by — Av. The 


change in volume per unit of volume is then -oe The ratio of this 
v ree 

change per unit of volume to the change in the pressure is — z a and 
v ap 

the limit of this is called the compressibility; that is, the compressibility 

is the rate of change of a unit of yolume with respect to the pressure. 


The reciprocal of the compressibility is called the elasticity, which is 


d 
therefore equal to — — 
av 
In many cases it is convenient to take time ¢ as the inde- 


measure the rates at which 


pendent variable. Then da and dy 
dt dt 


x and y respectively are changing with the time. If both x and 
y can be expressed in terms of ¢, these rates may be found by 
differentiating ; but if y is expressed in terms of x and 2 is 


T 
expressed in terms of ¢, = may be found by the formula 
at 


dy dy dx 

at Bs Gael s 

dt dxdt 
which is a special case of (8), § 84. 


Ex. 3. A stone thrown into still water causes a series of concentric 
ripples. If the radius of the outer ripple is increasing at the rate of 5 ft. 
a second, how fast is the area of the disturbed water increasing when the 
outer ripple has a radius of 12 ft.? 

Let x be the radius of the outer ripple and A the area of the disturbed water. 


Then “aa 
and dA = 2 Tv dae ‘ 
dt dt 
By hypothesis, cena: 
dt 
Therefore ue ul eras 
dt 
and when gm IP 


or =1207, the required rate. 
€ 
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This problem may also be solved by expressing A directly in terms of ¢. 
By the conditions of the problem, x= 5t, 


and therefore A = 25 it?s 
whence dA = 50a 
dt 


When z = 12, t=+ 22 and “ = 1207, as before. 
{2 


93. Rectilinear motion. An important application of the con- 
cept of a derivative is found in the definition of the velocity of 
‘ a moving body. We shall confine ourselves in this article to 
rectilinear motion, that is, to motion which takes place in a 
straight line. 

Let a body move along a straight line AZ (fig. 148), and let 
its distance from a fixed point 4, at any time ¢, be denoted by s. 
Then, if the body is at the point P at 
the time t, 4P=s. ave 6 L 

The velocity of the body is then defined Eig 
as the rate of change of the distance s with respect to the time t. 

More in detail, if ¢ is increased by the increment At, let s 


‘ As . 
be increased by the amount As= PQ. Then x is the average 


velocity of the body during, the period At. Since this average 
velocity depends in general upon the magnitude of At, we take 


the limit of = as At approaches zero, and call this limit the 


velocity of the body at the point P. 
Hence, if v denotes the velocity, 


Li As ds 
v=Lim = 

If the velocity is constant and equal to ’, the motion is said 
to be uniform, and s = kt. 

We note that if v > 0, an increase of time corresponds to an 
increase of s, while if v < 0, an increase of time causes a decrease 
of s. Consequently, the velocity is positive when the body moves 
in the direction in which s is measured, and negative if it moves 


in the opposite direction. 
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Ex. 1. If a body is thrown up from the earth with an initial velocity 
of 100 ft. per second, the space traversed, measured upward, is given by 
the equation 

s=100t—16 4. 

Then yp =F = 100-824 


When t <3}, v>0; and whent>3, v<0. Hence the body rises for 3} sec., 
and then falls. The highest point reached is 100 (8£) — 16 (84)? = 156}. 


Ex. 2. A man standing on a wharf 20 ft. above the water pulls in 
a rope attached to a boat at the uniform rate of 3 ft. per second. 
Required the velocity with which the boat approaches the wharf. 

Let A-(fig. 149) be the position of the man 
and C’ that of the boat. Let 


PAB) 20 AG = Sore es nea, 


We wish to find <. 


Now x = Vs? — 400; 
dx _ s ds 
dt ~/52 400 dt 


Fic. 149 


therefore 


But, by hypothesis, s is decreasing at the rate of 3 ft. per second; there- 


ds 
fore = =— 3, and the required expression for the velocity of the boat is 


Oe. SNS 
dt V/s? — 400 


To express this in terms of the time, we need to know the value of s 
when t= 0. Suppose this to be s,; then 
s=s,—d3t 
and da = 3 8 + Gt = 


dt ~ aa — 400 —6st+92 


When the motion of the body moving in a straight line is not 
uniform, the velocity at the end of an interval of time is not 
the same as at the beginning. Then, if v + Av denotes the velocity 

; ‘ EE, Av. 
of the body at Q (fig. 148), Tes the average change of velocity 


per unit of time during the period At. The limit of this ratio is 
called the acceleration; that is, the acceleration of a body moving 
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in a straight line is the rate of change of the velocity with respect 
to the time. Hence, if a denotes the acceleration, 


dv a (=) d*s 
az —- = —_ | — ] = —. 
dt adt\dt dt? 


If a is eonstant, the motion is said to be uniformly accelerated, 
and v= kt, where & is constant. 

When a is positive, an increase of ¢ corresponds to an 
increase of v. This happens when the body moves with 
increasing velocity in the direction in which s is measured 
or with decreasing velocity in the direction opposite to that 
in which s is measured. 

When a is negative, an increase of t causes a decrease of v. 
This happens when the body moves with decreasing velocity in 
the direction in which s is measured or with increasing velocity 
in the direction opposite to that in which s is measured. 

The force which acts on a moving body is measured by the 
product of the mass and the acceleration. Thus, if / is the force, 
and m the mass of a body moving in a straight line, 

Roe ne 
d dt? 

From this it appears that a force is considered positive or nega- 
tive according as the acceleration it produces is positive or nega- 
tive. Hence a force is positive when it acts in the direction in 
which s is measured and negative when it acts in the opposite 
direction. 


Ex. 3. Let s=A+ Bt+3Ct?. 
Then v=B+ Ct, 
, a=C, 
and ivcntiig 


If s, and v, denote the values of s and v when ¢ = 0, we have, from the 


last equations, a Li v, =B, 


80 


and the original equation may be written 


S = 8,4 vot + fat? 
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94. Motion in a curve. When a body moves in a curve, the 
discussion of velocity, acceleration, and force becomes more com- 
plicated as the directions as well as the magnitudes of these quan- 
tities need to be considered. We shall not discuss acceleration 
and force, but will notice that the definition for the magnitude 
of the velocity, or the speed, is the 
same as before, namely, | 


_as nae 
‘dis age Ay 
where s is distance measured on the e 
curved path, and that the direction 
of the velocity is that of the tangent 6/> W xX 


— 
or 
oe 


to the curve. Fie. 
Also as the body moves along a curved 

path through a distance PQ = As (fig. 150), 2 changes by an amount 

PR=Az and y changes by an amount RY =Ay. We have then 


Lim = a = v=velocity of the body in its path, 
et oe * 
Lim —— = — =v, = component of velocity parallel to OX, 
At dt 
Ce ; ; 
Lim = oy =v, = component of velocity parallel to OY. 
y al i 


Otherwise expressed, v represents the velocity of P, v, the 
velocity of the projection of P upon OX, and v, the velocity 
of the projection of P on OY. 

Now, by (8), § 84, and by § 91, 


Se 
dt ds dt 
=v cos q, (1) 
and v By ag ae 
dt ds at 
=v sin ¢. (2) 


Squaring and adding, we have 


v= ve + v2, (3) 
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Ex. If a projectile starts with an initial velocity v, in an initial direction 
which makes an angle a with the axis of « taken as horizontal, its position 
at any time ¢ is given by the parametric equations 

r=vtcosa, y=vetsina— $ git 


Find its velocity in its path. 
dz 


We have Un = J = Up COB a, 


y 


Hence v= Vv2 — 2 gu t-sina + gt, 


v = =m sina — gt 


PROBLEMS 


Find 7 in each of the following cases: 


l. y= (22+ 3)(a?+ 32 —1). 
N2. y= (@? + 4e — 3)(82?4+12e 412). 
(Spa a is. y= (oe 1) 


xrz—a 


14. y= V4a° + 6a? — 5. ' 
x? — 4 
Siriaas A. 5. y= Voit wo? — 22, 
ae mae 16. y= ay 
aay Cg ee + 
3 
_ 2a? +4a—3 nye 
Tbs aE aad 1B 
al 
Ree ag 218 ee OR 
Y =o +22 x xt 20. y =(1— 207)? — 3241). 
9 2 oT Veit. ! 
9 Y= 2a — — 4 — y ( ) a 
—" 22 _ 2e—-1 
ee ee ce Vo? +1 
“ Ve 23. y=(a*—20+3)}(at+1)h 


5 5 Ld aN thie eV ee 
S11. y= Va— Vet aat ae ee ; | 
12. y= (20° + 327+ 6)% - ot Vat — 1 


AC 
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x+1 x 


ee Ne) 0 YS ae 

=] YE 2 

OHI 6 (aa y 30. Te has 

Vx? —1 x 
1 
x 

28. aes enna a ee 8 a — Dd 
- a + Va? + x3 i x—WVa+ 2? 


Find “ from each of the following equations: 
a 


“32. a? +2ay+7=0. "34. ny = (a+ y). 
33. 2+ 5aty—10ay*+7'=0. 35. (x +y)§ + (2 —y)i =ab. 


2 
Find dy and ey from each of the following equations : 


dx da? 
S600 19° = 1. 39. P +ayt+ y= 0 
37. 2 + 4° = at 40. f=a(x’?+/y’). 
38. 2 + yi =a, 41. ay=aety. , 


42. Find the equations of the tangent and the normal to the 
curve 5 ax? — 4a°y = 47° at the point (2a, a). 
43. Find the equations of the tangent and the normal to the 
a—@ : 3a 6a 
at the point (= =” “). 
44. Find the point at which the tangent to the curve 7 =2® at 
(1, 1) intersects the curve again. 


strophoid y=+2 


a+a 


45, Find the equations of the tangent and the normal to the 
ellipse 327+ 5y? = 32 ata point the abscissa of which is equal to 
its ordinate. 


46. Find a point at which the tangent to the curve zy—5a2?—4=0 
has the slope 1. 


47. Find the length of the portion of the normal to the parabola 
y’ = 8a at (2, 4) included between the axis and the directrix of 
the parabola. 


Find the equation of the tangent to each of the following curves 
at the point (a,, y,): 

AR ot? == 50. x3 + yi = af. 

49. Va +Vy = Va. 51. 2 + > — 3ary = 0. 
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52. Prove that the equation of the tangent to the parabola 
y = 4 px at the point (a, y,) is y, y = 2p(« + 2,). 
53. If the slope of a tangent to the parabola v? = 4 px is m, prove 


: rig Pp 
that its equation is y= ma + a 


as Prove that the see gee Bs the tangent to the ellipse 
vid 


rz = _ = 1 at the point (~,, y,) ip oo nea =1, and that the equa- 
tion of the tangent to the bypertota 2 or tes e =1 at the point (@Y;) 
is Tx et y == ij 

a? Fe 


55. fee that the equations of the nea with slope m to the 


2 
ellipse a =+4= =1 and the hyperbola a as =1 are respectively 


y=mer + Vaem? +0? and y = me + Vim? — b? 
Draw each pair of the following curves in one diagram and 
determine the angles at which they intersect: 
56.2+y—T=0, e—-—4¢7—8y41=0. 
57. 2 +7?—167414=0, v’+y’—8y+6=0. 
58. 277—9x=0, 3a?4+4y=0. 
59. 2? =4ay, 20°4+2y—5ar=0. 


a 
EE pide cae 


61. ce ege Tika WE 


» +y?—2ax=0. 


x? 

ey 7. aie : 
62. 2 +7?—1274+16=0, ¥ 7 aes 
8a? 


65. x= 8a —4ay, Rear Ger: 


63. y — x, 
8 ime eds 3 
64. ay =A, ae Sa 66. ty =a, ro ee 
8 a? ; : ‘ 
go 4a 
68. 77? = 6 (4 — 3), 47° = (a — 3 (@ — 1). 
69. Prove that the parabolas v7? = 4a@ + 4a? andy? =— 4 bx + 40? 
are confocal and intersect at right angles. 


67. 2 — 3Y=a, r= 
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70. Show that for an ellipse the segments of the normal between 
the point of the curve at which the normal is drawn and the axes 
are in the ratio a’: b’. Peet: 

71. Find the codrdinates of a point on the ellipse - +5 =1 
such that the tangent there is parallel to the line joining the 


positive extremities of the major ae the minor axes. 


72. Find a point on the ellipse ace a =1 such that the tangent 
there is equally inclined to the es axes. 

73. Prove that the portion of a tangent to an hyperbola included 
by the asymptotes is bisected by the point of tangency. 


74. If any number of hyperbolas have the same transverse axis, 
show that tangents to the hyperbolas at points having the same 
abscissa all pass through the same point on the transverse axis. 


75. If a tangent to an hyperbola is intersected by the tangents at 
the vertices in the points Q and #, show that the circle described on 
QR as a diameter passes through the foci. 


76. Prove that the ordinate of the point of intersection of two 
tangents to a parabola is the arithmetical mean between the ordi- 
nates of the points of contact of the tangents. 


77. If, on any parabola, P, Q, and R are three points the ordinates 
of which are in geometrical progression, show that the tangents at 
P and R meet on the ordinate of Q. 


78. Show that the tangents at the extremities of the chord of a 
parabola, which is perpendicular to the axis of the parabola at the 
focus, are perpendicular to each other. 


79. Prove that the tangents described in Ex. 78 intersect on the 
directrix of the parabola. 


80. Prove analytically that if the normals at all points of an 
ellipse pass through the center, the ellipse is a circle. 


81. Prove that any tangent to the parabola 7? = 4p will meet 
the directrix and the straight line drawn through the focus, per- 
pendicular to the axis of the parabola, in two points equidistant 
from the focus. 


82. Find in terms of a, and p the length of the perpendicular 
from the focus of the parabola y7=4pa to the tangent at any 
point (x,, ¥,)- 
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83. If from two given points on the axis of a parabola which 
are equidistant from the focus perpendiculars are let fall on any 
tangent, prove that the difference of their squares is constant. 


84. Show that the product of the perpendiculars from the foci 
of an ellipse upon any tangent equals the square of half the 
minor axis. 


85. Find the  Meaeeas and the length of the perpendicular from 
the center of the ellipse = = at 5 y = 1 to any tangent. 
86. If two concentric ine: hyperbolas are described, the 


axes of one being the asymptotes of the other, show that they 
intersect at right angles. 


87. Prove that an ellipse and an hyperbola with the same foci 
cut each other at right angles. 


88. Prove that the normal to an ellipse at any point bisects the 
angle between the focal radii drawn to the point. 


89. Prove that the normal to an hyperbola at any point makes 
equal angles with the focal radii drawn to the point. 
Determine the values of x for which the following curves are 


(1) concave upward; (2) concave downward : 


490. y=4e°— 62743. \ “91. y= at —1227 + 2. 


Find the points of inflection of the following curves : 
92. y= 20°+9n?— 24 —5. 96. y = 1 a 1 . 
he ; e411 
93. y=3a'—42°— 62744. 
94. y=(a+ 6a)(@ — a)’, 


$ 
8 a® x\? 
95. y= pray Pe 98. (*) fe () = sail. 


Find the turning points and the points of inflection of each of 
the following curves and then draw the curve : 


499. y= (a — 2)*(x + 2). \102. y=at—4a°+ 16. ° 
100. y= 2° —32°—9x2—5. 103. y® = x(a? — 4). 


97. yf =a oy 


oO 


101. y=ax(a —1)*. 
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104. It is required to fence off a rectangular piece of ground 
to contain a given area, one side to be bounded by a wall already 
constructed. If the length of the side parallel to the wall is a, 
will an increase in « cause an increase or a decrease in the total 
amount of fencing ? 


105. The hypotenuse of a right triangle is given. If one of the 
sides is 2, find the effect on the area caused by increasing a. 


106. The stiffness of a rectangular beam varies as the product of 
the breadth and the cube of the depth. From a circular cylindrical 
log of radius a inches, a beam of breadth 2 is cut. Find the effect 
on the stiffness caused by increasing @. 


107. A right cone is generated by revolving an isosceles triangle 
of constant perimeter about its altitude. If x is the length of 
one of the equal sides of the triangle, will an increase in x cause 
an increase or a decrease in the volume of the cone? 


108. A gardener has a certain length of wire fencing with which 
to fence three sides of a rectangular plot of land, the fourth side be- * 
ing made by a wall already constructed. Required the dimensions 
of the plot which contains the maximum area. 


109. A rectangular plot of land to contain 216 sq. rd. is to be 
inclosed by a fence and divided into two equal parts by a fence 
parallel to one of the sides. What must be the dimensions of the 
rectangle that the least amount of fencing may be required ? 


110. A gardener is to lay out a flower bed in the form of a sector 
of a circle. If he has 20 ft. of wire with which to inclose it, what 
radius will he take for the circle to have his garden as large as 
possible ? 

111. An open tank with a square base and vertical sides is to 
have a capacity of 4000 cu. ft. Find the dimensions so that the 
cost of lining it with lead may be a minimum. 


112. A rectangular box with a square base and open at the top is 
to be made out of a given amount of material. If no allowance is 
made for the thickness of the material or for waste in construction, 
what are the dimensions of the largest box that can be made ? 


113. Find a point on the line y=~a@ such that the sum of the 
Squares of its distances from the points (— a, 0), (a, 0), and (0, b) 
shall be a minimum. 


PROBLEMS 187 


_ 114. A piece of wire 12 ft. in length is cut into six portions, two 
of one length and four of another. Each of the two former portions 
is bent into the form of a square, and the corners of the two squares 
are fastened together by the remaining portions of wire, so that the 
completed figure is a rectangular parallelepiped. Find the lengths 
into which the wire must be divided so as to produce a figure of 
maximum volume. 


115. The strength of a rectangular beam varies as the product of 
its breadth and the square of its depth. Find the dimensions of the 
strongest rectangular beam that can.be cut from a circular cylindri- 
eal log of radius @ inches. 


116. What are the dimensions of the rectangular beam of great- 
est volume that can be cut from a log a feet in diameter and 3} feet 
long, assuming the log to be a circular cylinder ? 


117. A log in the form of a frustum of a cone is 20 ft. long, the 
diameters of the bases being 2 ft. and 1 ft. A beam with a square 
cross section is cut from it so that the axis of the beam coincides 
with the axis of the log. Find the beam of greatest volume that can 
be so cut. 


118. Find a point on the axis of x such that the sum of its dis- 
tances from the two points (1, 2) and (4, 3) is a minimum. 


119. Find the point on the circle 2? + 7? = a’ such that the sum 
of the squares of its distances from the two points (2 a, 0) and (0, 2 a) 
shall be the least possible. 


~ 120. A water tank to hold 300 cu. ft. is to be constructed in the 
form of a right circular cylinder, the base of the cylinder being 
horizontal. The tank is open at the top, and the material used for 
the bottom costs twice as much per square foot as that used for 
the lateral wall. What are the most economical proportions for the 
tank ? 

121. A tent is to be constructed in the form of a regular quadran- 
gular pyramid. Find the ratio of its height to a side of its base 
when the air space inside the tent is as great as possible for a given 
wall surface. 

122. An isosceles triangle of constant perimeter is revolved about, 
its base to form a solid of revolution. What are the altitude and 
the base of the triangle when the volume of the solid generated is 
a maximum ? 
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123. Required the right circular cone of greatest volume which 
can be inscribed in a given sphere. 


124. The total surface of a regular triangular prism is to be &. 
Find its altitude and the side of its base when its volume is as 
great as possible. 


4 125. The combined length and girth cf a postal parcel is 60 in. 
Find the maximum volume: (1) when the parcel is rectangular with 
square cross section; (2) when it is cylindrical. 


126. A length Z of wire is to be cut into two portions, which are 
to be bent into the forms of a circle and a square respectively. Show 
that the sum of the areas of these figures will be least when the 
wire is cut in the ratio 7: 4. 


127. A piece of galvanized iron 4 feet long and a feet wide is to be 
bent into a U-shaped water drain / feet long. If we assume that 
the cross section of the drain is exactly represented by a rectangle on 
top of a semicircle, what must be the dimensions of the rectangle 
and the semicircle that the drain may have the greatest capacity : 
(1) when the drain is closed on top? (2) when it is open on top? 


128. A circular filter paper 10 in. in diameter is folded into a 
right circular cone. Find the height of the cone when it has the 
greatest volume. 


129. It is required to construct from two equal circular plates of 
radius a a buoy composed of two equal cones having a common base. 
Find the radius of the base when the volume is the greatest. 


130. Two towns A and B are situated respectively 10 mi. and 
15 mi. back from a straight river from which they are to get their 
water supply, both from the same pumping station. At what point 
on the bank of the river should the station be placed that the least 
amount of piping may be required, if the nearest points of the river 
to A and B respectively are 20 mi. apart ? 


131. A man on one side of a river, the banks of which are assumed 
to be parallel straight lines 2 mi. apart, wishes to reach a point on 
the opposite side of the river and 10 mi. further along the bank. If 
he can row 3 mi. an hour and travel on land 5 mi.an hour, find the 
route he should take to make the trip in the least time. 
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» 132. A power house stands upon one side of a river of width 
6 miles and a manufacturing plant stands upon the, opposite side, 
a miles downstream. Find the most economical way to construct 
the connecting cable if it costs m dollars per mile on land and 
n dollars per mile through water. : 


. 133. At a certain moment of time a vessel is observed at a point 
A, sailing in the direction AB at the rate of 10 mi. per hour, and 
another vessel is observed at C, sailing in the direction CA at the - 
rate of 20 mi. per hour. The angle between 4B and AC is 60°, and 
AC is 50mi. When will the vessels be nearest to each other ? 

134. A vessel is sailing due north at the rate of 10 mi. per hour. 
Another vessel, 190 mi. north of the first, is sailing on a course 
S. 60° E. at the rate of 15 mi. per hour. When will the distance 
between them be the least? 

135. Find the least ellipse which can be described about a given 
rectangle, the area of an ellipse with semiaxes a and 6 being zrabd. 

136. Find the isosceles triangle of greatest area which can be 
cut from a semicircular board, assuming that the base of the triangle 
is parallel to the diameter. 

137. Find the isosceles triangle of greatest area which can be cut 
from a parabolic segment, assuming that the vertex of the triangle 
les in the base of the segment. 

138. The number of tons of coal consumed per hour by a certain 
ship is 0.3 + 0.001 7%, where v miles is the speed per hour. Find the 
amount of coal consumed on a voyage of 1000 miles and the most 
economical speed at which to make the voyage. 

139. The fuel consumed by a certain steamship in an hour is 
proportional to the cube of the velocity which would be given to 
the steamship in still water. If it is required to steam a certain 
distance against a current flowing a miles an hour, find the most 
economical rate. 

140. The altitude of a variable cylinder is constantly equal to the 
diameter of the base of the cylinder. If when the altitude is 8 ft. it 
is increasing at the rate of 3 ft. an hour, how fast is the volume 
increasing at the same instant ? 

141. Find where the rate of change of the ordinate of the curve 
y =x —62°+ 32+ 5 is equal to the rate of change of the slope 
of the tangent. 
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142. The angle between the straight lines AB and BC is 60°, and 
AB ig 28 ft. long. A particle at A begins to move along AB toward B 
at the rate of 4 ft. per second, and at the same time a particle at B 
begins to move along BC toward C at the rate of 8 ft. per second. At 
what rate are the two particles approaching each other after 1 sec. ? 


143. A series of right sections is made in a right circular cone 
of which the vertical angle is 90°. How fast will the areas of the 
sections be increasing if the cutting plane recedes from the vertex 
of the cone at the rate of 2 ft. per second ? 


144. A roll of belt leather is unrolled on a horizontal surface at 
the rate of 5 ft. of length per second. If the leather is } in. thick, at 
what rate is the radius of the roll decreasing when it is equal to 
2 ft., if the roll is assumed to remain always a true circle ? 


145. A trough is in the form of a right prism with its ends equi- 
lateral triangles placed vertically. The length of the trough is 10 ft. 
It contains water which leaks out at the rate of 1 cu. ft. per minute. 
Find the rate, in inches per second, at which the level of the water 
is sinking in the trough when the depth is 1 ft. 


146. A solution is being poured into a conical filter at the rate of 
3 cc. per second and is running out at the rate of 1 cc. per second. 
The radius of the top of the filter is 10 cm., and the depth of the 
filter is 30cm. Find the rate at which the level of the solution is 
rising in the filter when it is one third of the way to the top. 


147. A peg in the form of a right circular cone of which the ver- 
tical angle is 30° is being driven into the sand at the rate of 2 in. 
per second, the axis of the cone being perpendicular to the surface 
of the sand, which is a plane. How fast is the lateral surface of the 
peg disappearing in the sand when the end of the peg is 10 in. below 
the surface of the sand ? 


148. A body is moving in a straight line according to the law 
s=t—9+15¢. Find its velocity and acceleration. When is 
the body moving forward and when backward ? 


149. A body is moving in a straight line according to the law 
s=j}0—2¢+442. Find its velocity and acceleration. When is its 
velocity a maximum? During what interval is it moving backward ? 

150. The top of a ladder a units long slides down the side of a 


vertical wall which rests on horizontal land. If the velocity of the 
top 1s v,, what is the velocity of the bottom ? 
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151. Two parallel straight wires are a feet apart. A bead slides 
along one of them at the rate of 6 feet per second. How fast is the 
bead approaching a fixed point on the other wire ? 


- 152. A boat with the anchor fast on the bottom at a depth of 
30 ft. is drifting at the rate of 4 mi. an hour, the cable attached to 
the anchor slipping over the end of the boat. At what rate is the 
cable leaving the boat when 50 ft. of cable are out, assuming it 
forms a straight line from the boat to the anchor ? 


\ 153. A lamp is 60 ft. above the ground. A stone is let drop from 
a point on the same level as the lamp and 20 ft. away from it. Find 
the speed of the shadow on the ground after 1 sec., assuming that 
the distance traversed by a falling body in the time ¢ is 16 ¢ 


154. A particle moves in a plane so that its codrdinates at any 


time ¢ are given by the equations = 2t, y= Find the 


2 
Zoeds 
Cartesian equation of its path, and its velocity in its path. 

155. Two points, having always the same abscissa, move in such 
a manner that each generates one of the curves y = a? —120°7 +42 
and y= 2* — 8z?— 8. When are the points moving with equal 
speed in the direction of the axis of y? 


\ 156. A particle is moving along the curve 77= 42, and when 
x = 4 its ordinate is increasing at the rate of 10 ft. per second. At 
what rate is the abscissa then changing, and how fast is the particle 
moving in the curve? Where will the abscissa be changing ten 
times as fast as the ordinate ? 


157. A ball is swung in a circle at the end of a cord 5 ft. long, so 
as to make 20 revolutions a minute. If the cord breaks, allowing the 
ball to fly off at a tangent, at what rate will it be receding from the 
center of its previous path ,}, sec. after the cord breaks, if no 
allowance is made for any new force acting ? 

158. The top of a ladder 32 ft. long rests against a vertical 
wall and the foot is drawn along a horizontal plane at the rate of 
4 ft. per second in a straight line from the wall. Find the path of a 
point one fourth of the distance from the foot of the ladder, and its 
velocity in its path at any time ¢. 


CHAPTER XI 
DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS 


95. Limit of = - In order to apply the methods of the dif- 


ferential calculus to the trigonometric functions, it is necessary 


ae sin h 
to know the limit approached by 


as h approaches zero as 


a limit, it being assumed that A 7s expressed in circular measure. 

Let AOB (fig. 151) be the angle h, 
y the radius of the are AB described 
from O as a center, a the length of AB, 
p the length of the perpendicular BC 
from B to OA, and ¢t the length of the 
tangent drawn from B& to meet OA pro- 
duced in D. 

Revolve the figure on O4 as an axis 
until B takes the position B’. Then the chord BCB!= 2p, the 
are BAB’ = 2a, and the tangent B’D=the tangent BD. Evidently 


BD+DB'>BAB'>BCB, 
whence (> a> Dp. 
Dividing through by 7, we have 
rr 
that is, tanh >h> sinh. 
Dividing by sinh, we have 
1 h = 
cosh” sinh” ” 


; : sin h 
or, by inverting, cosh< 


=o 1y 


t 
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Now as A approaches zero, cosh approaches 1. Hence 7 2 
1 
which lies between cos / and 1, must also approach 1; that is, 
Lim 32 h = 
h=0 h 


96. Differentiation of trigonometric functions. The formulas 
for the differentiation of trigonometric functions are as follows, 
where wu represents any function of 2 which can be differentiated : 


< sin u = cos u “ ’ (1) 
£ cosu=— sin wi, (2) 
< tan w= sec”u “ ’ (3) 
< ctn wu = — esc7u = , (4) 
< sec u = sec u tan u “ ’ (5) 
‘ csc # = —eseuctnu “ : (6) 


ad. hoe du 
, 8 8 = een Seah Boe 
1. By (8), § 84, 7, sin = — sin lene 


3 i : 
To find 7, Se we place y =sinu. 
du 


Then if w receives an increment Aw, 7 receives an increment Ay, 


where : : Au\ . Au 
Ay = sin (u + Aw) — sin vu = 2 cos tb) SU ae 
7 — 


al 


the last reduction being made by the trigonometric formula 
a+b He b 


4 
"ik 


2 2 


sin a — sin 6 = 2 cos 


» Then we have 


AL = 2008 (u + 5) 
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Let Aw approach zero. By 2, § 69, ne 
ia sin 5 
Lim By = Lim cos (« + =) Lim = 
Au 2 Au 
Ay _ dy : 
B Li ae a Tee 
ne or Au du 
; ( =) 
Lim cos{ wu + gale COS U, 
. Art 
sin > 
d Li ==, By § 95 
an im a (By § ) 
2 
Gi 
Hence — sin u = cos u, 
du 
and ts sin u = cos u din 
dx dz 


d . 
2. To find - cos u, We write 
My 


sibas 
cos u = sin (5 = u). 
2 


Then a COS U = < sin is — u) 


= cos(3 — o(z o u) (by (1)) 


rh 
3. To find Pe tan u, we write 


sin u 
tan uw = 


COS U 
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d d snu 
Then —itan av = — —— 
dx dx cos u 


ah 2 ‘ d 
cos uU —— SIN uU — SIN U— COS U 
dx 


(by (5), § 84) 


cos*u 
3 ee 
(cos*u + sin*w) ee: 
x 
ae (by (1) and (2)) 
= sec*u ae 
ee E 
4. To find < ctn u, we write 
- 
cos u 
cth u = — : 
sin u 
d d cosu 
Th — ctn uv = — 
ae a. so dx sin u 


iy e ase 
a eee Se 


=——_______—__ (by (5), § 84) 


sin?u 
— sin?u — cos’u du 


22 ee (by (1) and (2)) 


sin?u dx 
= — csc?u gu 
+ dx 
5. To find © sec u, we write 
L 


1 1 
sec u = —— =(COS%). 
cos U C ) 


LE ay Saat 
Then qe = ae? 75 OR (by (6), § 84) 
sin u du 
= Les by 
cos*u dx (ry )) 


U 
= sec u tan u—- 
dx 


6. To find eae u, we write 
dx 


i z 
ese u = ——— = (sin u)~*. 
sin u 
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Then ue esc u = — (sin u)~” Ls sin (by (6), § 84) 
dx dx 
= — csceuctn wo, (By (1)) 
wv 


Ex. 1. y + tan 22 — tan’z = tan 22 — (tanz)*. 


dy _ 


an = sec? (2) — 2(tan 2) Z tan « 


= ee — 2tan z sec?z. 
Ex. 2. y = (2sectx + 3 sec?zx) sin z. 


d : d d ; eet here 
a = sinz [8 sec®x ae (sec x) + 6 sec x re (sec *) | + (2 sectz + 3 sec?) a (sin 2) 
= sin 2 (8 sectx tan x + 6 sec?x tan x) + (2 sec*z + 3 sec?x) cos x 
= (1— cos*x)(8 sec®x + 6 sec*x) + (2 sec’z + 3 sec x) 
= O/S6C°% — 3 86G L- 


97. Differentiation of inverse trigonometric functions. The 
formulas for the differentiation of the inverse trigonometric 
functions are as follows: 

a) 1 du ee Z 
il, =o — when sin~!z is in the first or the 


dx ya ia 
Vi fourth quadrant ; 
il du = 
= — ——_. — when sin~!z is in the second or 
i= uw dex 


the third quadrant. 


1 1 cgne ‘ 
OSs) = when cos~'z is in the first or the 
dx / 1 —_ u dx 5 A 
second quadrant ; 
il du ae : 
aay peer re when cos~!w is in the third or the 
1—-u fourth quadrant. 
3. —tan7!u= 1 as 
dx 14+ u' 2 da 
4, —ctn— y= — 1 ae 
dx 1+w da 
1 d Pekk 
D. a sec"! = = ree = when sec~!z is in the first or the 
; uvee—1 de third quadrant ; 
1 
es when sec~'w is in the second or 
Vay w—1 dz 


the fourth quadrant. 
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< when csce7!w is in the first or 
x uvur?—1 ax the third quadrant; 
i du 


= ——— — when cse~*w is in the second or 
uvur—1 dx 


the fourth quadrant. 


The proofs of these formulas are as follows: 


i ene Bi y = sin7*u, 
then sin y = u. 
; dy du 
H 9 by 96, SSS) 
ence, by § SU Der ape 
dy 1 du 
h ee ee 
pag dx cosy dz 


But cos y=V1—w* when y is in the first or the fourth quad- 


rant, and cos y=—V1— vw’ when y is in the second or the third 
quadrant. 
2. If ¥ = COS” “t, 
then cosy =U. 
Hence —siny =, 
whence oye ape 


da ~ siny dr 


But siny=V1—w? when y is in the first or the second 
quadrant, and siny=—V1—vw? when y is in the third or the 
fourth quadrant. 


2 At y = tan‘, 
then tan y = u. 
dy du 
Pet Mise he hes 
Hence acy =a 
dy 1 du 
whence aa Me 


AC 
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4, If y = etn” “4, 
then ctny =u. 
dy du 
»24, —F — —y 
Hence Ge er 
dy__ _1 du. 
pence dx 1+ dz 
ep LE y = sec” "4, 
then sec y = U. 
dy du 
Hence sec y tan y re or 
1 1 d 
whence a = 


dr secytany dx 


But secy=u, and tany=Vwu>—1 when y is in the first 
or the third quadrant, and tan y= — Vu*?—1 when y is in the 
second or the fourth quadrant. 


6. If Y = 6805-46, 
then CSC ¥ = U. 
dy du 
Hence —eseyctny em eae 
whence dy eee 


dx eseyctny dr 
But cscey=u, and ctny=Vwu'—1 when y is in the first 
or the third quadrant, and ctn y=— Vu?—1 when y is in the 
second or the fourth quadrant. 
If the quadrant in which an angle lies is not material in a 
problem, it will be assumed to be in the first quadrant. This 
apples particularly to formal exercises in differentiation. 


Ex. 1. y =sin-! V1 — 2*, where y is an acute angle. 


dy _ it d 1 
a ee ee) : 
de Vi-(—2) dz V1— x 


This result may also be obtained by placing sin-!-V1 — 2? = cos-!z. 
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Ex. 2. y=sec1V/4724 47 4 9. 


ois te) 
dy _ dx 
dx V4e2+4242V(4a?+4242)—-1 
< 4x42 = i 
(40%? +424+2)(2r41) Q2274+2r41 


1 
98. Limit of (1+ )*. In obtaining the formulas for the differ- 
entiation of the exponential and the logarithmic functions it is 


al 
necessary to know the limit of (1+)* as h approaches zero, the 
rigorous derivation of which requires methods which are too 
advanced for this book. We must content ourselves, therefore, 
with indicating somewhat roughly the general nature of the proof. 
A 


We begin by expanding (1+ h)* by the binomial theorem and 
making certain simple transformations; thus, 


if. Lee i= 
(l+A)t=1 1+5h oo) so Ni ae 
1 
in 


,a-) ae 


1 


where # represents the sum of all terms involving h, h’, h’, ete. 
Now it may be shown by advanced methods that as A approaches 
zero & also approaches zero, and at the same time 


ieee EAE 


approaches e (§ 27). Hence 
1 
Lim (1+ hy’ =e. 
h=0 


99. Differentiation of exponential and logarithmic functions. 
The formulas for the differentiation of the exponential and the 
logarithmic functions are as follows, where, as usual, w represents 
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any function which can be differentiated with respect to x, log 
means the Napierian logarithm, and a is any constant: 


< 10 ua Bat (1) 
< log u = 2 a , (2) 
f oe = at log aS (3) 
ee me 
The proofs of these formulas are as follows: 
1. By (8), § 84, < foe © Nog. . 


To find * log. place y= ee 


Then if w is given an increment Aw, y receives an increment 


Ay, where Ay — log, (u a Aw) aM log, ub 


the last transformation being made by the formula p log M= log M”. 
Ay 1 Au a 
Then ee log, (1 =)". 


Now as Aw approaches zero, the fraction — may be taken 
as h of § 98. ' . 


a)\ Bu 
Hence Lim (1 oo “) =e; 
Au=0 U 
dy 1 
Theref pat os 
erefore Sen log,e 


and dy = log,é du 6 
dx u dx 
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2. If y=logu, the base a of the previous formula is e; 
and since log,e=1, we have 


dy _1du_ 
dx udx 
su EG Vas 
we have log y = log a“ = u log a. 
Hence, by formula (2), 
1 dy du 
MY du 
whence me log a FB: 


4. If y=e*, the previous formula becomes 


dy yy LU 
dx az 


Ex 1. y=log(@’?— 4a + 5). 


Ex. 2. y=e-*- 


dy — 2ze-2 

dx 
Ex;3, 4 =€~" cos be. 
or cos br ag CAD a I s (cos br) = — ae~ * cos br — be— * sin bx 
dx dz dx 


= — e~ (a cos be + b sin ba). 


100. Sometimes the work of differentiating a function is 
simplified by first taking the logarithm of the function. 


£x.1. Let y= ite. 
14 2? 

[1 — 2? 

Then log y = log \/ 


= } log(1— 2%) — }log( + 2%). 
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1 dy _ 5 ty 
Hence ydz ie ao? 1 -F 23 
= —22 
(l= 2). + 2%)’ 
ane dy _ —22y 


dz (li—97) (Laz) 


= —2¢r is 
~ (l—2) 4+ 2%) V142 


—2z 


ie ee 


This method is especially useful for functions of the form uv’, 
where uw and v are both functions of z Such functions occur 
rarely in practice and cannot be differentiated by any of the 
formulas so far given. By taking the logarithm of the function, 
however, a form is obtained which may be differentiated. 


Ex. 2. Let SS wae 
Then log y = log (2°) 


= Sin. a ee t 


Therefore u = ot = (sin )* -+ cosz: logz, 
yy 
and s — genie Te SIM ne 21 COS he Lop. 
ct 


101. Applications. The applications of differentiation discussed 
in the previous chapter are evidently applicable to problems in- 
volving transcendental functions. 


Ex. 1. Find the turning points and the points of inflection of the curve 


Ex. 5, § 24 ‘ : 
( 925) y=sine + $sin 22. 


: 1 
We find 7, = cose + cos 22 = 2 coste + cos — 1 
dx 
= (2 cosa —1)(cosz +1). 
ue 2) 1 
Equating an to zero, we have cos x = 5 OF cos r = — ie 
dx 2 


1 
iecos me 2" — “ + 2nmr or — = + 2nz7. As x passes through either of 


€ 


these values, - “y / changes sign, and hence these values correspond to ee 
points of the curve. In fact, 2 = 5 + 2 nm gives maximum values of y = — 7¥3, 


and x = — 7 + 2mm gives minimum values of y = — 73. 
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If cosr =—1, r=a7+4+2nz. As x passes through these values, “ does 
XL 


not change sign. Hence these values do not correspond to turning points 
of the curve. 
To examine for points of inflection, we find 


a — sing — 2sin2z=— sinz(4cosz +1). 


This is zero when x = 0 + 2 nz or 7 + 27nz, or when « = cos—1(— }). 
As x passes through any of these values, oe changes sign. These values 
be 
correspond, therefore, to points of inflection. 


Ex. 2. A particle of mass m moves in a straight line so that 
s=ksin dt, 


where ¢ = time, s = space, and 6 and & are constants. 


Then velocity = v = - = bk cos bt, 
a 
; ds ee r 
acceleration = a= Fy 67k sin bt = — bs, 
dt2 
force = F= ma = — mb’s. 


J 
Let O be the position of the particle when t= 0, and let OA =k and 
OB=—k. Then it appears from the formulas for s and v that the particle 
oscillates forward and backward between Band A. It describes the distance 


OA in the time oy and moves from B to A and back to B in the time =7. 
i 2 


The formula / = — mb?s shows that the particle is acted on by a force 
directed toward O and proportional to the distance of the particle from O. 
The motion of the particle is called simple harmonic motion. 


Ex. 3. A wall is to be braced by means of a beam which must pass over 
a lower wall 4 units high and standing a units in front of the first wall. 
Required the shortest beam which can be used. 

Let AB =I (fig. 152) be the beam, and let C be the top of the lower 
wall. Draw the line CD parallel to OB, and let EBC=8. 


Then LBC CA 
= EC csc 6 + DC sec 6 


A 
= besc 6 + asec 6. 
=~ bese cin + a see 6 tan 6 D } 
_ asin®@ — bcos*6 > 
= SST PO ee 
a a 0 E B 
Placing — = 0, to find the minimum, 
dé ? Fie. 152 


b3 
— 
as 


we have asin®@ = bcos*6, whence tan 8 = 
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When 6 has a smaller value than this, a sin?@<cos*@; and when @ has a 
1 


larger value, a sin®@>cos*@. Hence/ isa minimum when tan@ = —. 


a 
Then l= bcesc@ + asecO 
bv ak bv a8 + 58 oe avai =F be 
th. at 
= (ab + b3)3. 


102. The derivatives in parametric representation. When a 
curve is defined by the equations 


t=f,0¢), y=S,(), 


dy 
dy at 
» have, by (9), § 84, —S = ee 
we have, by (9), § ieapte (1) 
dt 
We a we may proceed as follows: 
d alae) 
d*y d 5 (#)- dt\dx (2) 
da dx\dt/ dx 
dt 
Ex. For the cycloid 
x=a(pd—sin®), 
y =a(1— cos ¢), 
dy 
dy _dp_ —asin@ 
dz ane a(1— cos $) ae Q° 
dd 
oy. (cin 86 
dz? do\ 2) dz 
Bee! 
5 cosec? + 
(1 — cos ) 
i 


DIRECTION OF A CURVE 


Formula (2) may be expanded as follows: 


‘dy\ @ydx dx dy 


dt OG at “dt dé 


d (4) = 
dt\dz/ — 


Therefore 


dar J ey ; 
at dt 


d°y dx dx dy 


dt dt? dt 
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(3) 


(ii) 
dt 


103. Direction of a curve in polar coordinates. 


The direction 


of a curve expressed in polar codrdinates is usually determined 


by means of the angle between the 
tangent and the radius vector. Let P 
(7, @) (fig. 153) be any point on the 
curve, PT the tangent at P, and 
the angle made by PT and the radius 
vector OP. Give 6 an increment A@ = 
POQ, expressed in circular measure, 
thus fixing a second point Q(7+Ar, 
8+ A@) of the curve. 

To determine Ar describe an are of 


Fie. 158 


a circle with center at O and radius OP, intersecting OY at R. 


Then OQ=r+Ar 


and RO= Ayr, 


Draw also the chord PQ and the straight line PS perpendicular 


to OY and meeting it in S. 


Then SP=r sin dé, 
OS = r cos Ad, 


SQ=0Q-—O0S=r+Ar—rcosAé 


me AD 
= Ar + 2r sin’ —- 
- 


206 TRANSCENDENTAL FUNCTIONS 


As A@ approaches zero the chord P@ approaches the limiting 
position P7 and the angle RQP approaches y. But in the 
triangle SPQ, 


t SQP SP r sin A@ 
an = SS 
Se Ar + 27 sin? 98 
. sin A@ 
Aé 
; sin ae 
Ar SAG 
Ae +rsin Coy 
io 
Hence, taking the limit, we have 
r 
t =—: 1 
any ar C) 
dé 
If it is desired to find the angle I/VP = ¢, it may be done by 
the evident relation 
o=V+0. (2) 


104. Derivatives with respect to the arc in polar coordinates. 

In the triangle PQS (fig. 153), 
Ie 

chord PQ 
Bs are P@ 
~ are PQ chord PQ 
_rsinAé are PQ 
~ As chord PQ 
snA@ A@ arc PQ 

A@ As chord PQ’ 


sin S OF — 


As A@ approaches zero SQP approaches av, Lim nee erie: 
arc P@ AG 
m——— = 1 (§ 90). 
chord PQ . 


2 dg 
Hence ay pees 
sinyw=r Fp (1) 
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By dividing (1), just obtained, by (1) of the previous article, 


dr 
cosy = aE (2) 
From (1) and (2) we obtain 
rd@=snwds, dr=cosyds; 
whence, by squaring and adding, we obtain 
ds*= dr* + r°d0”. (3) 


The formulas of this and the foregoing article are correctly 
represented by the triangle of fig. 154, which is a convenient 
device for remembering the formulas. Here 
the lines marked as differentials are really 
increments, but as the size of the figure is re- 
duced, they become more nearly differentials. 
The correct formulas are obtained by using 
the triangle as a straight-line figure. We have Fies 164 


ds =a) dy 4: r?do, tan f= a ’ 
dr : rd@ 
cos fp = aa’ SS ape 


105. Curvature. If a point describes a curve, the change 
of direction of its motion may be measured by the change of 
the angle ¢ (§ 91). y 

For example, in the 
curve of fig. 155, if AR = s 
and - 2 = As, and if ¢, and 
¢, are the values of ¢ for 
the points R and £ respec- 
tively, then ¢,—4¢, is the 
total change of direction 
of the curve between Ff 
and &. If ¢,—¢,=Ag¢, 


expressed in circular meas- 


ure, the ratio au is the average change of direction per linear 
8 


unit of the arc RR. Regarding ¢ as a function of s and 
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Ad 

As 

have -, which is called the curvature of the curve at the 
8 


taking the limit of as As approaches zero as a limit, we 


point PB. Hence the curvature of a curve is the rate of change 
of the direction of the curve with respect to the length of the 
are (§ 92). 


ibe a is constant, the curva- 
8 


ture is constant or uniform; 
otherwise the curvature is va- 
riable. Applying this defini- 
tion to the circle of fig. 156, of 
which the center is C and the 
radius is a, we have Ad = ECE, 


"| 


Fic, 156 
and hence As = a Ad. Therefore 
A i dp 1 : 
at ue Hence epee and the circle is a curve of constant 
As a ds a 


curvature equal to the reciprocal of its radius. 

106. Radius of curvature. The reciprocal of the curvature is 
called the radius of curvature and will be denoted by p. Through 
every point of a curve we may pass a circle with its radius 
equal to p, which shall have the same tangent as the curve at 
the point and shall le on the same side of the tangent. Since 
the curvature of a circle is uniform and equal to the reciprocal 
of its radius, the curvatures of the curve and the circle are the 
same, and the circle shows the curvature of the curve in a 
manner similar to that in which the tangent shows the direction 
of the curve. The circle is called the circle of curvature. 

From the definition of curvature it follows that 


ke ds 
p= ad 


If the equation of the curve is in rectangular codrdinates, 


ds 


by (9), $84, _ dx 


RADIUS OF CURVATURE 


To transform this expression further, we note that 
ds" wa i Fess ae dy ; 
whence, dividing by dz and taking the square root, we have 


ds | dy\" 
ea EOLA 
dx a (32) 


= tan-(22), (by § 91) 


Since 


+2] 
Substituting, we have et EE 


In the above expression for p there is an apparent ambiguity of 
sign, on account of the radical sign. If only the numerical value 
of p is required, a negative sign may be disregarded. 


2 
Ex. Find the radius of curvature of the ellipse = 
a 


woe 
+ in il, 
bx 
Here dy sa” 
dx ary 
and Pom 
da? 


ays 
Therefore 


= (aty? + bir?) i 
p ath4 


Another formula for p, that is, 


id 
may be found by defining ¢ as the angle between OY and the 
tangent and interchanging 2 and y in the above derivation. 
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107. Radius of curvature in parametric representation. 
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If z 


and y are expressed in terms of any parameter ¢, the radius of 


curvature may be found as follows: 


ds 
a: ds - dt 
P= dd = ag 
dt 
But # = (2) (tz 
x dt Fy aa 
dy dt 
and Bee tes Baty 
$ an re tan a 
dt 
(=) d*y Ms (22) dx 
whence dp =e dt dt? dt dt? 
die -ale Naaahc mate 
It ‘da\* 
fe} 
a dx dt, 
dt, 
dx d*y dy dx 
_adt dt? dt de 
— i au . 
(S +(4 


Therefore, by substitution, 


Ex. Find the radius of curvature of the cycloid 
r=adh—asin®g, 


y=a—acos¢. 


(By (9), § 84) 


(by (2), § 91) 


Here the parameter ¢ of the general formula is replaced by ¢. 
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Therefore an =a— acos®@, 
= =asing; 
og 28nd 
A= acosd 


[a?(1— cos @)? + a? sin? o]} 
a(1— cos d) - acos¢ — asin g (asin gd) 


= 22a(l = cos $)? 


Hence, by substitution, p= 


108. Radius of curvature in polar coordinates. For a curve 
expressed in polar coordinates the radius of curvature may be 


found as follows: ds 
ds dO 
[VS db dd (By (9), 8 84) 
dé 
oR 
From § 104, 76 N’ ++ 7 
and, from § 103, g=V~t+. 
db 4 i 8 lt 
Then ae a6 =1+—, tan a 
dé 
es 
Agel dé dé? 
rc) 
dé 


Substituting these values and simplifying, we have as the 


required formula, dr\*1! 
: [7+(z5) | 


= Salad: 
$42(5) — om | 
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Ex. Find the radius of curvature of the cardioid r = a(1 — cos 6). 


Here 


Therefore 


or 


+ 


\ 


eye 


Tr 


3 


OT wine and atcees 
do 


do? 
[a?(1 — cos 8)? + a* sin? ak 
on a?(1— cos 0)? + 2 a? sin? 9 — a(1— cos 6) a cos6 
Beier Cercos 2 ~ 2 a 
~ a2(3 — 3 cos 6) 


p= 4 (2ar)}. 


(1— cos 6)?, 


PROBLEMS 


Find al in each of the following cases : 

Loy 1 sink 2 a. 2. y=1sin°3e2—1H sin’ 3a. 
anes ee 

: y =—(jsin ax — sin ar) 

- y= txux—tsin4z. 5. y=}hxu—sin(2—42). 

a cos? 3 x (4) cos’ 32 — dcos3 2). 

Veos 2 a (cos? 2 x — 7). 


- y =4 cos(2a +1) [cos?(2a2 + 1) — 3}. 
- y= tan’a + tan’ + tana. 


2 x ea 
- y= tan’5— 2tan5+a. 
2 2 


11. y =— }ctn? (2 + a”). 
3 i % 2 
12. y=— setn’= + ctn®= — 3ctn= — 
2. ¥ 5 ctn 3 t ctn 3 3 etn 3 
2 z 
13. y¥ = ssec®—- 
y = Rsee?5 
5 ae ye ee a | a 
14, 4 = 25 foe (4 — 77 see e+ 5; sectZ). 
1 2 
15. y=— (ese bx — ctn be), 419. y =sin-} ee 
U6 y = sin-!2 2, 1 a+ 3 
= = — =a 
(1 y =sin“(22 — 1), 6 OS Foae haem 
. —2 
18) y = sin-) = : 21. Mey ea 


3 


22: 


24. 


25. 


26. 


27. 


28. 


™ 36. 
+ 37 


38. 


39. 
* 40. 


y 41. 


|42. 


\ 43. 


* 44, 
' 45. 


AC 
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se2+1 4 l-« 
¥ = cos"* ae v 29. y = cth-* : 
3) x 
_,7— a 30. y= 860 *3 x. 
y = cos wi aa 9 
a + a oS 
OW be re eae 


y = tan-!(@ — 2). 


=. ae 
y = tan) Va? + 2 a 32. y= see" (w +=). 


Dy ee 
y = tan ae 33. y = cse-1(4a? + 42). 
1 @ V1 + x? 
y = ctn ae \ 34. Y RO ar : 
-5 ae Bene comms 
y = ctn ae 1 35. y = cse (G+): 
Aa EET aia v 
y= 2 tan —+@ etn 3 (ot ae. 
1 4 Oe. ah Ge 
y¥=—5(@+3a)V2Zaxr—x ae te a 
= ] 2 : 2 us 
y og (2 x 42+ 3) Se Py pe ee Va? + a? =a 
y = log Vz? + 4a + 3.6 S ee 
1 oy 3 w AT. y= logsin a: 
T7498 oe a 5 48. y = log(sec3.x-+ tan 3a). 
y= Niopet a Vs, 1—sin5 
2V3 “324-3 49. y = log ————.. ~~ 
1 1+sin= 
Le 2 
das Salad 2tanz +1 


y = log(3a+~V9 a? + 2). ae 0k tana + 2 
y = klog(a? + Va" — a’). tS ara: 


52. y= log V2’? rey maar 
53. y= 3 Vai — at + log (x? + V2 — as) 


5A, 1, Ae cos 2x 
Y= 38 T+ cos 2a ~ Asin? 2a 

mei bo. Pax (log oh One ax + 2). 
> 66. y = log(a? + Vat —1)— sec"! 2? 
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57. y= 2a tan-! 2a — log V1+ 427. 
+58. y = log(2a?+1)+ V2 tan 2 V2. 


59. ¥ = tan~' ar — ; log Vi+ aa". 


60. y =a sec”! ax — * og (as + Va%x? —1 1). 


61. y=e *. 69. y= ee a>? —q-2™) + g?, 
62. y = }e" +}, : 
e3: y= een =. 10-2 oe sa loei at 1). 
64. y= pen, ee e**(a sin mx — mM COS Mz ) 
\ 65. y=—} 1 qcoe2r a? + m* 
66. y=h(e*— e787) 4 3(e7— e-*) 72. Y= Caner 
eb ter gbter = Cae, 
6.7 = ee Cr sie 
oY e(1 + log a) " 2 
eae err a e722 
68. y = — (a*x* — 2ax + 2). 74. y = sin~!——__—_.. 
g a ( ) ¥ eF 4 et 
ex -2x C4 = 
75.7) =='secn oe — tan-* ——<. 


“X76. y = log V2 — Qe + e* + (e* — 1) ctn-"(e* — 1). 


Pe stage ee A 
Ue GS 2 2 2 See beceney A 
y an e+ 2a egir 


o rey as = 
78. y = 3 log (# + 4) + log ee + tan-"5- 
: fee 
~ 79. y vice ee a? — a? 
x 
=e x 
80 een g tae 
Ver + Va 
xwet+a 
$1. y = sec! —1 = — 
y = sec A aaa log(a + a + V2? + 2ax + 2azx). 
82. y = 2sin-! V2 e — & + V2e — &* log (2 — e*). 
83. y =(e)™. ‘ 
BA. ya (e). ST. y a) 
85. y = (x). 88. y =(a?+ a ‘a. 


86. 7 = (tan Vans : 
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ae 
Find Ss in each of the following cases: 
191. sin(a + 2y)+e%*+¥ = 0, 


>92. a + y* = 0. 


89. tan-1# ah 0. 


~ 90. sin“? + Vy — 2? = 0. 
\ 93. ¥* — sec xy — tan ry = 0. 


Find a and oY in each of the following cases : 
94. e + e%= ert, 96. log («? +?) — tan 1% = 0. 
"on. eS a he rea 0. 97. cos(a+y) + cos (a — SE. 

y 98. et ty = y”, 

99. Show that the portion of the tangent to the curve 
ee gg GE oes aaa 
EI Fe 

included between the point of contact and the axis of y is constant. 

(From this property the curve is called the tractriz.) 


2 


— 100. Draw the curve y = e~* cos bax, and prove that it is tangent 
to the curve y = e~™ wherever they have a point in common. 


sin x 
101. Draw the curve y = 


7» and show that it is tangent to 
x 


1 eee 
the curve y = — wherever they have a point in common. 
H 0 
102. Find the angle of intersection of the curves y= sinx and 
y = COS x. 


\ 103. Find the angle of intersection of the curves y = sina and 


= sin( +7) 
i x Bila 


104. Find the angle of intersection of the curves y = sinxw and 
y = sin 2. 


~\ 105. Find the point of inflection of the curve y = (a +1) tan-'a. 


_106. Find the points of inflection of the curve y = e~™. 
oe 
107. Find the point of inflection of the curve y = e!~”. 


108. Draw the curve y = log tan’x. Find a point of inflection and 
the slope at that point. 
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109. Prove that the curve 
y= ku —3sing+ pysin2e 


has an indefinite number of points of inflection, and that two of 
them lie between the points for which « = 6 and « = 10 respectively. 


Find the turning points and the points of inflection of the follow- 
ing curves, and draw the curves. 


4 —— e37n ne 
S110. ne ge. 113. y= sine. 


114. y=2sine+4sn2za. 
id Veeeye— re 2 / es 3 


xr 
iad 115. zy =a’ log-- 
128 yes = y ae 


\ 116. A tablet 10 ft. high is placed on a wall so that the bottom 
of the tablet is 8 ft. from the ground. How far from the wall should 
a person stand in order that he may see the tablet to the best advan- 
tage; that is, in order that the angle between the lines from the 
observer’s standpoint to the top and the bottom of the tablet may 
be the greatest ? 


117. One side of a triangle is 5 ft., and the opposite angle is 40°. 
Find the other angles of the triangle when its area is a maximum. 


. 118. Above the center of a round table is a hanging lamp. What 
must be the ratio of the height of the lamp above the table to the 
radius of the table in order that the edge of the table may be most 
brilliantly lighted, given that the illumination varies inversely as | 
the square of the distance and directly as the cosine of the angle 
of incidence ? 

119. A weight P is dragged along the ground by a force F. If 
the coefficient of friction is A, in what direction should the force be 
applied to produce the best result ? 


120. An open gutter is to be constructed of boards in such a way 
that the bottom and the sides, measured on the inside, are to be each 
5 in. wide, and both sides are to have the same slope. How wide 


should the gutter be across the top in order that its capacity may be 
as great as possible ? 


121. A steel girder 27 ft. long is to be moved on rollers along a 
passageway and into a corridor 8 ft. in width at right angles to the 
passageway. If the horizontal width of the girder is neglected, how 


wide must the passageway be in order that the girder may go around 
the corner ? 
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~122. Given that two sides and the included angle of a triangle 
have at a certain moment the values 8 ft., 12 ft., and 30° respectively, 
and that these quantities are changing at the rates of 4 ft., — 3 ft., 
and 12° per second respectively, what is the area of the triangle at 
the given moment, and how fast is it changing ? 


4123. A particle of unit mass moves in a straight line so that 
3 t : : F 
s=6— 5 sin? where ¢ is the time and s the distance from a 


point 0. Find when the particle is moving forward and when 
backward. Find also the greatest distance which the particle 
reaches from 0, and the force which acts upon it. 


» 124. A motion of a particle in a straight line is expressed by the 
equation s = 5 — 2 cos*t. Express the velocity and the acceleration 
at any point in terms of s. 


125. Two particles are moving in the same straight line, and 
their distances from the fixed point 0 on the line at any time ¢ are 


respectively «=acoskt and x'=acos (xe _ 7), k and a being 


constants. Find the greatest distance between them. 


126. If s = ae + be-*™, show that the particle is acted on by a 
repulsive force which is proportional to the distance from the point 
from which s is measured. 


127. If a particle moves so that 
s = e-t(asin ht + bcos ht), 


find expressions for the velocity and the acceleration. Hence show 
that the particle is acted on by two forces, one proportional to the 
distance from the origin and the other proportional to the velocity. 
Describe the motion of the particle. 


128. A revolving light in a lighthouse } mi. offshore makes one 
revolution a minute, If the line of the shore is a straight line, how 
fast is the ray of light moving along the shore when it passes the 
point of the shore nearest to the lighthouse ? 


129. A, the center of one circle, is on a second circle with center 
at B. A moving straight line, AWN, intersecting the two circles at 
M and N respectively, has constant angular velocity about A. Prove 
that BN has constant angular velocity about B. 
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130. BC isarod a feet long, connected with a piston rod at C, and 
at B with a crank AB, b feet long, revolving about A. Find C’s velocity 
in terms of AB’s angular velocity. 

131. A body moves ina plane so that x=acost+b,y=a sint + ¢, 
where ¢ denotes time and a, 4, and ¢ are constants. Find the path of 
the body, and show that its velocity is constant. 


132. The parametric equations of the path of a moving point are, 
in terms of the time ¢, x = acoskt, y =) sin kt, where a, b, and k 
are constants and a >. Prove that the path is an ellipse. Find 
the velocity of the point in its path. Find when the velocity is a 
maximum and when a minimum. 


133. A particle moves so that 2 = 2cost — cos 2t, y = 2 sint — 
i Pied Pr T 
sin 2t, where ¢ is the time. Find its velocity in its path when ¢ = 2" 


134. If a wheel rolls with constant angular velocity on a straight 
line, required the velocity of any point on its circumference; also of 
any point on one of the spokes. 


135. Prove that a point on the rim of the wheel of problem 134 
has a component of velocity parallel to the straight line on which 
the wheel rolls, proportional to its distance from OX. 

136. Show that the highest point of a wheel rolling with constant 
velocity on a road moves twice as fast as each of the two points in the 
rim whose distance from the ground is half the radius of the wheel. 


137. If a wheel rolls with constant angular velocity on the cir- 
cumference of a fixed wheel, find the velocity of any point on its 
circumference and on its spoke. 


138. If a string is unwound from a circle with constant angular 
velocity, find the velocity of the end in the path described. 


139. A man walks along the diameter, 200 ft. in length, of a semi- 
circular courtyard at a uniform rate of 5 ft. per second. How fast 
will his shadow move along the wall when the rays of the sun are 
at right angles to the diameter ? 


140. How fast is the shadow in the preceding problem moving if 
the sun’s rays make an angle a with the diameter ? 


141. A man walks across the diameter of a circular courtyard at 
a uniform rate. A lamp, at one extremity of the diameter perpen- 
dicular to the one on which he walks, throws his shadow on the wall. 
Required the velocity of the shadow along the wall. 
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142. A ladder 4 feet long leans against a side of a house. Its foot 
is drawn away in the horizontal direction at the rate of a feet per 
second. Find the path described by the center of the ladder and the 
velocity of the center in its path. 


143. Find or and ay for the curve s=a(cos$+ ¢sin 9), 
y = a(sin ¢ — ¢ €os #@). 


ed & : 
144. Find os and os for the curve x = a cos’ ¢, y = asin’ ¢. 


dy 
145. Find 5 ay 7, and Ta 7) / for the curve x = e! sint, y == e' cos ¢. 
146. Prove that the logarithmic spiral r=e” cuts all radius 
vectors at a constant angle. 


147. Prove that the angle between the normal and the radius 
vector to any point of the lemniscate is twice the angle made by 
the radius vector and the initial line. : 

148. Prove that the angle between the cardioid r = a(1 — cos @) 
and a radius vector is always half the angle between the radius 
vector and the initial line. 


149. If pis the perpendicular distance of a tangent from the pole, 
iad ‘ z 


dr 
Dake By 


150. If a straight line drawn through the pole O perpendicular to 
a radius vector OP meets the tangent in 4 and the normal in B, 
dr 
do 

151. Show that for any curve in polar codrdinates the maximum 
and the minimum values of 7 occur in general when the radius 
vector is perpendicular to the tangent. 


prove that p = 


show that 0A = 2S and OB = 


152. Sketch the curve r = 2 + sin 3, and find the angle at which 
it meets the circle r = 2. 

153. Sketch the curve 7? = a Anes and determine the angle at 
which it intersects the initial line. 

154. Sketch the curves =a?sin26@ and r= a’cos 26, and 
show that they intersect at right angles, 
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155. If a particle traverses the cardioid r = a(1 — cos 6) so that 
6 makes uniformly two revolutions a second, find the rate at. which 
r changes, and the velocity of the particle in its path: (1) when 


6 =5 (2) when @= z. 


156. Find the velocity of a point moving in a limagon 
r=acos6+b 
when 6 changes uniformly. 


fe O : 
157. When a point moves along the curve r= 4 sin’ = at a uniform 
Oo 
rate of 2 units per. second, find the rates at which @ and r are 
changing: (1) when 6 = -. (2) when 6 = z. 


2 


158. Find the radius of curvature of the curve at ae ys =a’. 

159. Find the radius of curvature of the catenary y = 5 (e +e *). 
ig = ne 

160. ae that the catenary y= 5 Ce" +e “) and the parabola 

y=at oa have the same slope and the same curvature at their 


common point. 


161. Find the radius of curvature of the curve 7? = (x — 2) 
at the point for which a = 3. 


162. Find the radius of curvature of the cycloid 


— 4 94 —— 
+ V2 ax — 2? 


a 
== a, cos 


a2 
. . ad 
-at a point for which a = 


aie 
~ 


163. Find the radius of curvature of the curve y= eo 7” sin Sa 
at the origin. 


~164. Find the least radius of curvature of the curve y = log a. 


165. Find the points of greatest and of least curvature of the 
sine curve y = sina. 


166. Show that the curvature of the parabola y = az + ba +e 
1s &@ maximum at the vertex. 


167. Show that the product of the radii of curvature of the curve 


y =ae “at the two points for which x = + a is a? (ete)* 
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168. Find the radius of curvature of the four-cusped hypocycloid 
x= aeos*d, y = asin’ ¢. 


169. By use of the parametric equations of the ellipse find the 
points where the radius of curvature is a maximum or a minimum, 
and the values of these radii. 


170. Find the radius of curvature of 7 = a(2 cos 6 — 1). 

171. Find the radius of curvature of the lemniscate 7? = 2 a? cos 2 6. 

172. Find the greatest and the least values of the radius of 
curvature of the curve r= a sin’. 

173. If the angle between the straight line drawn from the origin 


perpendicular to any tangent to a curve and the radius vector to 
the point of contact of the tangent is either a maximum’ or a mini- 


mum, prove that p = ue » where p is the length of the perpendicular. 
vs 


CHAPTER XII 
INTEGRATION 


109. Introduction. In § 80 the process of integration was 
defined as the determination of a function when its derivative or 


its differential is known, and was denoted by the symbol | ; 
that is, if Vayda ei Gy, 


then [F@ da= F(Z). (1) 


The expression f(x)dz is said to be under the sign of inte- 
gration, f(x) is called the integrand, and F(x) is called the 
integral of f(x)dx; sometimes F(x) is called the indefinite 
integral, to distinguish it from the definite integral defined 
m § Sl. 

The determination of the indefinite integral is important in 
a wide range of problems, and for that reason we shall now 
deduce formulas of integration. 

We ought to note first, however, that a more general form 


of (1) is 
[t@ dx = F(x) + C, (2) 


where C is the constant of integration (§ 80). In each of the 

formulas we shall derive, C will be omitted, since it is inde- 

pendent of the form of the integrand, but it must be added 

in all the indefinite integrals determined by means of them. 
110. Fundamental formulas. The two formulas 


eae = ef du (1) 
and faut dot dot os d= fact fadot fdw+ te (2) 


are of fundamental importance, one or both of them being used 
222 
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in the course of almost every integration. Stated in words 
they are as follows: 
(1) A constant factor may be changed from one side of the sign 
of integration to the other. 
(2) The integral of the sum of a finite number of functions is 
the sum of the integrals of the separate functions. 


To prove (1), we note that since edu = d(cu), it follows that 


fea =fa (Ch) = t= ef du 


In like manner, to prove (2), since 


du+dv+dw+.--=d(utv+w+---), 
we have 


[Get det dot j= fd@totwt.+ 
=U+VU+W+->> 


= faut fdot faut... 


The application of these formulas is illustrated in the follow- 
ing articles. 
111. Integral of u”. Since for all values of m except m= 0, 
ad (u™) = mu" * du, 


aire 
or a(")= i Os 
mM 


me 


it follows that fora ie 


m 


Placing m=n+1, we have 


ur" = lel 1 
ie du = 
if u ae CY) 
for all values of n except n=—1. 
In the case n =—1, the expression under the sign of inte- 


gration in (1) becomes gu which is recognized as d (log w). 
3 U 


Therefore on = log u. (2) 
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In applying these formulas the problem is to choose for x 
some function of 2 which will bring the given integral, if pos- 
sible, under one of the formulas. The form of the integrand 
often suggests the function of « which should be chosen for w. 


Ex. 1. Find the value of f (a+ ba + 2 -- a) dz. 


Applying (2), $110, and then (1), § 110, we have 


J (a+ be + © a S)ite= faces fortes f* de + f Gaz 
aes det bfrdetef Esefe smth 


The first, the second, and the fourth of these integrals may be evaluated 
by formula (1) and the third by formula (2), where u = z, the results being 


: : 1 Ma oe, EG 
respectively 3 ax’, 5 bx*, — x and clog z. 
Therefore 
f (ae be + e = Sate = eee Let clogz — Ste 
fe ae 3 2 x 


Ex. 2. Find the value of f (ae? + DN ate 


Tf the factors of the integrand are multiplied together, we have 


lie + 2)xdx Si fie:. + 22) dz, 


which may be evaluated by the same method as that used in Ex. 1, the 
result being }at+ 27+ C. 


Or we may let 2? + 2 = u, whence 2 xdx = du, so that rdx = } du. Hence 


f@+ 2)xdx = f hud = b fudu 


= 4 (27+ 2)7+ C. 
Tnstead of actually writing out the integral in terms of u, we may note 
that xdx = }d(2*+ 2) and proceed as follows: 


J @+ Dede = f+ 2)4d(*t 2) 
$ (@ + 2)d@a*+ 2) 
¥ (a? + 2)7+-C. 
Gempariad the two values of the integral found by the two methods of 


integration, we see that they differ only by the constant unity, which many 
be made a part of the constant of integration. 
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i 
Ex. 3. Find the value of if. (ax? + 2 br)8 (ax + b) dz. 
Let az? + 262 =u. Then (2 ax + 2b) dx = du, so that (ax + b)dx = }du. 
Hence if (ax? + 2 bx)® (ax + b) dz = a duidu 


= 4 (ar? + 2br)t + C. 
Or the last part of the work may be arranged as follows: 

J (a2? + 2b2)8 (ax + Dye = f (ax? + 2bx)* 4d (ax? + 2 bx) 
= 3 fae + 2 bx)®d (ax? + 2 br) 
= 1 (az? + 2 bx)? +. 

4 (ax + b) dx 4 f [ax 
ax? + 2 br : 


As in Ex. 3, let az?+2be=u. Then (ar+2b)dx=du, so that 
(ax + 6) dx = }du. 


Hence ft S = pSaaf? 


ax® + 2 bx u u 
=2logu+C 
= 2 log (ax7'+ 2 bx) + C 
= logi(Gn? 4 2ibn) PC, 


Ex. 4, Find the value of i 


4(ax+b)dx _ ¢2d(az? + 2 bz) 

oa f ax? + 2b =f ax? + 2 bx 
= ZT d (ax? + 2 bz) 

a ax? + 2 ba 


= 2.log (az? + 2 bz) + C 
= log (az? + 2 bx)? + C. 


Ex. 5. Find the value of f (6% + b)* eda. 
Let e*+b=u. Then e“adz = du. 


Hence le + be dx = fer 


a 


= : fedu 


= 18 +C 
8a 


=> (ct +) +0, 
34 


or {Mes aa b)* ee Afi f ; (e% + b)?d (e% + 6) 
—_ 1 x 2 La 
== { (= +0) d (e+ b) 


1 : 
= — (e + b)8 + C. 
ree ape ay 
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sec? (ax + b)dz 
tan (az + 6) +e 
Let tan (ax + 6) +c=u. Then sec? (az + b)adz = du. 


sec? (ax + b) da 1 du 
renee J tan (aa +e tan(az + b) +c = 9 


Ex. 6. Find the value of y) 


_l pau 
iS a Uu 
= alae ut+C 
a 
al 
= —log[tan(ar + b)+c]+C, 
a 
Ags i sec*(ax + 5) dz = f= _d[tan (ar + 6) +c] 
tan(ax+ 6)+c a tan(ax+b)+ec 


Si G5 
T«@ tan(az + b)+e 


= Liog [tan (az + 6) +c] +C. 
a 


The student is advised to use more and more the second 
method illustrated in the preceding problems as he acquires 


facility in integration. 


112. Integrals of trigonometric functions. By rewriting the 
formulas (§ 96) for the differentiation of the trigonometric func- 


tions we derive the formulas 


f cos udu = sin u, 
if sin udu =— cos u, 
ip sec?udu = tan u, 
fesetn du =— ctn u, 


af sec u tan udu = sec u, 


fese wctn udu =— ese u. 


C) 
(2) 
(3) 
(4) 
©) 
(6) 
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e) 


Again, placing tan?x = tanx(sec*z — 1), 


) \ \ 

we have ftantx dx = f tancsec*xdx — ftanzde me 
x \ \ 

\ 


= }tan’z + log cosx+ C. 
Hence, by substitution, 


fitansz dx = tan*tz — }tan?xz — log cosx + C. 


When the above method fails, the integral can often be 


brought under one or more of the fundamental formulas by a 
trigonometric transformation. 


. Ex. 6. Find the value of fcostade. 


Since cos*z = $(1+ cos 22), 
we have focostzdx = sfa + cos 2 x) dx 
= bf de + } cos 2d (22) 


=}$r+ }tsm2r+C. 
Ex. 7. Find the value of fosints costx dz. 
Placing sin’z cos*z = (sin z cos «)?cos?z, 
we have sin? z cos*z = 4sin?2 2(1 + cos 2 Pp 
Therefore fein? costa dz =  f sin? 2axdx + } f sin? 2x2 cos 2 xdz. 
Using the method of Ex. 6, we have 
f sin?22de = sfa — cos 4 x) dz 
=427—+4sin4z2. 
Writing sin? 2 x cos 2 edz = sin? 2 x (cos 2 xdz) 
and placing sin 2 z = u, we have 
J sin?2 xcos2adz = b futdu 
=}u 
= 4 sin’? @. 
Combining these results, we have, finally, 


f sints costadr = peut gysin' 2x — gy sintr+ C. 
AC 
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Ex. 8. Find the value of J V1 + cos 2dr. 
Since cos az = 2 cos? — i 
VIF 0057 = VE cos? 
Therefore [VIF coszdz = {v2 cos 5 dx 


ua 
=2-vV2sin-- 
2 


113. Integrals leading to inverse trigonometric functions. From 
the formulas (§ 97) for the differentiation of the inverse trig- 
onometric functions we derive the following corresponding 
‘ormulas of integration : 


du ae = 
Vea =SmM “U Or — cos 4, 
1—u 
du 
fae = tan-!w or —ctn*u, 
u 
du AG oe 
ata u or —cse tu 
uvur — 


These formulas are much more serviceable, however, if wu is 
u ark ; 
replaced bys" (a >). Making this substitution and evident 
reductions, we have as our required formulas 


du 


ee nih Cy 
Va? — v2 a 
du 1 u 
P — if = = 
ie Ei we at a’ CS 
du 1 Uu 
ee aoe =—sec7? ——> 0) 8 
Ia Se i a a (8) 


Only one of the possible values has been given for each 
integral, as that single value is sufficient for all work. 


Referring to 1, § 97, we see that sin"*= must be taken in the 


first or the fourth quadrant; if, however, it is necessary to 
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have sin-!“ in the ae or the third quadrant, the minus 
a 


. a < 5 U 
sign must be prefixed. In like manner, in (8), sec~!— must be 
: a 


taken in the first or the third quadrant or else its sign must 
be changed. 


Ex. 1. Find the value of Ce. 
9— 42? 


Letting 22 = u, we have du = 2 dz, and 


, .) » 
{|= = = {ee ne 
V9 —4 V9—(22)? 2 3 


Ex. 2. Find the value of f 


ar x — 7 
If we let V3 x = u, then du = V3 dz, and we may write 
i; dx =i d(v3 2) ee V3Ba rc 
vag —4 ee % 2 


Ex. 8. Find the value of die 


4x2—<2? 


Since TS eee ra 
dx d(x — 2) 
we have ee 
SS \ rerraeey: ai bereraary 
pee. 
Ex. 4. Find the value of iPeewewet 


To avoid fractions and radicals, we place 


dz a 8 dx =n. Adz ; 
227438245 16274+24r+40 ~ (42+3)24+ 381 


Therefore 
1(4 3 
f dz =2f ane a (ee ee 
2274+ 3245 (42 +3)?+ 31 (4a + 3)?+ 31 
7 4n + 3 
= tan—? ——+C, 
V31 V31 


The methods used in Exs. 3 and 4 are often of value in dealing with 
functions involving az? + br + c, 


232 INTEGRATION 


8 
Ex. 5. Find the value of pete. 


5+ 424 
Separating the integrand into two fractions, that is, 
oe L 
5 44ae 6a ak 
and using (2), § 110, we have 
(ae ew) dae =f seas oY, xdx 


5+ 424 5+42t J5 +424 
xdz if 16 2° dz 1 # 
t ———_=— {| ——__~_ = —_log (5 + 424), 
Ba a ie. ee ig oe 
adx it 4 xdz 1 Leake 
and = = = — tan—1——. 
Ota 4:4 > Gia) 4/5 V5 
Therefore : 
(i+2)de_1), 5 holy e 1 Wes, CARE! 
i a feces eye Ve. 


Ex. 6. ie oa - = [tan-12]¥8 = tan-1 V3 — tan-1(— tye 
=a! x 


There is here a certain ambiguity, since tan-1-V3 and tan-!(— 1) have - 
each an infinite number of values. If, however, we remember that the graph 
of tan—1z is composed of an infinite number of distinct parts, or branches, the 
ambiguity is removed by taking the values of tan-1 3 and tan-1(— 1) from 


b 
the same branch of the function. For if we consider i Oo = tan-15 — 
a hs 


tan—1a and select any value of tan—1a, then if > = a, tan—16 must be taken 
equal to tan-!a, since the value of the integral is then zero. As b varies 
from equality with a to its final value, tan-!5 will vary from tan—1a to the 
nearest value of tan-1b. 

The simplest way to choose the proper values of tan—!b and tan~!a is 


to take them both between — e and =. Then we have 


the dx =t_(-2).u 
—ti+22 3 4} 12 


Ex. 7, ik =| sin=] = sin-1} — sin-10. 
Taos Go 


The ambiguity in the values of sin-1} and sin-10 is removed by notic- 


2/2 


ing that sin te must lie in the fourth or the first quadrant and that the 
L 


two values must be so chosen that one comes out of the other by continuous 
change. The simplest way to accomplish this is to take both sin-!} and 


P. T 
sin-10 between — = and <. 
‘ 


te dz 7 T 
Th ee eg ee 
en ib ; " 
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114, Closely resembling formulas (1) and (2) of the last 
article in the form of the integrand are the following formulas: 


du — 
= = lor (ee eV a7)! if 
Ie g( ) oo 
iP t= log(u+ Vea), (2) 
Vii — . ; 
du i ey) bovik a—uU 
d ieee wea | i : 
a (aes 2 a “Catal 2a carey (8) 


To derive (1) we place u=atan ¢. Then du =asec’¢d¢, and 
Vui?+ a? = asec g. Therefore 
du 

—————- = ] sec’ a 

Vu + a? ip ise 
= log (sec + tan f) (by (9), § 112) 

e tVoe+ =) 

== log <a 
= log(u+Vu?+ a?) — log a. 

But loga is a constant and may accordingly be omitted from 
the formula of integration. If retained, it would affect the 
constant of integration only. 

To derive (2) we place w=asecd¢ and proceed as in the 
derivation of (1). 

Formula (3) is derived by means of the fact that the fraction 


- ; may be separated into two fractions, the denominators 
u—dca 


of which are respectively w—a and u+a; that is, 


1 1 a 1 
eS Ae —a ut +) , 
Then af a _= zal ae t ) a 
=a 26 Uu—a. Uta 
1 du du 
=57 | cae 


= [log (uw — a) — log (u + a)] 
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od 


The second form of (2) is derived by noting that 


du — du 
= — —WU). 
i iver ie ea) 


The two results differ only by a constant, for 


a—uU a petal ec 
atu uta 
a—uU u—a 


= = if: i} | 
and hence log log(—1)+ log ae 


atu 
and log(—1) is a — complex quantity which can be ex 
pressed in terms of V— 


Wx Ls Find the value of a 
V3a?+42 


To avoid fractions we multiply both numerator and denominator 
by V3. ee 
dx ved V3 dz 
Then 


Vim442 V9xt+122 Vn+2)—4 
Letting 32 +2 =u, we have du = 3 dz, and 
if dx See) 3 dx 
V322+42 V3 (8a + 2)?—4 
1 : 
= —log (824+24+~vV(324 2)?—4)4+C 
zis G24 2+VGEt BFE. 


= Slog (82 424-VOaP HIDE) + & 


Ex. 2. Find the value of toa 
x—15 


Multiplying the numerator and the denominator by 8, we have 


if dx ie of 4 dx 
2a27+2-15 “J (42+1)?—(11)? 


4@2+4+1)—11 
og Ms 
=a Cetin 
1 22 — il 22-5 
This may be reduced to — lo Lia Cc log 
y Tet Geb oae Dar Oy eet cee eae ae rs? +6 
and the term — 1}, log 2, being plaeeecnenn of x, may be omitted, as it will 
only affect the vane of the constant of integration. 
(8x2 + 4) dx 


Ex. 3. Find the value of poe ae 
227 +2— 


Tf 22?+2¢—-15 =u, du= (42 +1)dz. 
Now 32 +4 may be written as $(424+1)+ 43. 
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Therefore ert) ae = RAGS e ere lez 
2274+ 2—15 2 eee 
Se (42 +1) dt dz 
a2 eres a 2224+ o¢—15 
The first integral is } log (227+ 2-15), oy § 111, and the last 
integral is of the form solved in Ex. 2 and is Flog = Ze nz a2, 
Hence the complete integral is “ 
2e¢— 
log (22? + 2-15) + log =* = +0. 


(22 + 5)dx 
V3227+42 


The value of this integral may be made to depend upon that of Ex. 1 
in the same way that the solution of Ex. 3 was made to depend upon the 
solution of Ex. 2. For let 327+42—=u; then du=(62 + 4)dz. 

Now 22+5=43(62+4)+ 1. 


Therefore f CSE = jee es 
V3 22442 Wet aoa 


11 dx 
a Fy 2 = — oe 
5 f@x+42) (62+ alt S/o 


The first integral is 4-V¥3 227+ 42, by (1), § 111, and the second inte- 
= log (82+2+4+-~V92?+122), by Ex.1. Hence the complete 
3 


Ex. 4. Find the value of is 


gral is 
3 


integral is 


V3274+4¢r+4+ 


co] bo 


wpe 2 +2 +027 +122) + CG 
3 


Ex. 5. Find the value of f see adz. 


dz cosadxz 
sec xdzx = aE Sere 
cosz cos 


= ie eeke ey! a 1 = singe 
sintzx—1l 2 1+ sing 
1 1+ sinz : 

ol Jar SY 

2 fa 

eae (1+ sin z)? TAG, 

2 1 — sin?z 

1 


= Fog (4 522)’ 40 


cos az 


= log (sec x + tanz) + C, 
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Ex. 6. Find the value of fz Dane 
As in Ex. 8, § 112, we place cos z = 2 cos? —1. 
Then 1+ 2cosz = 4cos* —1 


la! < j 


HH 


4 cos? = —1 


and 


Multiplying both numerator and denominator by sec?>, we have 


sec? 2 de sec? dz 
4 — sect? — sec? (tan? 5 am 1 —(tant% +1) 


sec? = 5 dz 
3 —tan?= 
2 
Now let tan =z. Then sec? = dz =2dz, and the integral assumes 
the form = = 
2 dz 2 —7/3 , 
fe ibe log = ve + C. 
boat oSee oes 
1 tan= + V3 
Hence Hf —lo ~ g 
1+ 2cosz Sy ie 


8 
tan = — V3 


115. Integrals of exponential functions. 


fe au — e" 
il 
and a‘du= a’ 2 
log a 


are derived immediately from the corresponding formulas of 
differentiation. 


The proof is left to the student 
116. Collected formulas. 


rd ats aL 
fda (nr #—1) 


(1) 
du 


—=\1 
= og U, (2) 


The formulas 


FORMULAS 


foes udu = sin u, 

fom udu =— cos u, 

free udu = tanu, 

ak ese’ u du = — ctn u, 

see u tan udu = sec u, 

fos uctn udu =-— esc u, 

fim u du = log sec u, 

fom u du = log sin u, 

fee u du = log (sec u + tan wv) = log tan (7 + ‘), 
£2 


fos u du = log (esc uv — ctn uw) = log tan 5 , 


du Fab se dt 


du a u 
- -=-tan'-, 
Op eM a 


du Ae 
=—— = — §$CC =§ 
uvw—a 4 a 


a = log (u + Vu? + a’), 


w+ oe 


du 


Van =o 
duu = 1 lo (rail grea Pores = 
(Gs are Fi a 2a rays 
fedene, 
fou=pe 
log a 


= log (u v4? — a*)s 
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117. Integration by substitution. In order to evaluate a given 
integral it is necessary to reduce it to one of the foregoing 
standard forms. A very important method by which this may 
be done is that of the substitution of a new variable. In fact, 
the work thus far has been of this nature, in that by imspection 
we have taken some function of x as wu. 

In many cases where the substitution is not so obvious as in 
the previous examples, it is still possible by the proper choice 
of a new variable to reduce the integral to a known form. 
The choice of the new variable depends largely upon the skill 
and the experience of the worker, and no rules can be given 
to cover all cases. We shall, however, suggest a few substi- 
tutions which it is desirable to try in the cases defined. 

I. Integrand involving fractional powers of a+ bx. The substi- 
tution of a power of z for a+ bx will rationalize the expression. 


ode 
(1+ 228 
Here we let 1+ 22 =23; then « = $(z23—1) and dr = 3 2dz. 
Therefore fj“. ede = fe — 2 2-2) dz 
G+22)t 
a 1 aS 2 5 ee YY 
5 (52 5 +52) +0 


= 337 27(5 2 —16 23 + 20)+C. 


Replacing z by its value (1 + 2 xs and simplifying, we have 


xda 3 2 
f= 0 t 2h 0-122 + 20240. 
(1 +2 x): 5 ~ 32 0 
II. Integrand involving fractional powers of a+ ba". The sub- 


stitution of some power of z for a+ 62" may rationalize the 
expression. 


9 


Ex. 2. Find the value of foe dx. 
a 


We may write the integral in the form 
as = a 
J*=E* (cacy 


and place z? + a?=z%. Then zdz = oe and the integral becomes 


(Pree 


a 
G: 
ree 


“—) d= 24 Stog? 
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Replacing z by its value in terms of x, we have 


2 2 a 
fPt8 waver + Hog StF 40 
* 2 Eee 


£x. 3. Find the value of ee +2 x) 2da. 
We may write the integral in the form 


¢ (1+ 2 x8)? (x*dz), 


9 


and place 1+ 22%=2*. Then 2*da'= }2zdz, and the new integral in z is 
bf (— Ade = py tBet—5)+C. 
Replacing z by its value, we have 
{? (1 + 22%)2dx = 4), (1 + 22°)2 (3 28-1) +. 
(x + 2)? — (x + 2)8 os 
(x + 2)# +1 


Here we assume z + 2=24. Then r=2'— 2, and dx = 4z°dz. On substi- 
tution the integral becomes 


en dey Pots oo oe = 2 ) 
tf Aa =a fl: az +2z 2242 Set 


=4fi2—f2t4+322—24 22-2 log(e+1)]+C. 


Ex. 4. Find the value of ip 


Replacing z by its value (x + 2)4, we have 

fEEDE G1 7, = et nt-2@ +2) 48 (e4 Ht 4@+9yh 
(a + 2)4 +1 2 : : ; 
+ 8(a + 2)4 — 8 log[(a + 2) +1] +C. 
Ill. Integrand involving Vai—x. Let x=asinz. 
Ex. 5. Find the value of { Ve = tae. 
Let =asinz. Then dz = acoszdz and Va? — 2? = acosz. 
Therefore [Va = Pac = a? { costzdz = sefa + cos 22) dz 
= 4a7(z + $sin2z)+C. 

But z= sint*, and sin 2z= 2 sinzcosz = 2-5 Vat — af. 


Finally, by substitution, we have 


[Vee = was =F (2Ve—2 + a? sin-12) +. 
\ a 
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TV. Integrand involving Vo+a. Let r=atanz. 


Ex. 6. Find the value of —— 
(x? + a®)3 
=, 


Let x =atanz. Then dx = asec?zdz and V2? + a? = asec z. 


lx if 1z bE : 5 
Therefore f—S=s/s == f[cosz Sane ees 6 
(a2 ae a®)? a? Sec z a? a> 


, so that, by substitution, 


x : 
But tan z = —, whence sin z = ————— 
a Ve2+ 0 


if dx a Bi 40 
@ + a®)2 a V x2 + a 


Tf we try to find the value of {v2 + a*dz by the substitution z=a tanz, 
we meet the integral a ('sec%z dz, which is not readily found. Accordingly 


for a better method see Ex. 6, § 119. 


V. Integrand involving Vz?— a. Let x= a secz. 


Ex. 7. Find the value of ie Vax? — a®dx. 
Let z =asecz. Then dx = a secz tanzdz, and Vx? — a?=a tanz. 


ear 
Therefore (ONE? SGP = a® f tan®z sectz dz 


= a® f (tan®z + tan*z) sec?z dz 
= a5(4 tan®z + } tan®z)+C. 


B Bae ai} es tren omue 
ut sec 2 = * whence tan z = eee? so that, by substitution, we have 


iat — @dr=y; V (2? — oats z)+C. 


We might have written this integral in the form [eva ot (@dz) 
and let 2? = 2? — q?. 


it 
(Av + B) Vax? + br te 


VI. Integrand of the form Let 


Ar+ B= 
Ex. 8. Find the value of f ue : 
(22 4+1)V522+82438 
a A 1 
Let2e+1 =<. Gea a de =— dz, and Vb +8243 
z z z 
=i Vet6z+6 


aoe 
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Therefore 
———————— ee _———a = 
(2241) V52°+ 8243 V2462+5 V(e+3)?—4 


: =—log(2+384V246z2+5)4+C. 
But z= ore and hence 


z+l1 
= 62+44+2V5224+ 8243 
— log (z+ 3 2+62z =5= 1G ce 
gC +V +5) og aT 
9 
By a AD 
8a+24V5224+ 8243 
Therefore 
f dz 2241 
= lg ST _—. ) 
(2241) V5224+ 8243 Ba+24+V5227 +8243 


— log 2 having been made a part of the constant of integration. 


118. The evaluation of the definite integral ib J(2)dx may 


be performed in two ways, if the value of the indefinite integral 


is found by substitution. 
One method is to find the indefinite integral as in the pre- 
vious article and then substitute the limits. 


Ex. 1. Find f “v a? — x dz. 
0 


By Ex. 5, § 117, 
fy @—artdr= 


So) 


5 («Ve — 2? + a’sin—!- “) 40. 


a ja 
Therefore f Va? — z?dx = s(x Vai — 2? + a? sin-12) | 
0 2 


wie 


=3(« ve V a? — a*® 4+ a*sin- 4) 
a. 
_ 5(9 Va?—O+ a’sin-1°) 
a 


wa? 


ae 
A better method is to replace the limits of Fl S(@)dzx by the 


corresponding values of the variable substituted. To see this, sup- 


pose that in f F(x) dz the variable x is replaced by a function 


of a new variable z, such that when 2 varies continuously from 
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a to b, 2 varies continuously from z, to z,. Let the work of 
finding the indefinite integral be indicated as follows: 


[1@we-= [e@u=2@=FO) 


where F(x) is obtained by replacing z in ®(z) by its value in 
terms of z Then 
F(b)—F(4)= P(z,)— ®E). 


But F(b)—F(a)= f Ft (2) da, 
and P(z,)— P(,)= [ (2) dz. 
Hence fr ho — ix: (2) dz. 


Applying this method to the example just solved, we have by Ex. 5, § 117, 
fy Ce a? { costzdz 
=ta(z2+4sin2z)+C, 


where z=asinz. When z=0,z=0, and when z=a, z=-—, so that z 


bola 


, 7 : 
varies from 0 to 5 a8 & varies from 0 to a. 


Tr 
a —EEEE oo 
Therefore ie Va? — 22dz = a? is * cos*zdz 
0 ° : 


= [3 a? (: + }sin2 yl 
0 


— ma" 

A 
In making the substitution care should be taken that to 
each value of « between a and 6 corresponds one and only 
one value of z between z, and z, and conversely. Failure to 

do this may lead to error. 
Ex. 2. Consider f # cos @ dd, which by direct integration is equal to 2. 
=3 


Let us place cos @ =x, whence ¢ = cos! and dp = — dx 


Vi-2 


the sign depends upon the quadrant in which ¢ is found. We cannot, 


» where 
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vr 


therefore, make this substitution in 


cos @ dq, since ¢ lies in two differ- 
ent quadrants ;- but we may write # 


2 


J cos $06 = [cos 4 ag + [F cos a4, 


and in the first of the integrals on the right-hand side of this equation 
place ¢ = cos—!z,d¢= a 


10x 
———., and in the second ¢ = cos—!2,d¢ = : 
Then vier V1l-2? 
: xdx 0 Ble 
“cos d d — 
iv te 0V1— x aS? OvAil 


119. Integration by parts. Another method of importance in 


the reduction of a given integral to a known type is that of 


integration by parts, the formula for which is derived from the 
formula for the differential of a product 


d(uv)=udv+vdu. 


From this formula we derive directly that 


w= fude + vd 


which is usually written in the form 


frdomur— f rdw 


In the use of this formula the aim is evidently to make the 


original integration depend upon the evaluation of a simpler 
integral. 


Ex. 1. Find the value of f ce*dz. 


Tf we let c= u and edz = dv, we have du = dz and v = & 
Substituting in our formula, we have 


fe Caen — fer dx 
= cer — eC 
=(t—l)e+C. 


It is evident that in selecting the expression for dv it is desirable, if 
possible, to choose an expression that is easily integrated 


244 INTEGRATION 


Ex. 2. Find the value of {i sin-12 dz. 


dz 


Here we may let sin-1z = wand dz = dv, whence du = = and v= 2. 
Substituting in our formula, we have me 
f sin-tedz ease (= 
V1— 2? 


=rsin-lx +V1—2?+C, 
the last integral being evaluated by (1), § 116. 


‘Ex. 3. Find the value of {le cos*z dz. 


Since cos?z = }(1 + cos 27), we have 
f scostrde = ; fe +2xc0s22)dz = 7 = ; fz cos 2 xdz. 


Letting z = u and cos 2 «dz = dv, we have du = dx and v = } sin2z, 


Therefore fxcos2ede=Ssin22—5 fin 2ede 
=Ssin 2x + Foos2r+C. 
ea eee ini ek AE ee 1 
Therefore fzcos shale 5 (§sin 22+ Fcos22)+C 


=}42@2+ 2zsin22+ cos22)+C. 


Sometimes an integral may be evaluated by successive inte- 
gration by parts. 


Ex. 4. Find the value of f verde. 
Here we will let «? = u and e*dx = dv. Then du =22xdz and v = e&. 


Therefore i ver dz = get — 2 if ver dz. 


The integral f xe dx may be evaluated by integration by parts (see Ex. 1), 
so that finally 


f teraz = rte? —2(2—lhe? +C =e (27-2242) 4C, 
Ex. 5. Find the value of je sin br dz. 


Letting sin bx = u and e* dx = dv, we have 


fe sin brdzx = Lax sin bx — & few cos br dx. 
a a 
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In the integral fe e* cos bedx we let cos be = u and e** dx = dv, and have 
i b . 
fe cos bx dx = — e* cos bx + — le sin bx dz. 
a a 


Substituting this value above, we have 


= sin ba dx = Q e® sin br — 2 ( e& cos ba + g fe sin brda). 
a a \a a 


Now bringing to the left-hand member of the equation all the terms 
containing the integral, we have 
2 . 
(1 3s “) fe sin be dz = 1 ar sin br — i e% cos ba, 
a a a 


e* (a sin bx — b cos bx) 


whence ia sin bedzr = eae 


Ex. 6. Find the value of fv a? + adx. v 


Placing V2*+a?=wu and dz=dv, whence du = ene and v=2, 
we have ’ Va? + a? 
[Vet @de = 2V2 + oe (1) 
Vx? + a 
Since z? = (z? + a”) — a’, the second integral of (1) may be written as 
mp2 2) dq. Pa 
(x ea | dz 
Vax + a2 Vo? + a 
Tae dx 
which equals Va? + a? dx — a? {| ——. 
: J Alor + a 


Evaluating this last integral and substituting in (1), we have 
Ve + a4dz=2V 2? + a* — {v2 + a®dx + a log (x +V x? + a*), 
whence Jy a? + atdz = }4[e2V22 + a? + a? log (a +Vx2 + a?) ]. 


120. If the value of the indefinite integral if f(x) dx is found 
by integration by parts, the value of the definite integral 
i Kiey dx may be found by substituting the limits a and 6, in 


the usual manner, in the indefinite integral. 
AC 
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Ex. Find the value of Ne asin «dz. 
0 


To find the value of the indefinite integral, let 2? = u and sinxdzr = dv. 


Then f sin xdz =— z*cosz + 2fx cos xdz. 
In fe cos xdz, let s = u and cos rdz = dv. 
Then [xcosrde =xsine — fsinedz 


TSE COS gs 
Finally, we have 


f esin ede =— 27’ cosxz+ 2asinz+ 2cosr+ C. 


ro) 4 


Tv 
Hence 1 z? sinedzr = [- z?cosx + 2axsinz + 2 cos x| 
0 
=7—2. 


The better method, however, is as follows: 
If f(@) dz is denoted by udv, the definite integral F(x) dx 


may be denoted by if udv, where it is understood that a and 6 


are the values of the independent variable. Then 


b b b 
1) — ) —— a 
ff udr [wr] i vdu. 
ays - 


To prove this, note that it follows at once from the equation 


: d b b b 
[w= d(uv) =f (udv + vdu) =f udu fi vdu. 


Applying this method to the problem just solyed, we have 


us 


wv a) Tr 
i 227 sin zdz = [- x? cos x| + “ale x cosxadx 
rt) 0 0 


7 


Soh cos xdx 
0 
T 
2 at 
=[2esine| Sak sin zdx 
0 0 


2 
= +[2cos| 
0 


=7-2. 
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121. Integration by partial fractions. A rational fraction is a 
fraction in which both the numerator and the denominator are 
polynomials. If the degree of the numerator is equal to, or 
greater than, the degree of the denominator, we may, by actual 
division, separate the fraction into an integral expression and a 
fraction in which the degree of the numerator is less than the 
degree of the denominator. 

For example, by actual division, 


oe —e +e 3a — 362-86 g+327—42+ 20 
ee ‘ 


fee KG} 16 >) 


It is evident, then, that we need to study the integration of 
only those fractions in which the degree of the numerator is 
less than the degree of the denominator. 

If the denominator of such a fraction is of the first degree 
or the second degree, the integration may be performed by 
formulas (2), (14), (18), § 116, as in Ex. 3, § 114. 

If the denominator is of higher degree than the second, we can 
separate the fraction into partial fractions the sum of which will 
equal the given fraction. 

For example, 


te oe a ae ey eee ee Ly (2) 
z'—16 a—-2 e£+2 a4+4 


as the reader can easily verify. 

The three fractions on the right-hand side of (2) are the 
partial fractions of the fraction on the left-hand side of (2). 
It is to be noted that their denominators are the rational 
factors of the denominator of the fraction of the left-hand 
side of (2). 

Substituting in (1), we have 


22 — a+ 7'4+ 32°— 36274 36 
a*—16 


1 i a—1l 


Bo eae oe ed 


(3) 
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c= 16 


eee | 
= | Bede— [ide+ (oS Sees + [aya” 


1 
= + a-+log (#— 2) — log (e+ 2) +5 log ("+ 4) — 5 tan Me 


is Bi BAG 36 
Hence f=" g+e¢+37 e+ a 


NV LA 4 
ioe ee —ztan*. 


The separation of a fraction into partial fractions, as in (2), 
is evidently a great aid in integration. We shall illustrate this 
process in the following examples: 

+lletlt 
(x + 3)(@?-4) 
The factors of the denominator are z + 3, x — 2,andz + 2. We assume 
2 wea 
x gat es 14 = A B 4 Cc (1) 
(i t70))) (a) en Tr 
where A, B, and Care constants to be determined. 
Clearing (1) of fractions by multiplying by (x + 3) (2? — 4), we have 
x +1lla2+14=A (@—2)(24+2)+B(e@+ 3)(2+2)4+C(@+ 8)(x— 2), (2) 
or 2? +lle+14=(A+B8+C)2?+ (6B+C)x+(—4A+6B—6C). (8) 


Ex. 1. Find the value of al 


Since A, B, and C are to be determined so that the right-hand member 
of (3) shall be identical with the left-hand member, the coefficients of like 
powers of 2 on the two sides of the equation must be equal. 

Therefore, equating the coefficients of like powers of x in (3), we obtain 
the equations AY BY Cet. 

Some (0 ail 
— 4A e658 6 Ge 14) 


whence we find A =— 2753 == 276 =. 
Substituting these values in (1), we have 


v+ille+14 2 2 1 
TRC R ST ante + ) 
(@ +3) @?—4) r+3 @-2 2x+2 
x? + lle +14 2 dz dz » ax 
and dx =— 
hemes 2— 4) ee 3 fS+SS 


=— Qlog(« +3) + 2log («— 2) + log(e+2)+C_ 
(x +2) (« — 2)? 


all 
ne @+ ay 


ame 
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4a? + a+ ly 


7 —] 


The real factors of 73 —1 are x —1 and 77 +2+1. Hence we assume 


Ex. 2. Find the value of 4 


abel A Br+C 
AS a a Ahn ae o 


Clearing of fractions, we have 
4xe°+ae+1l=A(a?+2+1)+(Be+C)(¢—-1) 


=(A+ B)zt?+(A—B+C)x+(A—C). (2) 
Equating coefficients of like powers of x in (2), we obtain the equations 
A+B=4, 
A—B+C=1, 
, Asi C= 15 
wmihence Ay B= OI, 
4z7+er41 2 ene aa 
Hence = s . 
x —1 e—1l w+2+1 
4e7 +741 2 dx @a+1)dz 
d a 
i f z—1 - eee v+atl. 


= 2 log(@@—1)+ log@’+24+1)+C 
= log[(« —1)? (a7 +241)]+C. 


2 x?2dx 
Ex. 3. Find the value hl coe on . 
Here we assume 
2 x? A B C 
= : i 
CA ay Galo ee ©) 


Clearing of fractions, we have 
227=A(ex—2)+ Ba’? —4)+ C(x + 2)? 


=(B4+C)2*+(A4+4C)r+(—2A—-4B+4C). (2) 

Equating the coefficients of like powers of 2 in (2), we obtain the 
equations Bae es, 
A+4C=0, 


—~9A-4B+44C=0, 
whence A =— 2, B= $3, C=}. 


Hence he —— 2 3 rt $ 
one? G+ a@—2) @t2! s+2 2-2 
Pav b hi 2 dx $ dx 4 dx 
= hese eer Seta we oe eee 
3 ¥(4 € Shp —_ 9 Y 
= + 5 log (x + 2) + 5 log (a 2)+C 


9 ee 
= —_ + log V(a + 2)8(@ —2) + C 
a+2 : 
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ene. s—6 
Ex. 4. Find the value ae ae 


Now (# +1) (2? +1) = (2+ 1)?(2@?— 2 +1), and we assume 
32°+3a—6 A B Cr+ D 


= —————— 1 
@+1)@+1) Gel oie are © 


Clearing (1) of fractions, we have 
8084+ 382—6=A(e*?—24+1)+ BC 4+1)4+(Crt+ D) (2+) 
=(B+C)°+(A+2C4+D)22°+(-At+C+2D)2 
+(A+B+D). (2) 
Equating coefficients of like powers of x in (2), we obtain the equations 
B+C=3, 
Ar 2C+ D= 1; 
—A+C+2D—3, 
Al-FeBt DD) — G, 
whence A=—4, B=0, C=3, D=— 2 
Substituting these values in (1), we have 
Seo 2— 6) a4 rs 3x2—2 ; 
(GASPING SE IO) (Grghilys = ie seb 
3224 32—6 —4dz 38z2—2 
(x +1) (2° + ie 7) Gs = its —ax+1 
4 1 p2e—1 
anche Slog (at — 2 +1) ——a ten = 
the last integral being evdluated as in Ex. 3, § 114. 


dx 


+, 


We notice in the solution of the above examples the follow- 
ing points: 


1. The denominator is factored into linear or quadratic factors, 
or integral powers of such factors. 
2. As many partial fractions are assumed as there are factors in 


the denominator. 


3. Corresponding to any single linear factor, as ax+b, one 


es 7 5 vi : 
Fraction of the form Ae is assumed, and corresponding to the 
ae 
: : A 
square of any linear factor, as (ax+6)*, two fractions Para 
B 3 (ax + b) 
Ph are assumed, the numerator over the square of the factor 


being of the same type as‘ that over the first power of the Factor. 


4. Corresponding to any single quadratic factor, as ax? + br+e, 
Ar+B 
ax +bate 

5. The numerators assumed are determined and the integration 
of the partial fractions is completed. 


one fraction of the form as assumed. 


If (ax + 6)’ in 3 is replaced by (ar + 6)", and the correspond- 

ing n fractions are assumed to be 
A B Ie 
(ax + 6)" A (ax + b)*~* ii eae an + b 
and if az*+6x+ec in 4 is replaced by (az*+ bx +c)", the cor- 
responding » fractions assumed being 
Ac +B Cx +D Pr+Q 
(ax*+br+c)"  (ax*+be+c)"" aa? 4+be+e’ 

the above becomes a working rule for the integration of all 
rational fractions in which the degree of the numerator is less 
than the degree of the denominator; but the proof of the pos- 
sibility of assuming the partial fractions in the form noted 
above is omitted. 

To make the work of this article complete we must discuss 


; Ax+B ‘ F 
the integral = ie dx, where n is any integer greater 
(ax + br +c)" 

than unity. 

Since d (aa? +br+c)=(2axr+6)dz, we may, as in Ex. 3, 
: A Ab ; 
§ 114, let Av+ B= nol 9ar+6)+ B— — » and obtain the 

Za 2a 


a 


equation 


Ar+B ¥ A d(ax*+ bx +c) +(2 =) dx 
adc= — —— > 
ise 24 bate cy" 2a) (ax 2 bat a Ve Qa (ax 4 bates 
Proceeding as in Ex. 2, § 114, we may put the last integral in 
G rh 
the form ee -, which may be reduced to the integral Se 
(ie +a’)" Uw+a 


by successive applications of the formula 


du 1 u du 
= saa ae O-® [ acapel 
(w+ a°)" 2(n—1)@¢ ors Ope (wi+a?) 


122. 


This is a special case of (4), § 


122. Reduction formulas. The methods of integration derived 
in this chapter are sufficient for the solution of most of the 


problems which occur in practice. If the reader should meet 


any integrals which cannot be evaluated by these methods, he 
should refer to a table of integrals, in which the integrals have 


been either completely evaluated or expressed in terms of simpler 


integrals. Some of this latter type of integrals, known as redue- 


tion formulas, have been tabulated below for convenience. 


fee + ba")? dx 


x ae —n+t1 (a 7 ba ) p+ : Git. JL] ) a x" "(at ha dz, 
(np+m+1)yb (np+m+1) 6 


fr (a + ba")? dx 


a” (a ba)” npa 
— a™ (( b: m\p—t1 ae 
np+m+1 SF eas Peas i oat me 


ip a” (a + bx")? dx 


_v *(a+ba")?**  (nptn+m a yb 
(m+1)a (m+1)a 


2" (a + ba”)? de 


gin tl 1+ b: my) p+1 = i 
= (a d yas np +n+mM+ a” (a+ ba")? +) da. 
n(pt+lya n(pt+l)a 


| x™*"(at+brz")’dz, 


m 


x cos"x dx 


sin™**2 cos" "2 2m—1 wen ‘ 
= —___———__ + - Sin” 2 COs" 4a a 


sin 


m+n m—+—+n 
[ sins cos" ax dx 
re sin™**2 cos"*'z _m+n+2 ¢. ,, oe 
= ie =| sin" x cos"**a da, 
| sin” cos" x da 
Shoe a 


zcos"t1z m—tI1 : 4 
; + —— | sin”—*z cos*z dz, 
m+n m+n 


{ sin” 2 cos" x dx 


sin™*'xcos*tte m+tn+2. , on 
a=, z % 4 w+ 2 i 
s a al + eS] sin™* “2 cos" dz; 


(1) 


(2) 


(3 


(4) 


(©) 


(6) 


(7) 


(8) 
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These formulas do not always hold. For example, (1) and 
(2) fail if np+m+1=0, (8) fails if m+1= 0, etc. In these 
cases, however, it is not necessary to use these formulas, as the 
integration may be performed by elementary methods. 

There are also integrals which cannot be expressed in terms 


of the elementary functions. 


For example, 


if vd— =a — kx?) 


cannot be so expressed; and, in fact, this integral defines a 
function of 2 of an entirely new kind. 


PROBLEMS 


Find the values of the following integrals : 


1. [at +828 + do — Bde “1a, f Soa 


by ee a 
Ze iG — x era = =) ae. 
il 


ss. [Ge +1)?x*dx. 
/ O38 
. 6. [ae 
x 
1. [ VIF eed. 
fi e?* dx 
GF 42 
- dz 
* fj x log2? 


oS ee ae 
"J A+ 2’) tan-1e 


1-+- sin x 
(x — cos x)? 


a ta We 


13; fe + 3a)%dx. 


avs (d— 3.2) dx : 
a ir: 
tf cos ada 
15. ee 
a+obsina 
ap ada 
Ge)? 
A (1+ a?)da > 
V1 Sian 
“48. Whe Parrcsy: ark he . 
e?* — cos 2x 
da 
19. 


(x — a) [log (@ — a)]}* 


ae iama 


Pile fe + a*) ead. 


/ a—wa“ a+e 
22. {WE ; Nea) 


254 

23 

y OH 
S 25 


\26 


28 
~29 
30 
peas 1. 


32 


33. 


34 


35 


36 


3 


38 
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lcd 
; jhe +1 
dx 
‘dD Vea log (a +Va?— a?) 


: costa sin ada. 


: fsint@e+) cos (2x7 +1) da. 
: f (see age + tan ax) sec axdx. 
fe x ctna + ese x)?da. 

4 feos? 2a sin® 2ada. 


; font 3a cos® 3 ada. 


ee 
. | sin®’=dza. 
2 


cos? 4 x 
: SET 
V sin? 4x 


9 
cos 2a 
—— dx 
COS a 
: fsa x sin 2adzx. 
; i (tan ax + etn ax)?dx. 


: fee 2a + tan 2x)*dax. 


ese? 3a — ctn® 32 
tls - a ihe 
esc 3a —ctn3z 


x x 
; uf (‘an 5 — cin? 5) 


39. cost(2a —1)dz. 


/ \3 
40. f (sm S + cos a) aa, 
41. ftant5 ae 


42. f seot(Ba + 2) dz. 


32 ge | 
43. | tan — sec 9 ax. 


44. | sect 22Vtan 2adz. 
x 
45. ; esc’—dz. 
food 


46. exc + 2) dz. 


22 22 
47. few 3 ese* — dx. 


> 
48. fen ax dx. 
etn3 aa 
a9. f : dx 
ese ax 
50. fin es \ sec * da. 
Be 3 


51. [sme +1) dx. 


52. f cost(2 — 32)dzx. 
53. fein 2% — cos 2x)? dx. 


54. f sin? 3 cos? 3.ada. 
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x 
59. f cost 5d. 
56. f sinter cos*a da. 


57. | Veo +1 sin 2adz. 
sin2a2 cos2a 

58. J( - — ) ae 
sin x COS 2 


cos 2adz 
59. SSS St 
cosz + sing 


60. fou ax sin badx. (a+b) 


61. fees ax cos bedx. (a #b) 


62. fs (24+ 3) cos (2 x" —3) dz. 


63. [ene sin 22 sin 32dz. 


sec 2adz 
64, - 
sec 2a — tan 2x 


esc a2 — ctna 
65. ers 
esc a + ctna 


65. fe 
1— cosa 


09. f VIR conde, 


ope lie 
: V1+ cos 2x 


n. fa— cos 42)? da. 


“6 | == 
OS SS — 98 


da 
A73. | ————.- 
ke + 42? 


dx ; 
We od | ee 
ae 


re dz : 
Ag 0 


7 ne 
V2+ 4a — 2? 
ies [i ee 
V7 + 5a — 22? 
ik dx 
1 ——_—— + 
V9a2—2? 


80 Ieee 
(x +1) V2? + 2a 


a—wZv 


: sin x dx 
85." | —_——_- 
1+ cos? 


ae ea 
V4a2 +9 
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dx 32 
87. (SS SS 103. —_—_—. qr, 
Iw V4 — 2 
dx dx. 
88. : p Se 
ges A "| RS eee 
ane edz . 
ae Vibe bn ' ) & +2e sina+1 
ae edz 
Xf fae 106. 
ve iLerarr rec rar: 
hee 
elena 107. (7S de 
e+ 38a+1 SS | 


dx el ay 
22. f a 108. Vee 
V3 0? — 2a He eV a? +. a? 
dz dz. 
93. ——--——_-——_.. ee 
ea Se its | eee 
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CHAPTER XIII 
APPLICATIONS OF INTEGRATION 


123. Element of a definite integral. In $§ 78 and 81, by means 
of the area under a curve, we have defined the definite integral 
by the equation 


i=n—J 


if ee, dx = Lim >) f (@,) Aa, (1) 


n=o ; 


and have shown that this limit may be evaluated by the formula 
b 
a f(a) dx = F(b)— F(a), (2) 


where dF (2) =f (@) dz. 

Since any function f(z) may be graphically represented by 
the curve y=f (2), formulas (1) and (2) are perfectly general. 
We shall proceed to give certain applications. The general 
method of handling any one of the various problems proposed 
is to analyze it into the limit of the sum of an infinite number 
of terms of the form f(v)dx. The expression f(x) dz, as well 
as the concrete object it represents, is called the element of 
the sum. : 

124. In finding the element of integration, it is often not 
possible to express the terms of the sum (1), § 123, exactly 
as f(x) Ax, the more exact expression being [ f(2;) + €,] Az, 
where the quantities e, are not fully determined but are 
known to approach zero as a limit as Az approaches zero. 
It is consequently of the highest importance to show that 


i=xn—1 


Lim > ¢Az=0, so that 
u=ow ix0 


i=n—1 a" 


. %) Te O 
Lim > [f@)+¢JAc=Lim > f(a,) Ax =f JI (@) dz. 
no 59 : n=o 0 a 


= 
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For that purpose, let y be a positive quantity which is equal to 
the largest numerical value of any e; in the sum. Then 


aN eae a 
and — YyAr = Ye,Ar = SyAz. 
But LyAzr = yLAr = y(b —a) 


and Lim =yAz = 0 since y approaches zero as Av approaches zero. 


ra=o 


Hence Lim 2e,.Ar = 0. 


Hence the quantities e, which may appear in expressing the sum 
do not affect the value of the integral and may be omitted. 


Quantities such as Ar and e;, which approach zero as a limit, 
are called znfinitesimals. ‘Terms such as f(x) Ax, which are formed 
by multiplying Az by a finite quantity, not zero, are called infini- 
tesimals of the same order as Av. Quantities such as e,Az, which 
are the products of two infinitesimals approaching zero together, 
are called infinitesimals of higher order than either infinitesimal. 

The theorem above proved may be restated in the follow- 
ing way: 

In forming the element of integration infinitesimals of higher 
order than f(x) Ax may be disregarded. 


Ex. Consider the area under a curve (§ 78). We have obtained it, by 


means of rectangles, as es 


Lim >» F(a) Ax. (1) 


Beso 79 


Suppose that in place of the rectangles we used the trapezoids formed 
by drawing the chords DP,, P,P,, etc. (fig. 125). The area of one such 


trapezoid is f(a) Ac + 4 AyAc. 


But }Ay is a quantity which approaches zero as a limit when Ar 
approaches zero, and may be denoted by e;. Hence, if we used the trape- 
zoids, we should have for the required area 


i=n—1 


Lim », (f(a) + «Ae. (2) 


R= copy 


We see then directly that in this Beet he 
i=n—1 
Lim n> Lf (ai) + eJ Ae = Lim oF f(2;) Ae. 
= seed i=0 
AC 
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125. Area of a plane curve in Cartesian coordinates. This 
“problem was used to obtain the definition of a definite inte-. 
gral, with the result that the area bounded by the axis of 
2, the straight lines =a and r=b(a< 5d), and a portion 
of the curve y=f(z) which lies above the axis of @ is 
given by the definite integral 


[ye (1) 


It has also been noted that either of the boundary lines =a 
or x= 6 may be replaced by a point in which the curve cuts OX. 
Here the element of integration y dz represents the area of a 
rectangle with the base dx and the altitude y. 

Similarly, the area bounded by the axis of y, the straight lines 
y=c and y=d(e<d), and a portion of the curve z=f(y) 
lying to the right of the axis 
of y is given by the integral 


d 
f? dy, (2) 


where the element x dy repre- 
sents a rectangle with base x 
and altitude dy. 

Areas bounded in other ways 
than these are found by express- 
ing the required area as the 
sum or the difference of areas of the above type, or by writing 
a new form of the element as illustrated in Ex. 2. 


Fic. 157 


Ex. 1. Find the area of the ellipse = aa 
- 


= i 
L D 


}2 

It is evident from the symmetry of the curve (fig. 157) that one fourth 
of the required area is bounded by the axis of y, the axis of 2, and the 
curve. Hence, if A is the total area of the ellipse, 


A =4f"ydr=4 oe at da 
0 oa 


_* [72 2 eee ll 
= —|2r Va‘ — x* + a* sin-1-| = awab. 
a ato 
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Ex. 2. Find the area bounded by the axis of x, the parabola y? = 4 pz, 
and the straight line y + 2x—4p=0 (fig. 158). The straight line and 
the parabola intersect at the point C 
(p, 2p), and the straight line intersects 
OX at B (2p, 0). The figure shows that 
the required area is the sum of two 
areas OCD and CBD. Hence, if A is 

the required area, 


2 
A ebNE pad + f "(4p — 22) dx 


= [picket [4px — a2” = fp» 


de 


_ 
uP 


The area may also be found by con- 
sidering it as the limit of the sum of 
such rectangles as are shown in fig. 159. 
The height of each of these rectangles 
is Ay, and its length is z, — 2,, where zx, is taken from the equation of 
the straight line and z, from that of the parabola. The values of y range 
from y=0 at the base of the figure to 
y=2p at the point C. Hence 


2p 
a ie (Qa, id 
_ ={(S a 8 ay 


Fic. 158 


LA 
WG 

VO 
WU 
| _ 
(laa 


In the above examples we have 


b 
replaced y in ip yd« by its value 


F(2) taken from the equation of 
the curve. More generally, if the 
equation of the curve is in the parametric form, we replace both 
x and y by their values in terms of the independent parameter. 
This is a substitution of a new variable, as explained in § 118, 
and the limits must be correspondingly changed. 


Fie. 159 


Ex. 3. Let the equations of the ellipse be 
z=acos ¢d, y=bsing. 


Then the area A of Ex. 1 may be computed as follows: 


a 0 ee 
4 — —— jn2 bom i) 235 2 { — ° 
A 4 fe ydx ip ab sin’ hdd tad { sin? ddd = rab 
2 . 
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126. Infinite limits or integrand. If the curve extends in- 
definitely to the right hand, as in figs. 160-162, it is possible 
to consider the area bounded by the curve, the axis of 2, and a 
fixed ordinate «=a, the figure being unbounded at the right 
hand. Such an area is expressed by the integral 


b 
Lim fi f(@)dz= Lim F(6)—FO), 
b=x a b=oa 
which may be written concisely as ) 
i f(a) dz = F(o)— F(a). 
0 


There is no certainty that this area is either finite or deter- 
minate. Where it is so, the area bounded on the right by a 
movable ordinate approaches a defi- 
nite limit as the ordinate recedes 
indefinitely from the origin. 


“ttt tT TTF 
Ui 


oS ake laa : meee 
Ex.1. ( “2=[2Vz]°=. (Fig. 160) 9 
x. 1 if 7A [2Va]°=a. (Fig. 160) Fre. 160 
TCG see ah ce Y 
Ex. 2. —=|]—-] =1. Fig. 161 
i les| (Fig. 161) 
oe 3. ij sin dx =[— cos x]. oma = 
= indgterminate. (Fig. 162) 0 1 i 
Fic. 161 
Similarly, the area may be unbounded z 
at the left hand, and the lower limit or MO. 1) 
both limits of the definite integral may a “Z 
< Fic. 162 


be infinite. 
In like manner let f(«) become infinite at the upper limit, 

and the curve y= f(x) approach z= 6 as an asymptote. Then 

the area bounded by the curve, the axis of z, an ordinate a =a, 

and an ordinate near the asymptote 2=6 may approach a 

definite value as the latter ordinate approaches the asymptote. 
Such an area may be expressed by the integral 


b—-h 
Lim i f(«) dx = Lim F(b — h) — F(a), 
a h=0 


h=0 


or, more concisely, ff “Fl 2) da = F(b)— F(a). 
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gx. 4. f &= [- = x. (Fig. 163) 


a Tx a 
Ex. 5. gee [sin =|" ==. 
2 a 


(Fig. 164) 
Similarly, (2) may become infi- 
nite at the lower limit or at both 
limits. If it becomes infinite for 
any value e¢ between the limits, 
the integral should be separated 
into two integrals having ¢ for the 
upper and the lower limit respectively. Failure to do this 
may lead to error. 


Pia, 168 Fic, 164 


+1 dr 
Ex. 6. Consider fe wa 
i 


Since ea becomes infinite when x = 0 (fig. 165), we 
ze 
separate the integral into two, thus: 
(pce © da F: de 


Sih wie =n 0 x 


Had we carelessly applied the incorrect formula 


ie z | - =| 
=a, ee x\1 


we should have been led to the absurd result — 2. 


“127. The mean value of a function. In fig. 166 let the 
eurve DPC be the graph of the function f(v). Then 


b 
if J (@) dz = area ADPCB. 


iW 


Let m=AN and M=AH 
be respectively the smallest 
and the largest value assumed 
by f(x) in the interval AB. 
Construct the rectangle 4 BAK 
with the base AB and the alti- 
tude AH = M. Its area is AB. AH=(b—a) M. Poneien tt alsa 
the rectangle ABLN with the base AB and the altitude AN= m. 
Its area is AB. AN=(b6—a)m. 


Fic. 166 
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Now it is evident that the area ABCD is greater than the 
area ABLN and less than the area A4BKH. That is, 


(b—a)m <f F(x) dz<(b —a) M* 


Consequently Hi FS (@) dz =(b — a) p, 


where » is some quantity greater than m and less than M, and 
is represented on fig. 166 by 4S. But since f(2) is a continuous 
function, there is at least one value € between a and @ such 
that f(&) =p, and therefore 


HI f(z) dz=(b — a) f(E). (1) 


Graphically, this says that the area 4BCD is equal to a rec- 
tangle ABTS whose base is 4B and whose altitude aS lies 
between AN and 4H. 

From (1) we have 


(O=— f[ 1@%, @) 


where & lies between a and 6. The value 


1 ae 
iz [ f@x 


is called the mean value of f(x) in the interval from a to b. This 
is, in fact, an extension of the ordinary meaning of the average, 
or mean, value of m measurements. For let y, %) Yo» +++) Yy—y 
correspond to n values of 2, which divide the interval from a 
to 6 into n equal parts, each equal to Az. Then the average of 
these » values of y is 

Yaris Yaron eh Yn—1 


n 


This fraction is equal to 


Ytpntyet:+:+y, Ar yArtyArt+y,Ar+...+y, Ar 
nAx co 50) : 


* A slight moctneavion is here necessary if f(c)=k, a constant. Then 
M=m=k and ie F(x) dx = (b — a)k. 
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As n is indefinitely increased, this expression approaches as a 


b b 
ih y de = i J(@)dx. Hence the mean value 


e 


limit 
b—a 

of a function may be considered as the average of an “ infinite 

number” of values of the function, taken at equal distances 


between a and 6. 


Ex. 1. Find the mean velocity of a body falling from rest during the 
time ¢,. 

The velocity is gt, where g is the acceleration due to gravity. Hence the 

t 

= , if ‘gt dt = 4 gt,- This is half the final velocity. 

Ex. 2. Find the mean velocity of a body falling from rest through a 
distance s,. ti 

The velocity is V2 gs. Hence the mean velocity is 


fo V2 gs ds = av? 95, 


Sa) 


mean velocity is 


This is two thirds the final velocity. 


128. Area of a plane curve in polar coordinates. Let O (fig. 167) 
be the pole, OV the initial line of a system of polar coérdinates 
(r, 0), OA and OB two fixed radius vectors for which @= @ and 
@0=f respectively, and AB any curve for 
which the equation is r=f(@). Required 
the area AOB. 

The required area may be divided into 
n smaller areas by dividing the angle 
AOB=f8—a into n equal parts, 


each of which equals ef-s = Aé, 
i) 


and drawing the lines OP,, OP, 
OLEF te eng OFS, where AOR = 
POR=BOR=..-=P,_,OB=A0. 
(In the figure n=8.) The required Ef ores 
area is the sum of the areas of these 

elementary areas for all values of ». The areas of these small 
figures may be found approximately by describing from O as a 
center the circular arcs AR,, RR, BR, +++, h_,R,. Let 


M 


OA=ry OR=ty OR=ty +1 OF =r 
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Then, by geometry, 

the area of the sector AOR, = }7;A0, 

the area of the sector ROR, = }r7Ad, 


the area of the sector P_,OR,=47r7_,A0. 


n—1 


The sum of these areas, namely 


i=n-—1 


4 > 778, 


t= 0 


is an approximation to the required area, and the limit of this 
sum as 7 is indefinitely increased is the required area. Hence 


B 
the area 4OB = Bf dé. 


The above result is unchanged if the point 4 coincides with 
O, but in that case OA must be tangent to the curve. So also B 
may coincide with 0. 


Ex. Find the area of one loop of the curve r = asin 3 6 (fig. 101, § 60). 
As the loop is contained between the two tangents 6 = 0 and 6 =; the 
required area A is given by the equation 8 


2 


py ae re ele Tren 
1 22 (Pimagad=o (*h Week poe 
2 Jo 2 2 


0 2 12 


/129. Volume of a solid with parallel bases. Fig. 168 repre- 
sents a solid with parallel bases. The straight line OH is drawn 
perpendicular to the bases, cutting the lower base at 4, where 
h=a, and the upper base at B, where h=6. Let the line 


v—@ 


AB be divided into n parts each equal to = Ah, and let 


planes be passed through each point of division parallel to the 
bases of the solid. Let 4, be the area of the lower base of 
the solid, 4, the area of the first section parallel to the base, 
A, the area of the second section, and so on, 4, , being the 
area of the section next below the upper base. Then A Ah 
represents the volume of a cylinder with base equal to 4, and 
altitude equal to Ah, 4,Ah represents the volume of a cylinder 
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standing on the next section as a base and extending to the 
section next above, and so forth. It is clear that 


i=n-1 
A Ah+A,Ah+4,Ah+ +++ +4,_,Ah =) AA 
2—0 
is an approximation to the volume of the solid, and that the 
limit of this sum as 7 indefinitely increases is the volume of 
the solid. That is, the required 
volume J is 


5 
v= Adh, 


To find the value of this integral 
it is necessary to.express 4 in terms 
of h, or both 4 and / in terms of some 
other independent variable. This is 
a problem of geometry which must 
be solved for each solid. It is clear 
that the previous discussion is valid 
if the upper base reduces to a point, 
ie. if the solid simply touches a 
plane parallel to its base. Similarly, 
both bases may reduce to points. 


Ex. 1. Two ellipses with equal major axes are placed with their equal 
axes coinciding and their planes perpendicular. A variable ellipse moves 
so that the ends of its 
axes are on the two given 
ellipses, the plane of the 
moving ellipse being per- 
pendicular to those of the 
given ellipses. Required 
the volume of the solid 
generated. 

Let the given ellipses 
be ABA’P’ (fig. 169) with 
semiaxes OA =a and OB=h, and ACA’C’ with semiaxes OA =a and 
OC =c, and let the common axis be OX. Let NMN’M’ be one position 
of the moving ellipse with the center P where OP = x. Then if A is the 
area of NMN'M, 


A=7-PM-PN. (By Ex.1, § 125) 
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2 PM 
But from the ellipse ABA’B’ py nme 2g 
a 6 
; a PN’ 
and from the ellipse 4 CA’C et ae 
a ” a a 
Therefore PM. PN = “(a2 2). 
a? 


Consequently the required volume is 
i (rg ; rahe. 
The solid is called an ellipsoid (§ 143, Ex. 5). 


Ex. 2. The axes of two equal right circular cylinders intersect at 
right angles. Required the volume common to the cylinders. 

Let OA and OB (fig. 170) be the axes of the 
cylinders, OY their common perpendicular at 
their point of intersection O, and a the radius 
of the base of each cylinder. Then the figure 
represents one eighth of the required volume V’. 
A plane passed perpendicular to OY at a dis- 
tance ON = y from O intersects the solid in a 
square, of which one side is 


NP = VOP*—0N’? =Va—¥. 


a——9 a 
Therefore }V= it NP? dy = f (a? — y*) dy = 3.03 
0 0 
and V = 18 a. 


/130. Volume of a solid of revolution. A solid of revolution is a 
solid generated by the revolution of a plane figure about an axis 
in its plane. In such a solid a section made by a plane perpen- 
dicular to the axis is a circle, or is bounded by two or more 
concentric circles. Therefore the method of the previous article 
can usually be appled to find the volume of the solid. No 
new formulas are necessary. The following examples illustrate 
the method. . 


Ex. 1. Find the volume of the solid generated by revolving about 
OX the figure bounded by the parabola y7=4 pz, the axis of z, and 
the: line a —=.q. 
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The area to be revolved is shaded in fig. 171. Let P(a, y) be a point 
on the parabola. Then any section of the solid through P perpendicular 
to OX is a circle with radius MP = y. Hence in the formula of § 129 we 
have A=7y? and dh=dzx. Hence 
the required volume V is 


V= if “mytdz. 


But from the equation of the pa- 
rabola y7=4 pz. Therefore 


vig 


a 
J =4pxf edz = 2 pra’. Fie. 171 


Ex. 2. Find the volume generated by revolving around the line « =a 
the figure described in Ex. 1. 

If P (fig.172) is a point on the curve, 
a section of the required solid through 
P and perpendicular to AB is a circle 
with radius PN =a—z. Hence in the 
general formula of §129 A=7(a—zx)? 
and dh =dy. When z= a, y = 2V pa. 
Hence the volume V is given by 


Fe | ono (a — x)*dy = nf ?¥P* (02 SIGH AS HONE 


But from the equation of the parabola z = ee Hence 


ad 2~Vpa as y* ) ; 16 Bes 
‘eta (« 2p bs 16 p? a ie 


Ex. 3. Find the volume of the ring solid generated by revolving a circle 
of radius a about an axis in its plane } units from the center (b> a). 

Take the axis of revolution as OY 
(fig. 173) and a line through the center 
as OX. Then the equation of the circle 
is (rx— 6)? + P=’. 

A line parallel to OX meets the circle 
in two points, A where s=2,=)—Va?— 9? 
and B where s=2,=b+Va?—y’. A sec- 
tion of the required solid taken through 
AB perpendicular to OY is bounded by 


two concentric circles with radii 2, Fie. 173 

and «x, respectively. Hence in § 129 

A = x2 — 7x2, and dh =dy. The summation extends from the point Z 
where y =— a to the point K where y=+a. Hence, for the volume V, 


+a +a 
V= mf (af — xf) dy =4 bf V Ceca 2 0 
og —a Z 
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131. Length of a plane curve. To find the length of any 
curve AB (fig. 174), assume n—1 points, Ff, B,---, R_y be- 
tween 4 and B& and connect each pair of consecutive points by 
a straight line. The length of AB is 
then defined as the limit of the sum 
of the as of the n chords ARP, 
PRORE,~-:, PB as 1 is-increased 
without limit and the length of each 
chord approaches zero as a limit. By 
means of this definition we have 
already shown ($§ 91 and 104) that 


ds =V dx" + dy’ 


in Cartesian codrdinates, and 


ds = Vdr? + rd? (2) 

in polar codrdinates. 
Hence we have c= if Vda? + di? (3) 
and ee ji V dr? + de. (4) 


To evaluate either (3) or (4) we must express one of the 
variables involved in terms of the other, or both in terms of a 
third. The limits of integration may then be determined. 

It may be noticed that (4) can be obtained from (3). For 
we have 


L=P cos G, vou ys. 0. 
Then dz = cos 0dr — r sin 6d8, 
dy = sin @dr +r cos 0d, 
and da® + dy? = dr? + r°de. 


Ex. 1. Find the length of the parabola 77 =4 pz from the vertex to 
the point (h, /). 

From the equation of the parabola we find 2ydy=4pdzr. Hence 
formula (3) becomes either 


c= f'\i+s spt dx = f | eae 


2 


kt y it —— 
or =f ca ey, “Vip + 4 p? dy. 
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Either integral leads to the result 
k+ V2 + 4 p? 


ke oS 
s=— VE 2 
a5 + 4p Ep log op 


Ex. 2. Find the length of the epicycloid from cusp to cusp. 
The equations of the epicycloid are (§ 57) 


ath 


x =(a+ b)cos $ — acos d; 


: a oe 
Poe Wes Manet 


Hence (a [- (a + b)sin ¢ + (a + 6)sin = = 4 | dd, 
dy = [ + b)cos ¢ — (a + b) cos aoe **¢| dd. 


Then ds = (a + b) Nigs ade 4 sin © 


=(a+ 02 —2cos" ip = 2(a + dsins pag, 


Uprton goa cet ec dd 


2an 


Therefore s=2(a+ ry fe b sins $ $s = 24 (a4 


132. The work of the previous article may be brought into 
connection with § 124 as follows: 


an sAG NS 
a \1 +(54) 
Vary + Any _ c) be 


Since a => <a ee 
V dx? + dy 1+ (¥ dx 
dx 
2 
vac, Vitl#) 
then Lim ANd te BO Stine ir eet 
V dx? + dy? (2) dx 
1+ <2 
dx 
/ 2 2 
Hence (otk Sy) =1l+e 
V de? + dy” 
and V (Ary? + (Ay 7 — Vv dx? + dy? + eV dix? + dy’. 


By § 124 the term eV da? + dy + dy’ will not affect the limit of 
SV (Ax)? + (ayy. 
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133. Area of a surface of revolution. A surface of revolution 
is a surface generated by the revolution of a plane curve around 
an axis in its plane (§ 130). Let the curve AB (fig. 175) 
revolve about OH as an axis. To find the area of the surface 
generated, assume n —1 points, £, 2, £ +++, 
P_,, between A and B and connect each 
pair of consecutive points by a straight 
line. These lines are omitted in the figure 
since they are so nearly coincident with the 
ares. The surface generated by 4B is then 
defined as the limit of the sum of the areas 
of the surfaces generated by the » chords 
MPO PP, BP. .... 2B asm einereases 
without limit and the length of each chord 
approaches zero as a limit. 

Each chord generates the lateral surface of a frustum of a 
right circular cone, the area of which may be found by 
elementary geometry. 

Draw the lines AN,, EN,, BN, +--+ perpendicular to OH, and 
place 


TE 


Fic. 175 


NA=r, Nh=ry, NL= +--+, N, 


n—1 


zg 


? — 
n—1~_ The 


Then the frustum of the cone generated by PP ,, has for the 
radius of the upper base V,,,7,,, for the radius of the lower base 
N,f, and for its slant height PP,,. Its lateral area is therefore 
equal to 

9 NRTN Bes) p 
2 i 


~_ 


UB 


i+1° 


Therefore the lateral area of the frustum of the cone equals 


2 a(r, te S) BP. 


a 
This is an infinitesimal which differs from 
2 Tras 
by an infinitesimal of higher order, and therefore the area 
generated by AB is the limit of the sum of an infinite number 
of these terms. Hence, if we represent the required area by 8, 


we have 
Saves w [rds 
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To evaluate the integral it is necessary to express 7 and ds in 
terms of the same variable and supply the limits of integration. 
“Ex. Find the area of the surface of revolution described in Ex. 1, § 130. 
Here r=y and ds = Vdz? + dy?, where x and y satisfy the equation 

y*? =4 px. Consequently we may place r = 2 V pz, and, as in Ex. 1, § 181, 


ds Bete GP 
x 


Then S=4avp ["Vetpde=§ Vp [(a +p) —p*}. 
‘ 0 


134. Work. By definition, the work done in moving a body 
against a constant force is equal to the force multiplied by the 
distance through which the body is moved. Suppose now that 
a body is moved along OX (fig. 176) from A(x#=a) to B(w= 6) 
against a force which is not 
constant but a function of z 
and expressed by f(a). Let the Bg eG 
line AB be divided into n equal intervals, each equal to Az, by 
the points M,, 11, M,, ---, M,_, (in fig. 176, n=7.) 

Then the work done in moving the body from 4 to M, would 
be f(a) Ax if the force were constantly equal to f(a) through- 
out the interval 4%. Consequently, if the interval is small, 
f(a) Ax is approximately equal to the work done between A 
and M. Similarly, the work done between J, and M, is approxi- 
mately equal to f(#,) Az, that between M, and M, approximately 
equal to f(x,) Az, and so on. Hence the work done between 4 
and B is approximately equal to 


F(a Azr+fa,)Ar+f(@,) Art -+> +f) At 


The larger the value of n, the better is this approximation. 
Hence we have, if W represents the work done between A and B, 


Wein Yi@ar= =f Faas 


n=H {— 


———$ 
aT TAT ASO RTIMI A Ti 


135. Pressure. Consider a plane surface of area 4 immersed 
in a liquid at a uniform depth of A units below the surface. 
The submerged surface supports a column of liquid of volume 
hA, the weight of which is whA, where w (a constant for a 
given liquid) is the weight of a unit volume of the liquid. 
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This weight is the total pressure on the immersed surface. The 
pressure per unit of area is then wh, which is defined as the 
pressure at a point / units below the surface. By the laws of 
hydrostatics this pressure is exerted equally in all directions. 
We may accordingly determine, im the following manner, the 
pressure on plane surfaces which are perpendicular to the 
surface of the liquid: 

Let BRQ (fig. 177) be a plane surface so immersed that its 
plane is perpendicular to the surface of the liquid and inter- 
sects that surface in the line 7S. Divide BRQ into strips by 
drawing lines parallel to 7S. Let 
the depth of a lime of the first 
strip be h,, that of the second strip 
be h,, that of the third strip be /,, 
and so on. Call the area of the 
first strip (A4),, that of the second = \o 
strip (AA),, that of the third strip Fic. 177 
(AA),, and so on. Then the pres- 
sure on the first strip is approximately wh,(AA),, that on the 
second strip is approximately wh,(A4),, that on the third strip 
is approximately wh,(AA),, etc. Therefore the total pressure 
on BRQ is approximately 


So 


y=n—1 


w [2,(A4), x0 h,(AA), + Se Nhs h,_,(A4), 1] = » h,(AA),. 


1=0 
This approximation is better the greater the number of strips, 
since we have taken the whole strip as lying at the level of 
the same line. Therefore the total pressure P is the limit of the 
above sum as n= oo; that is, 


P= w fa aA. 


To evaluate the mtegral it is necessary to express 4 and 4 in 
terms of the same variable and supply the limits. In finding d@4 
the strips may be taken as rectangles, as in finding the area. 

Ex. A parabolic segment with base 26 and altitude a is submerged so 
that its base is in the surface of the liquid and its axis vertical. 


Let RQC (fig. 178) be the parabolic segment and let CB be drawn 
through the vertex of the segment perpendicular to T'S. According to 
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the data RQ=26, CB=a. Draw a horizontal strip LNN,L,, with its 
bottom line cutting CB at M. Let CM =x; then the depth / of the line 
LN is a—«w and the breadth MM, of the strip is dx. 

Consequently dAl= (LN) dz. 


2 


DANY fe Cl 
But, from § 45, - = ze 
RQ CB 
a4 
whence Tee bx 
a 
2p 1 
and therefore Ate We a 
: Fie. 178 


Therefore, since «= 0 at C, and =a at B, the total pressure P is 
given by 


136. Center of pressure. From mechanics we take the fol- 
lowing principles: 

1. The resultant of a set of parallel forces is equal to the 
sum of the forces. 

2. The moment of a force about a line at right angles to the 
line of action of the force is defined as the product of the force 
and the shortest distance between the two lines. 

3. The moment about a line of the resultant of a number of 
forces is equal to the sum of the moments of the forces. 

Now in the pressure problem of § 135, the pressure on each 
one of the elementary strips is a force approximately equal to 
whAA acting at right angles to the area. By the second principle 
stated above, the moment of this force about Z'S is h(whAA), 
and the limit of the sum of the moments of all the forces is 


ip h(whdA) = w if WA. 


By the first principle stated above, the resultant of the pres- 
sures on all the rectangles is the total pressure P. If this acts 
at a distance 4 below the surface of the liquid, we have, by the 
third principle, = 
AP=w 4, hd, 


from which fh can be found. 
AC 
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The point at which P acts is called the center of pressure. 
The formula above gives the depth of the center of pressure. 


Ex. Find the depth of the center of pressure of the parabolic segment 
of the example in § 135. 


From the discussion just given, 
32 wha*® 


= a9 
Ph wf aa (a— x)2xtdx = 105 


ty 
a2 


But P = 78; wha? (Ex., § 135). Therefore h= 4a. By symmetry the 
center of pressure lies in CB, and is therefore fully fixed. 


137. Center of gravity. Consider particles of masses m,, 
M,, Ms,*++, m,, placed at the points Fw, y,), B@» Y,): 
B(@yp Ys)) +> Ga Yn) Cig. 179) re- 
spectively. The weights of these particles 
form a system of parallel forces equal to 
M9, MJ, Mg, +++, mg, Where g is the 
acceleration due to gravity. The principles 
of mechanics stated in § 136 are therefore 
applicable. The resultant of these forces is 
the total weight W of the x particles, where 


NG 


Fie. 179 


cn 


W=mg+mg+mgt+++++mg =9>, M;» 
c= 


This resultant acts in a line which is determined by the con- 
dition that the moment of JV about any line through O is equal 
to the sum of the moments of the x weights. 

Suppose first the figure placed so that gravity acts parallel 
to OY, and that the line of action of W cuts OX in a point 
the abscissa of which is 2. Then the moment of W about a 
line through O perpendicular to the plane YOY is ge >) ms and 
the moment of one of the x weights is gm, 


Hence ge > Ps a> Mn 


Similarly, if gravity acts parallel to OX, the line of action of 
the resultant cuts OY in a point the ordinate of which is Y 


where is 
99 X= ID My 
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These two lines of action intersect in the point G, the codrdi- 
nates of which are 
> Ma; _ mye 


Sh >, © 


Furthermore, if gravity acts in the YOY plane, but not paral- 
lel to either OX or OY, the line of action of its resultant always 
passes through G. This may be shown by resolving the weight of 
each particle into two components parallel to OY and OY respec- 
tively, finding the resultant of each set of components in the 
manner just shown, and then combining these two resultants. 

If gravity acts in a direction not in the YOY plane, it may still 
be shown that its resultant acts through G, but the proof requires 
a knowledge of space geometry not yet given in this course. 

The point G is called the center of gravity of the n particles. 

If it is desired to find the center of gravity of a physical body, 
the solution of the problem is as follows: The body in question 
is divided into x elementary portions such that the weight of 
each may be considered as concentrated at a point within it. 
If m is the total mass of the body, the mass of each element 
may be represented by Am. Then if (a, y,) are the coordinates 
of the point at which the mass of the 7th element is concentrated, 
the center of gravity of the body is given by the equations 


~ x,Am >» YAM 


’ Y= Lim = 
> Am J 


> Am , 
fom fyan 

, aa ame @ 
f dm if dm 


To evaluate, the integrals must be expressed in terms of a 
single variable and the limits supplied. 

It is to be noticed that it is not necessary, nor indeed always 
possible, to determine «, y, exactly, since, by § 124, 


z= Lim 


whence C= 


Lim Ya, + ¢,)Am = Lim ye An, 


n=o0 j=] n=0 j— 


if e, approaches zero as Am approaches zero. 
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Ex. 1. Find the center of gravity of a quarter circumference of the 
circle «? + y? = a?, which lies in the first quadrant. 
Let the quarter circumference be divided into elements of are ds 
(fig. 180) ; then, if p is the amount of mass per unit length, 
dm = p ds. 


The mass of each element may be considered concentrated at a point 
(a, y) of the curve. Hence 


jh pxds He py ds 


[pes a [pas 


If p is assumed constant, it may be removed from under the integral 
signs and canceled. The denominator of each fraction is then equal 
to s, a quarter circumference. To compute 

the numerators, we have, from the equation Y 

of the curve, 


i 


A 
ds —N da ays — Cdr =—* dy, 
y a! 
where s is assumed as measured from A so 
that dx is positive and dy negative. 
0 
Therefore fe ds = ae TT eR 
B 
2 0 es 
fuas = i Conia 
Jo Fie, 180 
Til : 
and fas =>» a quarter circumference. 
ie se OU 
Hence iis 
Tv 


Ex. 2. Find the center of gravity of a quarter circumference of a circle 
when the amount of matter in a unit of length is proportional to the length 
of the are measured from one extremity. 


As in Ex. 1, dm = pds, but here p = ks, k being a constant. Then 


dm = ksds. 


The integration is best performed by use of the parametric equations of 
the circle (§ 53). Then 


fos ds [rae cos hdd (4 8) 
0 a—8)a 


r= - = a 5 


fords ath dd 
0 


syds 2 adh si 1 : 
he asin ddd ae 
=- =~ z° 


fea fieoas 7 
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Ex. 3. Find the center of gravity of the area bounded by the parabola 
y° = 4 pe (fig. 181), the axis of x, and the ordinate through a point (h, k) 
of the curve. 

As in finding the area, let the area be divided into elementary rectangles 
ydax, where (x, y) is a point on the curve. Then, if p is the amount of mass 


) + rae 
per unit area, dm = py dz, 


and this mass may be considered as concentrated at a middle point 


(2, 2 2) of its left-hand ordinate. 


ic vue re ) (py da 2 ffl, 


Then em a a2 y= a7 ee 


y de 1 
0 e o ae Fic. 181 


Tf p is assumed constant, it may be removed from under the integral 
signs, and canceled. Then, by aid of the equation of the curve, we compute 


the integrals h 1 ph 5 
- fi. cya = 2p" [shaw = 4 pth? = 2 1k, 
0 0 


h h 
+f pdx = 2p f° nde — phe — LAR, e 


h 1h 4 1 y — 
and J, yee = 2p? f aide = ¢ptht = 3 hk. > ( . 
Therefore = sh, y= %k. 
Ex. 4. Find the center of gravity of the segment of the ellipse = = i =1 


(fig. 182) cut off by the chord through the positive ends of Hi axes of 
the curve. Divide the area into elements by Y 

lines parallel to OY. If we let y, be the ordi- 
nate of a point on the ellipse, and y, the 
ordinate of a point on the chord, we have 
as the element of area, 


(Y2 — 1) da, 
and hence din = p(Y_g — Y;) E24, Fie. 182 


where p, the amount of mass per unit of area, is assumed constant. 
The mass of this element may be considered as concentrated at the 


point («, net), 
2 


iene ete 


Hence ig 
iff ees 
a oe pe 
f 44 wwe Af awe Gt wae 


y = 
it Gry= Yy,) dx (Gwar Gs = yaa 
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From the equation of the ellipse, y, = 5 Ve — x*; from the equation of 
ij a 
the chord, y, = AG =e 


The denominator [Mw — y,)dz is equal to the area of the quadrant 
/0 


. : : : a ewe mab ab 
of the ellipse minus that of a right triangle, i.e. is equal to me Se 
4h a 
= ue DNF a (a aa) ae 
KD 2a 
Hence co a RETA 
me 3 (3 — 2) 
pe ie 
b? a 
pace ON Ok Fe See TS 
; eek [(a?—22) —(a—2)?] dx ae 
ae {ns ae 
a(t _— 5) Ae = 
4 2 


Ex. 5. Find the center of gravity of a spherical segment of one base 
generated by revolving the area BDE (fig. 185) about OY, where OB = a, 
and OE =c. 

Let the volume be divided into elementary 
cylinders as in § 130. Then the element of 
volume is Ady = 7x*dy, and hence 


dm = pwr? dy, 


where p is the density, assumed constant. The 
mass of this element may be considered as con- 
centrated at (0, vy), the center of its base. Hence 
the center of gravity of the entire volume is in 
the line OY, and its ordinate 7 is given by 


i y (px dy) ii (a*y a y) dy 3 (sc )? 


9 a a 
ih pre dy { (a? — y*) dy 
Ve ve 


ae 


Ex. 6, Find the center of gravity of the surface of the spherical seg- 
ment of Ex. 5. 


Divide the surface into elementary bands as in, § 133. Then 
dm = 2 mpxds, . 
where p, the amount of mass per unit area, is assumed constant. 


This mass may be considered concentrated at (0, y). Hence, using the 
ady 


notation and the figure of Ex. 5, we have ds = » and therefore 


fi ayas ¢ fovey ane 
[vas foay 2 


y= 
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138. Attraction. Two particles of matter of masses m, and 


m, respectively, separated by a distance 7, attract each other 
mm 


2 


9 


with a force equal to k 2, where *& is a constant which de- 


pends upon the units of force, distance, and mass. We shall 
assume that the units are so chosen that k=1. 

Consider now x particles of masses m,, m, m,,+++, m, lying 
in a plane at the points Ff, B, P,.--, PB (fig. 184). Let it 
be required to find 
their attraction upon 
a particle of unit mass 
situated at a point A 
in their plane. 

Let the distances AP, 
AR,..-, AB be denoted 
by 7, Fier te. The 
attractions of the indi- 
vidual particles are 


but these attractions cannot be added directly, since they are 
not parallel forces. To find their resultant we will resolve 
each into components along two perpendicular axes 4X and 4Y 
respectively. If we denote the angle XAF by @, we have as 
the sum of the components along X, 


_- m mM. i 
2G = cos 0, a cos 6, penta = cos 6,, 


} 
rT 1 Ts } n 


and for the sum of the components along AY, 


Mm, . m, . Tm 
Y =—1sin 6, + — sin 7,+--> +—*sin 6, 
an To Tiny 


The resultant attraction is then 
Raw x 2a 


: pore Bae 3 
and acts in a direction which makes tan~'— with A.XY. 


< 
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Let it now be required to find the attraction of a material 
body of mass m upon a particle of unit mass situated at a 
point A. Let the body be divided into m elements, the mass of 
each of which may be represented by Am, and let # be a point 
at which the mass of one element may be considered as concen- 
trated. Then the attraction of this element on the particle at 4 


5 AE : : : : E 
is —>> where r,= 4A, and its component in the direction AX 
i 
« Am 7 : 
is —- cos 6,, where 6, is the angle X4f. The whole body, there- 
if: 


fore, exerts upon the particle at 4 an attraction whose com- 
ponent in the direction 4.Y is 


i=n 
y ‘ cos @ cos 6 
= Lim S —- Am =f —— dm. 


/ om 


7c a en oe 


Similarly, the component in the direction 4Y is 


y= (= g din. 
” 


Ex. Find the attraction of a uniform wire of length 7 and mass m 
on a particle of unit mass situated in a straight line perpendicular to 
the wire at one end, and at a distance 
a from it. 

Let the wire OL (fig. 185) be 
placed in the axis of y with one 
end at the origin, and let the par- 
ticle of unit mass be at 4 on the 
axis of x where .10=a. Divide OL 
into n parts, OJL,, 1, M,, M,M,,---, 


A, 11, each equal to i = Ay.. Then, 
nv 


if pis the mass per unit of length of 
the wire, the mass of each element 
is Am = pAy. We shall consider the Fie, 185 
mass of each element as concen- 


trated at its first point, and shall in this way obtain an approximate 
expression for the attraction due to the element, this approximation 
being the better, the smaller Ay is made. The attraction of the element 
M,M,,, on A is then approximately 


pay _ _pAy_ 


fe a, Pr 5? Where y, = OM,. 
Al 


. ") 
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The component of this attraction in the direction OX is 


pay cos OAM, = _ pady 


a+ y? (a + yt 
u 
and the component in the direction OY is 
PAY sin OAM, = PEAY, 
pas (a + y2)8 


Then, if X is the total component of the attraction parallel to OX, and 
Y the total component parallel to OY, we have 


i=n-—1 A 1 ‘ 
= Ly oe = pal pd foes 
sein (Peg Gate ye 


Dak ae A (a -|- y2)? 0 Ca + y?)2 


To evaluate the integrals for XY and Y, place y=atan6. Then, if 


a—tan— : =OAL, 
a 


; « . m, 
aN. aff cos 0d6 = © sina = — sina, 
ado a al 


Mm 


at Ge hy Soa ee 
y= f sin 9d0 =~ (1 cosa) = 7 (1 cos @), 


since /p = m. 
If & is the magnitude of the resultant attraction and 6 the angle which 


its line of action makes with OY, 


= ee 2m. 1 
Tie RS ty = 


‘ l—cosa_ 1 
= tan-!— = tan-1 ~a 
B 4 sin @ 2 
PROBLEMS 
*1. Find the area of an arch of the curve y = sina, 
2. Find the area bounded by the portions of the curves y =} sin 2a 


and y=sina+4sin 2a that extend between « = 0 and « = m. 

~ 3. Find the area of the three-sided figure bounded by the codrdi- 
“nate axes and the curve x? + y? = at. t : 

\4, Find the area bounded by the catenary y = 5 (f+<.*), the 


axis of x, and the lines e=+h. Sa! 
\ 5. Find the area included between the witch y = ade and its 


asymptote. 


fe 


Ltt t 


286 APPLICATIONS OF INTEGRATION 


“6. Find the area of one of the closed figures bounded by the 
curves 7? =16-@ and 77 = 2’. 
7. Find the area bounded by the curve y (a + 4) =4(2 — 2), the ~/ 
axis of a, and the axis of y. 
. g. Find the area bounded by the curve 7? =a (log.r)’, the axis —— 
of x, and the ordinates x =1 and «=e. 
. 9. Find the area bounded by the parabola y’ = 2(x — 4) and the 
line «= 3¥. 
\10. Find the area between the parabola «7 = 4 ay and the witch 
8a? 
vaya 
11. Find the area bounded by the parabola 2? —9y=0 andthe . _ 
line a —3y+6=0. 
12. Find the area included between the parabolas y*= ax and 
de == (OY 
13. Find the area bounded by the curve xy? + a7)? = a*/? and its 
asymptotes. ; : 
14. Find the area bounded by the hyperbola = — = =1 and the 
chord «=h. ore 
15. Find the area bounded by the curve 7/?(a? + a’) = a*x? and its 
asymptotes. 
16. Find the total area of the curve 81 7? + 42 = 3627. 
17. Find the area of the loop of the curve (y—1)? = (w —1)?(4—~2). — 
18. Find the area of the loop of the curve cy” = (a — a) (a — b)?, 
(a <b). 
19. Find the area of the loop of the curve 16 a*//? = 0x? (a — 22). 
20. Find the area of the loop of the strophoid y? = Hut), 
21. Find the area of a loop of the curve y?(a@? 4+ a”) = a? (a? — 2*), 
22. Find the total area of the curve a?y* = «(2 a — 2). ave 
23. Find the area of the loop of the curve (2a + y)?= 2° (2 — Be 
24, Find the area between the axis of # and one arch of the cycloid 
x= a(p—sin dg), y = a(1— cos ®). 


25. Find the area inclosed by the four-eusped hypocycloid 
B= Cos ¢, 77 == a sin", 
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26. Find the entire area bounded by the curve « =a cos6, 
y = b sin. 

27. Find the mean value of the lengths of the perpendiculars 
from a diameter of a semicircle to the circumference, assuming 
the perpendiculars to be drawn at equal distances on the diameter. 

28. Find the mean length of the perpendiculars drawn from the 
circumference of a semicircle of radius a to its diameter, assuming 
that the points taken are equidistant on the circumference. 

29. Find the mean value of the ordinates of the curve y = sing 
between x= 0 and x=7, assuming that the points taken are 
equidistant on the axis of a. 

30. A number n is divided into two parts in all possible ways. 
Find the mean value of their product. 


31. If the initial velocity of a projectile is v,, and the angle of 


iy 


2 - Ti es 
elevation varies from 0 to >> find the mean value of the range, 


“a 


using the result of problem 36, Chap. VII. 
32. In a sphere of radius r a series of right circular cones is 


inscribed, the bases of which are perpendicular to a given diameter 
at equidistant points. Find the mean volume of these cones. 


33. A particle describes a simple harmonic motion defined by the 
equation s=asinkt. Show that the mean kinetic energy (=) 
during a complete vibration is half the maximum kinetic energy if 
the average is taken with respect to the time. 

34. In the motion defined in problem 33, what will be the ratio 
of the mean kinetic energy during a complete vibration to the 
maximum kinetic energy, if the average is taken with respect to 
the space traversed ? 

35. Find the area described in the first revolution by the radius 
vector of the spiral of Archimedes 7 = a6. 

36. Show that the area bounded by the hyperbolic spiral 76 = a 
and two radius vectors is proportional to the difference of the 
lengths of the radius vectors. 

37. Find the total area of the lemniscate 7? = 2 a’ cos 2 6. 

38. Find the area of a loop of the curve r = asin né. 


39. Find the area of a loop of the curve 7? = a’ sin n6, 
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40. Find the area swept over by the radius vector of the curve 


7 
ry =atan@ as 6 changes from 0 to re 


| 41. Find the total area of the cardioid r = a(1 4+ cos 6). 
42. Find the area of the limagon 7 = 2 cos 6 4 3. 


43. Find the area of the curved strip of the plane which has two 
portions of the initial line for two boundaries and the are of the 
spiral 7 = a6 between 6 = 27 and 6= 67 for the other boundary. 


44. Find the area of the loop of the curve 7* = a’ cos 2 6 cos 6 
which is bisected by the initial line. 


45. Find the area of a loop of the curve 7” sin 6 = a’ cos 2 6. 


46. Find the area of the kite-shaped figure bounded by an are of 
a parabola and two straight lines from the focus making the angles 
+ a with the axis of the parabola. 


~ 47. Find the area bounded by the curves r= a cos3 6 and r= a. 


48. Find the area inclosed by the curves r and 


= 4 
: i ~ 1—cos6 
~ 1+ cos 6 


r 


49. Find the area cut off one loop of the lemniscate 7? = 2 a* cos 2 6 
by the circle r = a. 


50. Find the area of the segment of the cardioid » = a(1 + cos 0) 
cut off by a straight line perpendicular to the initial line at a distance 
3a from the vertex. 


9 


51. Find the area of the loop of the curve (2? + 7)? = 4 a’x,’. 
(Transform to polar codrdinates.) 


52. Find the total area of the curve (a + y’)? = 4a’z* + 4 By? 
(Transform to polar coordinates.) 


53. Find the area of the loop of the Folium of Descartes, 

a + y% —3axy = 0, by the use of polar codrdinates. 
aii _ 2 

54. On the double ordinate of the ellipse ef a= 1 as base an 
ae 
isosceles triangle is constructed with its altitude equal to the dis- 
tance of the ordinate from the center of the ellipse and its plane 
perpendicular to the plane of the ellipse. Find the volume gener- 
ated as the triangle moves along the axis of the ellipse from 
vertex to vertex. 
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55. Find the volume cut from a right circular cylinder of radius 
a by a plane through the center of the base making an angle @ with 
the plane of the base. 


56. Two parabolas have a common vertex and a common axis but 
lie in perpendicular planes. An ellipse moves with its center on the 
common axis, its plane perpendicular to the axis, and its vertices on 
the parabolas. Find the volume generated when the ellipse has 
moved to a distance from the common vertex of the parabolas. 

57. An equilateral triangle moves so that one side has one end in 
OY and the other end in the circle 2? + y*? = a’, the plane of the 
triangle being perpendicular to OY. Required the volume of the 
solid generated. 


58. In a sphere of radius a find the volume of a segment of one 
base and altitude A. 

59. Find the volume of the solid generated by revolving about OY 
the plane surface bounded by OY and the hypocycloid ae ys = ab, 


a 


60. Find the volume of the solid formed by revolving about the 
line « = 3 the figure bounded by the parabola y* = 8 and the line 
i= 2: 

61. Find the volume of the solid formed by revolving about the 


line y =— a the figure bounded by the curve y = sing, the lines 
2=Qand2= ~ and the line y=— a. 


62. A right circular cone with vertical angle 2 has its vertex at 
the center of a sphere of radius a. Find the volume of the portion 
of the sphere intercepted by the cone. 


63. A variable equilateral triangle moves with its plane perpen- 
dicular to the axis of ¥ and the ends of its base respectively on the 
parts of the curves y?=16aa and y’=4azr above the axis of 2. 
Find the volume generated by the triangle as its plane moves a 
distance a from the origin. 

64. Find the volume of the solid formed by revolving about OX 
the plane figure bounded by the cissoid y* = cot the line x = a, 
and the axis of x. 

65. A right circular cylinder of radius @ is intersected by two 
planes, the first of which is perpendicular to the axis of the cylinder, 
and the second of which makes an angle 6 with the first. Find the 
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volume of the portion of the cylinder included between these two 
planes if their line of intersection is tangent to the circle cut from 
the cylinder by the first plane. 

66. On the double ordinate of the four-cusped hypocycloid 
at + yi = a’ as base an isosceles triangle is constructed with its 
altitude equal to the ordinate and its plane perpendicular to the 
plane of the hypocycloid. Find the volume generated by the 
triangle as it moves from 7 =—a@ to =a. 


67. Find the volume of the solid formed by revolving about OY 


8 
the plane figure bounded by the witch y = oa and the line y=a. 


68. Find the volume of the solid formed by revolving about the 
line y = a the plane figure bounded by the line y = a and the witch 


wy ase cole 
y <; ge? ab 4 a? 
\ 69. Find the volume of the solid bounded by the surface formed 
: ; 8a 5 
by revolving the witch y = Pada about its asymptote. 


70. Find the volume of the wedge-shaped solid cut from a right 
circular cylinder of radius a and altitude 2 by two planes which 
pass through a diameter of the upper base and are tangent to the 
lower base. 


71. Two circular cylinders with the same altitude h have the 
upper base, of radius a, in common. Their other bases are tangent 
at the point where the perpendicular from the center of the upper 
base meets the plane of the lower bases. Find the volume common 
to the two cylinders. 


72. Find the volume of the ring solid formed by revolving the 
2=—d)y x 
Geet ++ 7 = 1 around OY(d > a). 

ih ie 

73. The cap of a stone post is a solid of which every horizontal 
cross section is a square. The corners of all the squares lie in a 
spherical surface of radius 8 in. with its center 4 in. above the plane 
of the base. Find the volume of the cap. 


ellipse 


74. Find the volume of the solid formed by revolving about the 
line «= — 2 the plane figure bounded by that line, the parabola 
y’ = 4a, and the lines y = + 2. 
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75. Find the volume of the solid formed by revolving about the 
line x = 2 the plane figure bounded by the curve 7? = 4(2 — x) and 
the axis of y. 

76. A variable circle moves so that one point is always on OY, its 

ae 2 
center is always on the ellipse 2 aa os = 1, and its plane is always 
; ) 
perpendicular to O¥. Required the volume of the solid generated. 
77. Find the volume of the solid generated by revolving about 
3 


the asymptote of the cissoid 7? = 
the curve and the asymptote. 


ae the plane area bounded by 
78. Find the volume of the solid formed by revolving about 
OX the plane figure bounded by OX and an arch of the cycloid 


x=a(p—sin¢gd), y=a(1 — cos ¢). 
79. Find the volume of the solid generated by revolving the 
cardioid r = a(1 + cos 6) about the initial line. 


80. A cylinder passes through two great circles of a sphere which 
are at right angles to each other. Find the common volume. 


~ 81. Find the length of the semicubical parabola 7? = (a — 2)? 
from its point of intersection with the axis of « to the point (6, 8). 


82. Find the length of the catenary y = ae +e °) from e=0 
OMe 10: 
83. Find the total length of the four-cusped hypocycloid 


zZ 
3 


at + yb =a 3 


84. Show that the length of the logarithmic spiral r = e*® between 
any two points is proportional to the difference of the radius vectors 
of the points. 


a0. 
85. Find the complete length of the curve 7 = @sin® 3 


e 


a 
86. Find the length of the curve y= «log eee from the 


Ser a 
origin to x=>5- 


2 
87. Find the length from cusp to cusp of the cycloid 
g=a(p—sing), y=a(1—cos¢). 
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88. From equidistant points on an arch of the cycloid 
a=—a(p—sind), y=a(1—cos ¢), 
perpendiculars are drawn to the base of the arch. What is their 
average length ? 
89. From a spool of thread 2 in. in diameter three turns are 
unwound. If the thread is held constantly tight, what is the length 
of the path described by its end ? 


90. Find the length of the curve y = log 
tO) qo 


, from a2=1 


91. Find the mean distance of all points on the circumference 
of a circle of radius a from a given point on the circumference. 


92. Find the length of the spiral of Archimedes, r = a6, from 
the pole to the end of the first revolution. 


93. Find the length of the curve 8 a’y = 2* + 6a*x* from the 
origin to the point x = 2a. 


94. The parametric equations of a curve are 
x = 50(1— cos 6) + 50(2 —6)sin6, y = 50 sin@ + 50(2 — 6) cos 8. 
Find the length of the curve between the points 6 = 0 and 6 = 2. 
95. Find the length of the cardioid 7 = a (1 + cos 6). 
96. Find the mean length of the radius vectors drawn from the 


pole to equidistant points of the cardioid 7 = (1 + cos 6). 


97. Find the length of the curve r= a cos" 5 from the pole to 
the point in which the curve intersects the initial line. 
98. Find the length of the tractrix (§ 200) 


a a+Va?— 2 — 
Y=5 log — Va — g? 


5 : ; 
— Ve re 
from «=htoxv=a. 


99. Find the area of a zone of height 2 on a sphere of radius a. 
100. Find the area of the surface formed by revolving about OX 
the hypocycloid x = a cos* 6, y = a sin® 6. 


101. Find the area of the surface formed by revolving about the 
line «=a the portion of the hypocycloid 2 = a cos* 6, y = asin*9, 
which is at the right of OY. 
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102. Find the area of the surface formed by revolving about the 


tangent at its lowest point the portion of the catenary y =S(i+e*) 
between « =— hand e=h. 


103. Find the area of the surface formed by revolving about the 
initial line the cardioid + = a (1 + cos 6). 

104. Find the area of the surface formed by revolving an arch of 
the cycloid z = a(¢ — sin $), y = a(1 — cos ¢) about the tangent at 
its highest point. 

105. Find the area of the surface formed by revolving about OY 


the tractrix (§ 200) y = Slog a+~Va a a. 
= ee re 


106. Find the area of the surface formed by revolving the lem- 
niscate 7? = 2 a” cos 2 6 about the initial line. 


OP > ar 


107. Find the area of the surface formed by revolving the lem- 
niscate 7? = 2 a’ cos 2 6 about the line 6 = 90°. 


108. A positive charge m of electricity is fixed at 0. The repul- 
sion on a unit charge at a distance x from 0 is a Find the work 
done in bringing a unit charge from infinity to a distance a from 0. 

109. Assuming that the force required to stretch a wire from the 
length «a to the length a + is proportional to ot and that a force 


of 1 1b. stretches a wire of 36 in. in length to a length .04 in. 
greater, find the work done in stretching the wire from 36 in. 
to 39 in. 


110. A body moves in a straight line according to the formula 
x = ct®, where x is the distance traversed in the time ¢. If the re- 
sistance of the air is proportional to the square of the velocity, find 
the work done against the resistance of the air as the body moves 
from z= 0 tox =a. 


111. Assuming that below the surface of the earth the force of 
the earth’s attraction varies directly as the distance from the earth’s 
center, find the work done in moving a weight of m pounds from a 
point a miles below the surface of the earth to the surface. ns 


112. Assuming that above the surface of the earth the force of 


the earth’s attraction varies inversely as the square of the distance 
AC 
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from the earth’s center, find the work done in moving a weight of 
m pounds from the surface of the earth to a distance a miles above 
the surface. 


‘113. A wire carrying an electric current of magnitude C is bent 
into a circle of radius a. The force exerted by the current upon a 
unit magnetic pole at a distance « from the center of the circle in 
a straight line perpendicular to the plane of the circle is known to 


Car : ; lia : : 
be me Find the work done in bringing a unit magnetic pole 


(a? + a)? 
from infinity to the center of the circle along the straight line just 
mentioned. 


114. A spherical bag of radius 5 in. contains gas at a pressure 
equal to 15 1b. per square inch. Assuming that the pressure is in- 
versely proportional to the volume occupied by the gas, find the 
work required to compress the bag into a sphere of radius 4 in. 


115. A piston is free to slide in a cylinder of cross section S. 
The force acting on the piston is equal to pS, where p is the pres- 
sure of the gas in the cylinder, and a pressure of 7.7 lb. per square 
inch corresponds to a volume of 2.5 cu. in. Find the work done 
as the volume of the cylinder changes from 2.5 cu. in. to 5 eu. in., 
(1) assuming pv = k, (2) assuming pv'* = k. 


4 116. Find the total pressure on a vertical rectangle with base 8 
and altitude 12, submerged so that its upper edge is parallel to the 
surface of the liquid at a distance 5 from it. 


117. Find the depth of the center of pressure of the rectangle 
in the previous problem. 


118. Find the total pressure on a triangle of base 10 and altitude 4, 
submerged so that the base is horizontal, the altitude vertical, and 
the vertex in the surface of the liquid. 


119. Show that the center of pressure of the triangle of the pre- 


vious problem hes in the median three fourths of the distance from ~ 


the vertex to the base. 


4120. Find the total pressure on a triangle with base 8 and altitude 6, 
submerged so that the base is horizontal, the altitude vertical, and the 


vertex, which is above the base, at a distance 3 from the surface of 
the liquid. 
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121. Find the depth of the center of pressure of the triangle of 
the previous problem. 


122. The centerboard of a yacht is in the form of a trapezoid in 
which the two parallel sides are 3 and 5 ft. respectively in length, 
and the side perpendicular to these two is 4 ft. in length. Assuming 
that the last-named side is parallel to the surface of the water at a 
depth of 1ft., and that the parallel sides are vertical, find the 
pressure on the board.* 


123. Find the moment of the force which tends to turn the center- 
board of the previous problem about the line of intersection of the 
plane of the board with the surface of the water. 


1124. A dam is in the form of a regular trapezoid with its two 
horizontal sides 400 and 100 ft. respectively, the longer side being 
at the top and the height 20 ft. Assuming that the water is level 
with the top of the dam, find the total pressure. 


125. Find the moment of the force which tends to overturn the 
dam of the previous problem by turning it on its base line. 


126. Find the total pressure on a semiellipse submerged with one 
axis in the surface of the liquid and the other vertical. 


127. Find the depth of the center of pressure of the ellipse of 
the previous problem. 

128. The gasoline tank of an automobile is in the form of a 
horizontal cylinder, the ends of which are plane ellipses 20 in. 
high and 10 in. broad. Assuming w as the weight of a cubie inch 
of gasoline, find the pressure on one end when the gasoline is 
15 in. deep. 

* 129. A parabolic segment with base 15 and altitude 3 is sub- 
merged so that its base is horizontal, its axis vertical, and its vertex 
in the surface of the liquid. Find the total pressure. 


‘ 130. Find the depth of the center of pressure of the parabolic 
segment of the previous problem. 


~ 131. A circular water main has a diameter of 5 ft. One end is 


closed by a bulkhead and the other is connected with a reservoir in | 


which the surface of the water is 20 ft. above the center of the | 


bulkhead. Find the total pressure on the bulkhead. 


* The weight of a cubic foot of water may be taken as 62}1b. = 45 ton. 
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.132. A pond of 10 ft depth is crossed by a roadway with vertical 
aden A culvert, whose cross section is in the form of a parabolic 
segment with horizontal base on a level with the bottom of the pond, 
runs under the road. Assuming that the base of the parabolic seg- 
ment is 6 ft. and its altitude 4 ft., find the total pressure on the 
bulkhead which temporarily closes the culvert. 


. 133. Find the pressure on a board whose boundary consists 
of a straight line and one arch of a sine curve, submerged so 
that the board is vertical and the straight line is in the surface 
of the water. 


\ 134. Find the center of gravity of the semicircumference of the 
circle 2? + y? = a which is above the axis of a. 
* 135. Find the Contes of gravity of the are of the SEUSS 
hypocycloid at + ye = = a* which is above the axis of z. 
136. Find the center of gravity of a parabolic segment. 


137. Find the center of gravity of the area of a quadrant of an 
ellipse. 


138. Find the center of gravity of a triangle. 


139. Find the center of gravity of the area bounded by the 
semicubical parabola ay? = #* and any double ordinate. 


140. Find the center of gravity of the area bounded by the pa- 
rabola a + 47 —16 = 0 and the axis of z. 


141. Find the center of gravity of half a spherical solid of con- 
stant density. 


142. Find the center of gravity of the solid fee by revolving 


about OY the surface bounded by the hy perbola “ ——_ = 1 and the 
lines y = 0 and y = 0. a 


143. Find the center of gravity of a hemispherical surface. 


144, Find the center of gravity of the surface of a right circular 
cone. 


145. Hind the center of gravity of the area bounded by the curve 
y =sin@ and the axis of x between « = 0 and # = m. 


146. Find the center of gravity of the area between the axes of 
coordinates and the parabola at 4 yp? = ai, 
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147. Find the center of gravity of a uniform wire in the form of 
Nae ae 5 
the catenary y= 5(e*+e *) froma=0tor=a, 


148. Find the center of gravity of the solid formed by revolving 
about OX the surface bounded by the parabola 7? = 4 px, the axis 
of x, and the lne 2 = a. 


149. Find the center of gravity of the plane area bounded by the 
two parabolas y* = 20a and 2? = 20 y. 

150. Find the center of gravity of the plane area bounded by the 
parabola 7° = 4a, the axis of y, and the line y = 4. 


151. Find the center of gravity of the solid formed by revolving 
about OY the plane figure bounded by the parabola y?= 4 pa, the 
axis of y, and the line y =k. 


152. Find the center of gravity of the surface of a hemisphere 
when the density of each point in the surface varies as its perpen- 
dicular distance from the circular base of the hemisphere. 


153. Find the center of gravity of that part of the plane surface 
bounded by the four-cusped hypocycloid « = acos*@, y = asin*6, 
which is in the first quadrant. 


154. Find the center of gravity of the plane area bounded by the 
ellipse a + as = 1, the circle a + y? = a’, and the axis of y. 
155. Find the center of gravity of the plane area common to the 
parabola «? — 8y = 0 and the circle x2” + x’ — 128 = 0. 
156. Find the center of gravity of the plane surface bounded by 
the first arch of the cycloid 
z=a(d—singd), y=a(1—cos¢), 
and the axis of z. 
157. Find the center of gravity of the arc of the cycloid 
2=a(p—singd), y=a(1— cos ®), 
between the first two cusps. 


158. Find the center of gravity of the solid formed by rotating 
about OX the parabolic segment bounded by y’ = 4a and a = A, if 


; 1 
the density at any point of the solid equals = 
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159. Find the center of gravity of the plane surface bounded by 
the two circles #?+ y?=a?, «+7? — 2.ax = 0, and the axis of a. 
160. Show that the center of gravity of a sector of a circle lies on 
7 & 
Sif 
2 
from 


the line bisecting the angle of the sector at a distance z a 


i) 


the vertex, where a is the angle and a the radius of the sector. 

161. Find the center of gravity of the solid generated by revoly- 
ing about the line z = a the area bounded by that line, the axis of a, 
and the parabola 7” = 4 pa. 


162. Find the center of gravity of the plane area bounded by the 
two parabolas «* — 4p (y — 6) = 0, «7? — 4 py = 0, the axis of y, and 
the line x = a. 

163. Find the center of gravity of the are of the curve 9 ay? — 
x (a — 3a)*= 0 between the ordinates « = 0 and «= 3a. 


164. The density at any point of a lamina in the form of a para- 
bolic segment of height 8 ft. and base 6 ft. is directly proportional 
to its distance from the base. Find the center of gravity. 

165. Find the center of gravity of the portion of a spherical 
surface bounded by two parallel planes at distances f, and h, 
respectively from the center. 

166. Find the center of gravity of the solid formed by revolving 
about OY the plane area bounded by the parabola 2? = 4 py and any 
straight line through the vertex. 

167. Find the center of gravity of the surface generated by the 
revolution about the initial lne of one of the loops of the lemniscate 
= 2 GCOS 2, 

168. Prove that the total pressure on a plane surface perpendic- 
ular to the surface of a hquid is equal to the pressure at the center 
of gravity multiplied by the area of the surface. 

169. Prove that the area generated by revolving a plane curve 
about an axis in its plane is equal to the length of the curve multi- 
plied by the circumference of the circle described by its center of 
gravity. 

170. Prove that the volume generated by revolving a plane figure 
about an axis in its plane is equal to the area of the figure multiplied 
by the circumference of the circle described by its center of gravity. 


PROBLEMS 299 


171, Find the attraction of a uniform straight wire of length 20 
and mass M upon a particle of unit mass situated in the line of 
direction of the wire at a distance 3 from one end. 


172. Find the attraction of a rod of mass M and length /, whose 
density varies as the distance from one end, on a particle of unit 
mass in its own line and distant @ units from that end. 


173. A particle of unit mass is situated at a perpendicular dis- 
tance 5 from the center of a straight homogeneous wire of mass M 
and length 12. Find the force of attraction of the wire. 


174. Find the attraction due to a straight wire of length 27 ona 
particle of unit mass lying on the perpendicular at the middle point 
of the wire and distant ¢ units from the wire, the density of the wire 
varying directly as the distance from its middle point. 

175. Find the attraction of a homogeneous straight wire of neg- 
ligible thickness and infinite length on a particle of unit mass at a 
perpendicular distance ¢ from the central point of the wire. 


176. Find the attraction of a uniform wire of mass M bent into 


an are of a circle with radius 5 and angle - upon a.particle of unit 
mass at the center of the circle. 

177. Find the attraction of a uniform circular ring of radius a 
and mass M upon a particle of unit mass situated at a distance c 
from the center of the ring in a straight line perpendicular to the 
plane of the ring. : 

178. Find the attraction of a uniform circular disk of radius a 
and mass M upon a particle of unit mass situated at a perpendicular 
distance ¢ from the center of the disk. (Divide the disk into con- 
centric rings and use the result of problem 177.) 

179. Find the attraction of a uniform right circular cylinder with 
mass M, radius of its base a, and length 7 upon a particle of unit 
mass situated in the axis of the cylinder produced, at a distance ¢ 
from one end. (Divide the cylinder into parallel disks and use the 
result of problem 178.) 

180. Find the attraction of a uniform straight wire of length 15 
and mass M upon a particle of unit mass situated at a perpendicular 
distance 12 from the wire and so that lines drawn from the particle 


‘ 4 Tv 
to the ends of the wire inclose an angle 3° 


CHAPTER XIV 
SPACE GEOMETRY 


139. Functions of more than one variable. A quantity z is 
said to be a function of two variables, x and y, if the values of z 
are determined when the values of x and y are given. ‘This rela- 
tion is expressed by the symbols z=f(2, y), z= (a y), ete. 

Similarly, w is a function of three variables, z, y, and z, if the 
values of w are determined when the values of z, y, and z are 
given. This relation is expressed by the symbols u= f(a, y, 2), 
U= (a, ¥, 2), ete. 


Ex. 1. If 7 is the radius of the base of a circular cone, A its altitude, 
and v its volume, v=47r%h, and v is a function of the two variables 
r and h. ; 


Ex. 2. If f denotes the centrifugal force of a mass m revolving with a 


2 
: : . » : . mv ps : 

velocity v in a circle of radius r, f= —., and fis a function of the three 

x 


variables m, v, and 7. 

Ex. 8. Let v denote a volume of a perfect gas, ¢ its absolute temperature, 
and p its pressure. Then ss = k, where & is a constant. This equation may 
be written in three equivalent forms: p= ke, i ke — Des by which 
each of the quantities p, v, and ¢ is explicitly expressed as a function of 
the other two. 


A function of a single variable is defined explicitly by the 
equation y=f(x), and implicitly by the equation F(a, y) =0 
(§ 86). In either case the relation between 2 and y is repre- 
sented graphically by a plane curve. Similarly, a function of 
two variables may be defined explicitly by the equation 
z=f(% y), or implicitly by the equation F(a, y, z)=0. In 
either case the graphical representation of the function of two 
variables is the same, and may be made by introducing the 
conception of space codrdinates. 
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140. Rectangular coérdinates. To locate a point in space of 
three dimensions, we may assume three number scales, OY, OY, 
OZ (fig. 186), mutually perpendicular, and having their zero 
points coincident at O. They will determine three planes, 
XOY, YOZ, ZOX, each of which is perpendicular to the other 
two. The planes are called the codrdinate planes, and the three 
lines OX, OY, and OZ are called the axes of 2, y, and z 
respectively, or the codrdinate axes, and the point O is called 
the origin of codrdinates. 

Let P be any point in space, and through P pass planes 
perpendicular respectively to OX, OY, and OZ, intersecting 
them at the points 1, M, and WN respectively. Then if we 
place x=OL, y=OWM, and z= ON, it is evident that to any 
point there corresponds one, and only 
one, set of values of x, y, and z; and 
that to any set of values of 2, y, and 
z there corresponds one, and only one, 
point. These values of z, y, and 2 are 
called the codrdinates of the point, which 
is expressed as P(a, y, 2). 

From the definition of « it follows e 
that x is equal, in magnitude and direc- Fre. 186 
tion, to the distance of the point from the 
codrdinate plane YOZ. Similar meanings are evident for y 
and z. It follows that a point may be plotted in several dif- 
ferent ways by constructing in succession any three nonparallel 
edges of the parallelepiped (fig. 186) beginning at the origin 
and ending at the point. 


In case the axes are not mutually perpendicular, we have a system of 
oblique codrdinates. In this case the planes are passed through the point 
parallel to the coérdinate planes. Then « gives the distance and the direc- 
tion from the plane YOZ to the point, measured parallel to OX, and similar 
meanings are assigned to y and z. It follows that rectangular codrdinates 


are a special case of oblique codrdinates. 


141. Graphical representation of a function of two variables. 
Let f(z, y) be any function of two variables, and place 


2=f(G 9). ote) 
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Then the locus of all points the codrdinates of which satisfy (1) 
is the graphical representation of the function f(z, y). To con- 
struct this locus we may assign values to x and y, as x= 2, and 
y=Y, and compute from (1) the corresponding values of z. 
There will be, in general, distinct values of z, and if (1) defines 
an algebraic function, their number will be finite. The corre- 
sponding points all lie on a line parallel to OZ and intersecting 
XOY at the point R(x, y,), and these points alone of this line 
are points of the locus, and the portions of the line between 
them do not belong to the locus. As different values are 
assigned to 2 and y, new lines parallel to OZ are drawn on 
which there are, in general, isolated points of the locus. It 
follows that the locus has extension in only two dimensions, 
i.e. has no thickness, and is, accordingly, a surface. Therefore 
the graphical representation of a function of two variables is a 
surface.* 

Ii f(a, y) is indeterminate for particular values of x and y, 
the corresponding line parallel to OZ lies entirely on the locus. 

Since the equations z= f(a, y) and F(a, y, z)=0 are equiy- 
alent, and their graphical representations are the same, it follows 
that the locus of any single equation in x, y, and z is a surface. 


There are apparent exceptions to the above theorem if we demand that 
the surface shall have real existence. Thus, for example, 


e+ y+ 2=—-1 
is satisfied by no real values of the codrdinates. It is convenient in such 
cases however, to speak of “imaginary surfaces.” 

Moreover, it may happen that the real codrdinates which satisfy the 
equation give points which lie upon a certain line, or are even isolated 
points. For example, the equation 

x? + y =0 
is satisfied in real codrdinates only by the points (0, 0, z) which lie upon 
the axis of z; while the equation 


P+y+t+2=0 


*It is to be noted that this method of graphically representing a function 
cannot be extended to functions of more than two variables, since we have but 
three dimensions in space. 
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is satisfied, as far as real points go, only by (0, 0, 0). In such cases it 
is still convenient to speak of a surface as represented by the equation, 
and to consider the part which may be actually constructed as the real 
part of that surface. The imaginary part is considered as made up of 
the points corresponding to sets of complex values of z, y, and z which 
satisfy the equation. 


142. Cylinders. If a given equation is of the form F(a, y)=0, 
involving only two of the codrdinates, it might appear to rep- 
resent a curve lying in the plane of those coédrdinates. But if 
we are dealing with space of three dimensions, such an inter- 
pretation would be incorrect, in that it amounts to restricting 
z to the value z=0, whereas, in fact, the value of z corre- 
sponding to any simultaneous values of x and y satisfying 
the equation F(a, y)=0 may be anything whatever. Hence, 
corresponding to every point of the curve F(a, y)=0 in the 
plane XOY, there is an entire straight line, parallel to OZ, 
on the surface F(z, y)=90. Such a surface is a cylinder, 
its directrix being the plane curve F(a, y)=0 in the plane 
z=0, and its elements being parallel to OZ, the axis of the 
coordinate not present. 

For example, z* + y’ = a’ is the equation of a circular cylinder, 
its elements being parallel to OZ, and its directrix being the circle 
+y=a* in the plane YOY. 

In like manner z= ky is the equation of a parabolic cylinder, 
its elements being parallel to OX, and its directrix being the 
parabola = ky in the plane ZOY. 

If only one codrdinate is present in the equation, the locus is a 
number of planes. For example, the equation 2’—(a+b)x+ab=0 
may be written in the form (#—a)(«—b)=0, which represents 
the two planes z—a=0 and x—b=0. Similarly, any equation 
involving only one codrdinate determines values of that coordinate 
only and the locus is a number of planes. 

Regarding a plane as a cylinder of which the directrix is a 
straight line, we may say that any equation not containing all 
the coordinates represents a cylinder. 

If the axes are oblique, the eleménts of the cylinders are not 
perpendicular to the plane of the directrix. 
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143. Other surfaces. The surface represented by any equa- 
tion F(a, y, 2)= 0 may be studied by means of sections made 
by planes parallel to the coordinate planes. if, for example, 
we place z =0 in the equation of any surface, the resulting 
equation in x and y is evidently the equation of the plane 
curve cut from the surface by the plane XOY. Again, if we 
place z=z, where z, is some fixed finite value, the resulting 
equation in x and y is the equation of the plane curve cut 
from the surface by a plane parallel to the plane YOY and z, 
units distant from it, and referred to new axes O'X' and O'Y’, 
which are the intersections of the plane z=z, with the planes 
XOZ and YOZ respectively; for by placing z=z, instead of 
z= 0, we have virtually transferred the plane YOY, parallel to 
itself, through the distance z,. 

In applying this method it is advisable to find first the three 
plane sections made by the codrdinate planes x=0, y=0, z=0. 
These alone will sometimes give a general idea of the appearance 
of the surface, but it is usually desirable to study other plane see- 
tions on account of the additional information that may be derived. 

The following surfaces have been chosen for illustration because 
it is important that the student should be familiar with them. 


Ex.1. Ax + By + Cz +D=0. 
Placing z = 0, we have (fig. 187) 
An + By -- D= 0. (a 


Hence the plane XOY cuts this surface 
in a straight line. Placing y= 0 and then 
x=0, we find the sections of this surface 
made by the planes ZOX and YOZ to be 
respectively the straight lines 


Az+Cz+D=0, () 
and By + Ce + D=0. (3) 
Placing z =2,, we have Ax + By + Cz, + D=0, (4) 


which is the equation of a straight line in the plane z= z,. The line (4) 
is parallel to the line (1), since they make the angle tan-1(— <) with the 


parallel lines O’X’ and OX and lie in parallel planes. To find the point 


SURFACES 305 


where (4) intersects the plane XOZ, we place y=0, and the result 
Ax + Cz, + D=0 shows that this point is a point of the line (2). This 
result is true for all values of z,. Hence this surface is the locus of a 
straight line which moves along a fixed straight line always remaining 
parallel to a given initial position; hence it is a plane. 

Since the equation dz + By + Cz+D=0 is the most general equa- 
tion of the first degree in the three codrdinates, we have proved that 
the locus of every linear equation in rectangular space coérdinates is a plane. 


Ex. 2. z= az? + by?, where a> 0, 
b> 0. 
Placing z = 0, we have 
ax* + by? = 0, (1) 
and hence the XOY plane cuts the 
surface in a point (fig. 188). Placing 
y = 0, we have Be ax, (2) 
which is the equation of a parabola 
with its vertex at O and its axis along 
OZ. Placing z= 0, we have 
eye (3) 
which is also the equation of a pa- 
rabola with its vertex at O and its 
axis along OZ. 
Placing z2=2z,, where z,>0, we 
may write the resulting equation in 
the form 


Spt =i, (4) 


ai a 
which is the equation of an ellipse with semiaxes V2 and Ne As the 


plane recedes from the origin, ie. as 2, increases, it is evident that the 
ellipse increases in magnitude. It is also evident that the ends of the axes 


of the ellipse lie onthe parabolas (2) and (3). 


If we place z = — z,, the result may be written in the form 
a ane 5 yp=-l, 
ay ay 


and hence there is no part of this surface on the negative side of the 
plane XOY. 

The surface is called an elliptic paraboloid, and evidently may be gener- 
ated by moving an ellipse of variable magnitude always parallel to the 
plane XOY, the ends of its axes always lying respectively on the parabolas 
z= aa? and z = by’. 
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2 2 
oe el, (1) 


which is the equation of an ellipse 
with semiaxes a and + (fig. 189). 
Placing y = 0, we have 


wee of 
——= 2 
iw on imate 
which is the equation of an Fic. 189 


hyperbola with its transverse 
axis along OX and its conjugate axis along OZ. Placing x = 0, we have 


ao (3) 


which is the equation of an hyperbola with its transverse axis along OY 
and its conjugate axis along OZ. 
If we place z = + <,, and write the resulting equation in the form 


2 9 
we y 


=i (4) 


Pee Sere 8 See 
a (1 ie “1) 0? (1 + 1) 


| oe | 2 
we see that the section is an ellipse with semiaxes a V1 + ands Vi + a 
; Cc ¢ 


which accordingly increases in magnitude as the cutting plane recedes from 
the origin, and that the surface is symmetrical with respect to the plane 
XOY, the result being independent of the sign of 2,. 

Accordingly this surface, called the unparted hyperboloid or the hyper- 
boloid of one sheet, may be generated by an ellipse of variable magnitude 
moving always parallel to the plane 
NOY and with the ends of its axes 
always lying on the hyperbolas 


a estas je ee 
a ee and mo aol 
a yt 28 
Ex. 4 a ee ts 


This surface (fig. 190) is a cone, with | 
OZ as its axis and its yertex at O, Fie, 190 
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a yo 


Ex. 5. 


This surface (fig. 191) is the 
ellipsoid. 


This surface (fig. 192) is the 
biparted hyperboloid or the hyper- Fie. 191 
boloid of two sheets. 

The discussions of the last three surfaces are very similar to that of 
the unparted hyperboloid, and for 
that reason they have been left to 
the student. 


Ex. 7. 2= ax* — by*, where a>0, 
b> 0: 


Placing z = 0, we obtain the equa- 
Sa az* — by? = 0, (1) 
ie. two straight lines intersecting 
at the origin (fig. 193). Placing 

= 0, we have 


z= az* 2 
; @) Fre. 192 


the equation of a parabola with its 
vertex at O and its axis along the positive direction of OZ. 
Placing z = 0, we have 
y, (8) 
the equation of a parabola 
with its vertex at O and 
its axis along the negative 
direction of OZ. 
Placing 2=-2,, we 
have 


lI 
| 
a> 
aS 

3 


z= ax? — by’, 


or Y= — *(e —azx;), (4) 
) 


a parabola with its axis 
parallel to OZ and its 


vertex at a distance az; ; 
from the plane XOY. It is evident, moreover, that the surface is sym- 


metrical with respect to the plane YOZ, and that the vertices of 


Fic. 193 
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these parabolas, as different values are assigned to 2,, all lie on the 
parabola z= ax?. 

Hence this surface may be generated by the parabola z = — by? moving 
always parallel to the plane YOZ, its vertex lying on the parabola z = ar”. 
The surface is called the hyperbolic paraboloid. 

The reason for the name given to this surface becomes more evident if 
two more sections are made. 

Placing z = z,, where z,>0, we have z, = ax? — by?, or 


fl y=), (6) 


an hyperbola with its transverse axis parallel to OX, the ends of the 


transverse axis lying on the parabola z = az”. 
If z = — z,, we may write the equation in the form 
b 
2 pf =1, (6) 
ca 4 


an hyperbola with its transverse axis parallel to OY, the ends of the 
transverse axis lying on the parabola z =— hy’. 


Ex. 8. 2=kzy, where 
He SV 


This surface is a 
special case of the hyper- 
bolic paraboloid of Ex. 7, 
in which b=a. The proof 
of this statement is as 
follows : 

If 6=a, the equation 
of-the surface of Ex.7 is 


Pi 10) (Gt >) ea (ly) 


Revolve the planes Fie. 194 
NXNOZ and YOZ about 
the axis OZ, which is held fixed, through an angle of — 45° into new 
positions X’OZ and YOZ. By §19, the formulas of transformation are 


y Sees St 


Rs zx=——_, — 


V2 ; V2 
Substituting these values in (1), and simplifying, we have 
2 = 2any, (2) 


which is the equation given above with k = 2a. 
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The discussion of the plane sections of the surface (fig. 194) made by 
the planes parallel to the codrdinate planes is left to the student. 

If 6 Aa, we can make a similar transformation by using the formulas 
of § 21, and the result will be x = kx’y’, only the codrdinates will not be 
rectangular. 


144. Surfaces of revolution. If the sections of a surface 
made by planes parallel to one of the codrdinate planes are 
circles with their centers on the axis of codrdinates which is 
perpendicular to the cutting planes, the surface is a surface of 
revolution ($133) with that codrdinate axis as the axis of 
revolution. This will always occur when the equation of the 
surface is in the form F(V2? + ¥*, z2)=0, which means that the 
two codrdinates z and y enter only in the combination Va? + y’; 
for if we place z= 2, in this equation to find the corresponding 
section, and solve the resulting equation for 2+’, we have, 
as a result, the equation of one or more circles, according to 
the number of roots of the equation in 2? + 7’. 

Again, if we place x= 0, we have the equation F(y, z)=0, 
which is the equation of the generating curve in the plane 
YOZ. Similarly, if we place y=0, we have F(a, 2)=0, which 
is the equation of the generating curve in the plane YOZ. It 
should be noted that the codrdinate which appears uniquely in 
the equation shows which axis of coédrdinates is the axis of 


revolution. 
z 2 


2 
Ex. 1. Show that the unparted hyperboloid -, = ae — =1is a surface 
of revolution. 
Writing this equation in the form 
2 2 2 
eT a a), 
ae b? 
we see that it is a surface of revolution with OY as the axis. 


Placing z=0, we have Z-t= =1, an hyperbola, as the generating 
a bias 


curve. The hyperbola was revolved about its conjugate axis. 


Conversely, if we have any plane curve F(z, z)=0 in the 
plane XOZ, the equation of the surface formed by revolving it 
about OZ as an axis is Fa +y +y’, 2)=9, which is formed by 


simply replacing x in the equation of the curve by Va + 7 
AC < 
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Ex. 2. Find the equation of the sphere formed by revolving the circle 
x? + 22 = a* about OX as an axis. 
Replacing z by Vy? + 2%, we have as the equation of the sphere, 
Ppa a? = a, 
This equation may also be 
found directly from a figure. 
Let P, (fig. 195) be any point 
of the circle, and let P be any 
point of the sphere, on the circle 
described by P,. Since P, is a 
point of the circle, 
OL*+LPj=@. () 


But LP,=LP=V LM"+ MP* 
Substituting this value of LP, 
in (1), we have 

OL? + LM’ + MP’ = a?, 
or e+yt2=a, 


as the equation of the sphere. Eee 
145. Projection. The projection of a point on a straight line 
is defined as the point of intersection of the line and a plane 
through the point perpendicular to the line. Hence, in fig. 186, 
L, M, and N are the projections of the pomt P on the axes 
of x, y, and z respectively. 
The projection of one straight 
line of finite length upon a second 
straight line is the part of the 
second line included between the 
projections of the ends of the first 
line, its direction being from the 
projection of the initial point of 
the first line to the projection of 
the terminal point of the first 
line. In fig. 196, for example, 
the projections of 4 and B on JLN being 4! and B’ respectively, 
the projection of 4B on MN is 4'B’, and the projection of BA 
on MN is B'A'. If MN and AB denote the positive directions 
respectively of these lines, it follows that .4'B' is positive when 


Fie. 196 
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it has the same direction as IZN, and is negative when it has 
the opposite direction to JN. 

In particular, the projection on OX of the straight line BB 
drawn from F(a, y,, 2,) to B(a,, Y.) %) is L,L,, where OL, =2, 
and OL,=2z, But L,L,=2x,—-2,, by § 3. Hence the projection 
of RE on OX is 2,—-2,; and, similarly, its projections on OY 
and OZ are respectively y,—y, and z,—2. 

If we define the angle between any two lines in space as the 
angle between lines parallel to them and drawn from a common 
point, then the projection of one straight line on a second is the 
product of the length of the first line and the cosine of the angle 
between the positive directions of the two lines. Then, if ¢ is the 
angle between 4B and MN (fig. 196), 


A'B'= AB cos ¢. 


To prove this proposition, draw 4’C parallel to 4B and meet- 
ing the plane ST at C. Then A’C=AB, and A’B'=A'C cos ¢q, 
by § 2, whence the truth 
of the proposition is 
evident. 

Defining the projec- - 
tion of a broken line 
upon a straight line as 
the sum of the projec- 
tions of its segments, we 
may prove, as in § 2, 
that the projections on 
any straight line of a 
broken line and the straight line joining its ends are the same. 

We will now show that the projection of any plane area upon 
another plane is the product of that area and the cosine of the 
angle between the planes. 

Let X'OY (fig. 197) be any plane through OY making an 
angle @ with the plane XOY. Let A’B’ be any area in X/OY 
such that any straight line parallel to OX’ intersects its 
boundary in not more than two points, and let AB be its 


Fig. 197 


projection on XOY. 
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Then (§ 125) area A’ B’ =[e! —xr\) dy, E>) 


the limits of integration being taken so‘as to include the 
whole area. 
In like manner, area AB =/@, —x,) dy, (2) 


the limits of integration being taken so as to cover the whole area. 

But the values of y are the same in both planes, since they are 
measured parallel to the line of intersection of the two planes; 
and hence the limits in (1) and (2) are the same. Since the x 
coordinate is measured perpendicular to the line of intersection, 
2, = x} cos p, x, = 2] cos ¢, and (2) becomes 


area A4B= | (x}— 21) cos pd dy 


= tos kee —a\)dy 


= (cos d) (area A'B’). 


146. Components of a directed straight line. Let PR (fig. 198) 
be a straight line, the direction of which is from & to 2. Through 
Ff and £ pass planes parallel respectively 
to the codrdinate planes, thereby forming 
on fF as a diagonal a rectangular paral- 
lelepiped with its edges parallel to the 
coérdinate axes. The lines PQ, RR, and 
PS, considered with respect to both length 
anu direction, are called the components of 
HF. Itis evident that they are the projec- Y Fic. 198 
tions of FB on OX, OY, and OZ respectively. 

Conversely, the components of a straight line will determine 
its direction and length, but not its position; for if the compo- 
nents are given equal to a, 6, and ec, we may lay off, from any 
point #, a straight line parallel to OXY and equal to a in length, 
a straight line parallel to OY and equal to 4 in length, and a 
straight line parallel to OZ and equal to ¢ in length. These 
three lines determine the edges of a rectangular parallelepiped, 
and hence determine the diagonal drawn from #. That is, if PQ 
(fig. 198) is laid off equal to a, RR equal to 6, and RS equal 
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to ¢, the rectangular parallelepiped is determined, and hence the 
diagonal FF is determined in both length and direction. 

It is evident that the direction of RA will not be changed if 
a, 6, and ¢ are multiplied by the same number; in other words, 
the ratios of the components are the essential elements in fixing 
the direction of the line. We shall accordingly speak of a 
straight line as having the direction a: 6: ¢. 

On the other hand, the length of the line does depend upon 
the values of a, 6, and e, for 


PR=VEQ’+PR +PS H=VetFe Le. (1) 


~ 


147. Distance between two points. An important application 
of (1), § 146, is in finding the distance between two points 
F(z, Yy %,) and B(x, y, 2,). Referring to fig. 198, we have, 
by § 145, a=RQ=2,—2, b=FR=y,—y, c=hS=2,—-23 


7} 2 - 2 2 
whence bed ss =V(z, == ae y= 9) Cae Bi: (1) 


Ex. 1. Find the length of the straight line joining the points (1, 2, 
1) and (3, —1, 3). 
The required length is . 


V(3 —1)? + (—1— 2)? + 8 +1)? =V29. 
Ex. 2. Find a point V14 units distant from each of the three points 
(i 0, 3), (2, LL), (85, 2): 
Let P(z, y, z) be the required point. 
Then (@—1)?+ (yy — 0)? + @— 3 =14, 
(@—2¥% 4+ y74+1)?+@—-1/"=144, 
e—3y + ~l t= 2) S12. 
Solving these three equations, we determine the two points (0, 2, 0) and 
4, — 2, 4). 
Ex. 3. Find the equation of a sphere of radius r with its center at 
Pi (2p yp %)- 
If P (2, y, z) is any point of the sphere, 
G— a+ Gh) +64) er 
Conversely, if P(z, y, z) is any point the coérdinates of which satisfy 


this equation, P is at the distance r from /?,, and hence is a point of the 
sphere. Therefore this-is the required equation of the sphere. 
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148. Direction cosines. If we denote by a, 8, and y the angles 
which a straight line makes with the positive directions of the 
coordinate axes OX, OY, and OZ respectively, the cosines of 
these angles, ie. cosa, cosB, cosy are called the direction cosines 
of the line. 

If the line is drawn through the origin, as in fig. 199, it is 
evident that the same straight line makes the angles a, 8, y or 
7—a, 7—B, m—vy with the codrdinate 
axes, according to the direction in which 
the line is drawn. Hence its direction 
cosines are either cosa@, cos, cosy or 
— cosa, —cos8, —cosy. Hence the 
straight line can have but one set of ys 


direction cosines after its direction has 
been chosen. J Fre. 199 
The direction cosines may be deter- 
mined directly from the components of the line; for, referring 
to fig. 198, we see that 


FQ PR PS 
cos a = ——, cosB= » cosy= , 1 
pha ap yy Nia A a 
a b 
or COS SS CON ; ’ 
Vie se Bia Veet - 
. (2) 
cos y = ——______- 
V cee te 
Squaring and adding equations (2), we have 
cosa + cos’B + cos*y =1; (3) 


that is, the sum of the squares of the direction cosines of any 
straight line is always equal to unity. 

Tt follows that the direction cosines of any line are not 
independent quantities. 


Ex. Since the length of the line of Ex. 1, § 147, is V29, and its respec- 
tive components are 2, — 3, and 4, it follows that its direction cosines are 
2 3 4 


v29' 29" 29° 
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149. Angle between two straight lines. Given two straight 
lines having the respective directions a,:6,:¢, and a, UGG, 
If they are drawn from a common point nae Y 2) (fig. 200), 
let the segment of the first line extend to P and the segment of 
the ceecad line extend to &, so that the codrdinates of P are 


cr+a, y+, and z+c¢,, and the codrdinates 


of Rare x rf a, ¥-+., fide z+c,. It follows A 
that the components of PP are a, SEN le 
and ¢,—¢.. 
Then if @ is the angle between these two 
lines, we have, by trigonometry, 
egos e ot ee a 
2PP.PP AB ‘ 
But PP aa tie, P 
Seat Oe Fie. 200 
PR? = a2 +03 + 03, 
EE = (@,— 4,)'+ 6,— 8° + (@— 4) 
whence, by substitution in (1) and simplification, 
re a, + 6,6, + ee, (2) 


Val+ b+ 02 Vaz + b+ 2 


If cos @,, cos 8,, cos y, are the direction cosines of PF, and cos @,, 
cos B, 3 cosy, are the direction cosines of P#&, formula (2) may 
be written, by (2), § 148, 


cos 6 = cos @, cos a, + cos 8, cos B,+ cos ¥, cos ¥,. (3) 
If the lines are perpendicular to each other, cos@=0, and 
(2) and (3) reduce respectively to 
a,a,+ bb, + ¢,¢,= 0) (4) 
and cos @, cos a, + cos B, cos 8, + Cos ¥, COs Y, = Q. (5) 
If the lines are parallel to each other, 
cosa,=cosa,, cos8,=cosf,, COsy,= cos y,, 
whence it is easily shown that 


fie eee (6) 
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150. Direction of the normal toa plane. Let F(a, y, 2,) and 
B.(@y Yo 2) be any two points of the plane 


Ax + By + Cz+D=9. Ciy 

Substituting their codrdinates in (1), we have 
Ax, + By, + Cz,+D=9 (2) 
and Ax, + By, + Cz,+D=0. (3) 

Subtracting (2) from (3), we have 

A(e,—- 2) +BY,-—Y¥)+CE,— 4) = 9, (4) 
whence, by (4), § 149, the direction A: £:C is normal to the 
direction z,—2,: ¥,—¥,:%,— 2, But the latter direction is the 


clirection of any seaane Tine of the plane. Hence the direc- 
tion A: B: C is the direction of the normal to the plane Ax + By 
+Cz-+-D=0. 

151. Equation of a plane through a given point perpendicular 
to a given direction. Let the plane pass through a given point 
R(t, Y» %,) perpendicular to a straight line having a given 
direction 4:B:C. Let P(a, y, 2) be any point of the plane. 
Then 2—2,:y—y,:¢—2, is the direction of BP, ie. is the 
direction of any straight line through & in the plane. 

Since a perpendicular to a plane is perpendicular to every 
line in the plane, it follows that 

A(@—2)+BY—y,)+CEe=2)=0, 
which is, accordingly, the required equation of the plane. 

Since ey ery plane may be determined in this way, and this 
equation is a linear equation, it follows that every plane may 
be represented by a linear equation. 


Ex. Pind the equation of a plane passing through the point (1, 2, 1) 
and normal to the straight line haying the direction 2:3:—1. 


The equation is 
2(@—L+3@—=2)—le—1)= 0; 
or 924+3y—z-7=0. 
152. Angle between two planes. Let the two planes be 


Aw By Ce = 0), (ae) 
A+ By +Czg+D,=0. . £35 


STRAIGHT LINE 317 


The angle between these planes is the same as the angle 
between their respective normals, the directions of which are 
respectively the directions A Bro C wands. BC. Hence, if 
6 is the angle between the two planes, by (2), § 149, 

4A BB 0.0. 7 
va rs : a C vA spe, - ale c 


cos 6 = 


The conditions for perpendicularity and parallelism of the 
planes are respectively 
AA,+B,B,+0,C,=0 
ae 
Ae 


2 2 


and cig 
6 
153. Equations of a straight line. In space of three dimen- 
sions a single equation in general represents a surface ; hence, in 
general, a curve cannot be represented by a single equation. A curve 
may, however, be regarded as the line of intersection of two 
surfaces. Then: the codrdinates of every point of the curve 
satisfy the equations of the surfaces simultaneously ; and, con- 
versely, any point the coérdinates of which satisfy the equations 
of the surfaces simultaneously is in their curve of intersection. 
Hence, in general, the locus of two simultaneous equations in x, y, 
and z is a curve. 
In particular, the locus of the two simultaneous linear equations 


At+By+Cz+D,=9, 
Ags Yt Ce ED, = 0, 


is a straight line, since it is the line of intersection of the two 
planes respectively represented by the two equations. 

We will now find the equations of the straight line determined 
by two points, and the equations of the straight line passing through 
a known point in a given direction. 

154. Straight line determined by two points. Let the given 
points be B(x, y,, 2) and Ba, y,, 2%). Then the direction of 
PRB is %— 2,2 4,.—Y,2%—%- Let P(@, y, 2) be any point of the 
line. Then the direction of RP is x—ay: y—y,: 2-2, 
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Since PP and PP are parts of the same straight line, and 
hence parallel, it follows that 


t= ly YY See 
Walia! Gye ee Comma 

Here are but two independent equations in z, y, and z. This 
result proves the converse of the statement above, that two 
linear equations always represent a straight line; for we have 
any straight line represented by two linear equations. 

It is to be noted that, if in the formation of these fractions 
any denominator is zero, the corresponding component is zero, 
and the line is perpendicular to the corresponding axis. 


Ex. Find the equations of the straight line determined by the points 
(i, 5, —1) and @, — 3, —1). : 
Ci Le) a Orr 
2-1 -8-5 —-1+41 


Hence the two equations of the line are = +1= 0, since the line is par- 
allel to the XOY plane and passes through a point for which z =—1, and 
8x +y—13 =0, formed by equating the first two fractions. 


155. Straight line. passing through a known point in a given 
direction. If the direction of the line is given as a:6:¢, the 
equations of the line are evidently 


I= 2, YY, 2—-2, Z 8 
ee DE ak ee rch) ee 
a b € : 
for in the formula of § 154 we may place Q 
0— 0 = ¥—Y¥, =>, 2—¢,=6. 0 R ee 
If the direction of the line is given in 
terms of its direction cosines, the derivation ¥ Fre. 201 


of the equations is as follows: 

Let R(x, % 2) (fig. 201) be a known: point of the line, and 
let 7, m, and n be its direction cosines. Let Pa, ¥, 2)-be any 
point of the line. On PP as a diagonal construct a parallele- 
piped as in § 146. Then if we denote PP by r, we have 

LQ=t, Bhar, BSS 

But LQY=c-a2, LR=y—y, RS=z-2, 

whence t—-2=lr, y-y=mr, 2—2,=n0. 
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Eliminating r from these last three equations, we have 


See (2) 
U m n 
which are but two independent linear equations. 

156. Determination of the direction cosines of a straight line. 
If the equations of the straight line are in any one of the forms 
of $$ 154 and 155, the determination of the direction cosines is 
very easy, for the denominators of the fractions in those formu- 
las are either the direction cosines of the line or else give the 
components for the line, from which ‘the direction cosines are 
quickly computed. 

If the equations of the straight line, however, are in any 


other form, as 
At+By+C2e+D,= 0, (ED) 
Ae By Oe 1) == 1), (2) 


let its direction cosines be 7, m, and ». Since the line lies in 
both planes (1) and (2), it is perpendicular to the normal to 
each. Therefore, by (4), § 149, 


Al+ Bm+Cn=90, 
Al+Bm+Cn= 0; 
also P+m+n?=1. (§ 148) 


Here are three equations from which the values of J, m, and n 
may be found. 
Ex. Find the direction cosines of the straight line22+3y+2—4=0, 
4ae+-y—z+7=0. 
The three equations for J, m, and n are 
214+3m+n=0, 
4l4+m—n=0, 
2+ m?+ n? =1, 
the solutions of which are 
eed 3 36 
38 V38 ~ 38 


l 


or {/=— —) Ul) i=— 
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Since cos (180° — ¢) =— cos ¢, it is evident that if the angles corre- 
sponding to the first solution are a,, B,, y,, the angles corresponding to 
the second solution gre 180° — a,, 180° — B,, 180°—y,. Since these two 
directions are each the negative of the other, it is sufficient to take either 
solution and ignore the other. 


157. Distance of a point from a plane. Let it be required 
to find the perpendicular distance from the point F(z,, ¥,, 2,) 
to the plane 

Ax+By+Cz+D=090. (A) 
From P (fig. 202) draw the 
required perpendicular RN 
and also a line parallel to 
the axis of z and let it cut 
the plane in &. Then for the 
point h, c=2, y=Yy and 2 

is determined from the equa- 
tion of the plane as 


(ee 
= a3 Ax, — By, —D ‘ yr" Fie. 202 
G 
— Ar, — By, —D 
Hence Ved ak aa A \ aaa 
Ax, + By, + C2, +D 


G 
But RN=RE cosy where y¥ is the angle REN which is equal 


to the angle made by the normal to the plane with the line OZ. 
Then, by § 150, 


G 
cos y = + ————-——— - 
VL+EB +O 
Hence PN=+ Ax, + By, + Cz, +D 


VA? +B? 4+ C 


is the magnitude of the required distance, being positive for all 
poimts on one side of the plane and negative for all points on 
the other side. If we choose, we may take the sign of the 
radical always positive, in which case we can determine for 
which side of the plane the aboye result is positive by testing 
for some one point, preferably the origin. 
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Ex. Find the distance of the point (1, 2, 1) from the plane 2x—3y 
+62z+14=0. The required distance is 


2(1)-3(2)+60)+14 _ g. 
= ee 


=o 


Furthermore the point is on the same side of the plane as the origin, for 
if (0, 0, 0) had been substituted, the result would have been 2, ie. of the 
same sign as 22. 


158. Problems on the plane and the straight line. In this 
article we shall solve some problems illustrating the use of 
the equations of the plane and the straight line. 

1. Plane through a given line and subject to one other condition. 
Let the given line be 


Ar+By+Cz+D,=0, (1) 
Amt By + C2 +D,= 0. (2) 


Multiplying the left-hand members of (1) and (2) by &, and &, 
respectively, where #, and /, are any two quantities independent 
of x, y, and z, and placing the sum of these products equal to 
zero, we have the equation 


k,(Aje+ Bayt Ce+D) + k,(Aat Boy + Cz+D,)= 02-3) 


Equation (3) is the equation of a plane, since it is a linear equa- 
tion, and furthermore it passes through the given straight line, 
since the codrdinates of every point of that line satisfy (3) by 
virtue of (1) and (2). Hence (3) is the required plane, and 
it may be made to satisfy another-condition by determining the 
values of k, and k, appropriately. 

Ex. 1. Find the equation of the plane determined by the point (0, 1, 0) 
and the line 47+3y+2z—4=0,22—l1ly—4z—-12=0. 

"The equation of the required plane may be written 


k,(42+8y+22—4)+k,(22—lMy—4z—-12)=0. (1) 


Since (0, 1, 0) is a point of this plane, its codrdinates satisfy (1), and 
ponte k, +28 ky =0, or k, =— 23 hy. 
Substituting this value of k, in (1), and reducing, we have as the required 


equation, 9r+8y¥+52—-8=0. 
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Ex. 2. Find the equation of the plane passing through the line 47 + 3 
4+22—-4=0, 2x—1ly—4z—12=0, and perpendicular to the plane 
Qe+y—224+1=0. 


The equation of the required plane may be written 
k(40+8y+2z2—4)+h,(2c¢—lly—4z—12)=0, (1) 
or (4k, +2h)e+ (Bk, —-11k,)y + (2k, —4h)2+ (—4k, —12k,) = 0. 


Since this plane is to be perpendicular to the plane 22+ y—2z+1=0, 
2(4k,+2kh)+1(8k,—11k,) -2(2%,—4k,) =0, 


whence k, =—7k,. 
Substituting this value of /, in (1), and reducing, we have as the required 
equation, 


z—8y—32z-—8=0. 

2. Plane determined by three points. If the equations of the 
straight line determined by two of the points are derived, we 
may then pass a plane through that line and the third point, as 
in Ex. 1. The result is evidently the required plane. 


Ex. 3. Find the equation of the plane determined by the three points 
(1, 1, 1), (= 1, I, 2), and (2, — 3, —1). 


The equations of the straight line determined by the first two points are 


ly yd 


—1-1 1-1 2-1 


which reduce to y —1= 0, a+22— 3 ===1(). 


‘Fhe equation of the required plane is now written in the form 
iS (y=) + (x+2z—3)=0. 
Substituting (2, — 3, — 1) in this equation, we have 
—4k,—-3k, =0, or k= — $k, ‘ 


Substituting this value of k, in the equation of the plane, and simplify- 
ing, we have as our required equation, 


4x2—3y+82z—-—9=0. 


159. Space curves. We saw in $153 that, in general, the 
locus of two simultaneous equations in 2, y, and z is a curve — 
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the curve of intersection of the surfaces represented by the 
equations taken independently. 


Let I,44%2=9, f.ay2o=9, Cy 


be the two equations of a space curve. 

If we assign a value to one of the coordinates in equations 
(1), as 2 for example, there are two equations from which to 
determine the corresponding values of y and z, in general a 
determinate problem. But if values are assigned to two of the 
coordinates, as z and y, there are two equations from which to 
determine a single unknown, z, a problem generally impossible. 
Hence there is only one independent variable in the equations — 
of a curve. 

In general, we may make 2 the independent variable and 
place the equations in the form 


Y=$,), 2=$,(), (2) 


by solving the original equations (1) of the curve for y and z 
in terms of z The new surfaces, y= ¢,(2), 2=$,(@), deter- 
mining the curve, are cylinders (§$ 142), with elements parallel 
to OZ and OY respectively. The equation y = ¢,(#) interpreted 
in the plane YOY is the equation of the projection (§ 145) of 
the curve on that plane. Similarly, the equation z= ¢,(a), 
interpreted in the plane 7OX, is the equation of the projection 
of the curve on that plane. 

Hence, to find the projection of the curve (1) on the XOY plane 
we eliminate z from the two equations. 

Similarly, to find the projection on the YOZ plane we eliminate 
y, and to find the projection on the YOZ plane we eliminate 2. 

Finally, the three equations 


c=f,), y=f,0, 2=f,0 (3) 
are parametric equations of a curve. They may generally be 
put in the form y=¢,(x), z=¢,(«), by eliminating ¢ from 


the first and second equations, and from the first and third 
equations. 
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Ex. The space curve called the helix is the path of a point which moves 
around the surface of a right circular cylinder with a constant angular 
velocity and at the same time moves parallel to the axis of the cylinder 
with a constant linear velocity. 

Let the radius of the cylinder (fig. 203) be a, and let its axis coincide 
with OZ. Let the constant angular velocity be w and the constant 
linear velocity be v. Then if 6 denotes the angle through which the 
plane ZOP has swung from its initial position ZOX, the codrdinates 
of any point P(z, y, z) of the helix are given by the equations 

x=acos6, 


=asin8, 


Se 


= Ur 


cod 


But 6 = wt, and accordingly we may have as the 
parametric equations of the helix, 


r= acos at, 
‘y=asinot, 
Zt 
t being the variable parameter. 
: 6 
Or, since t=—>» we may regard @ as the 
WwW 


variable parameter, and the equations are 


x =acos 6, 


where k is the constant —- 
@ 


160. Direction of space curve and element of arc. Let P(2, y, 2) 
be any point of a curve, and Q(x+ Aa, y + Ay, z+ Az) be any 
second point of the curve. Then the direction cosines of the 
chord PQ are 

Ax Ay Az 


V Bz" + Ay + Ag VAR 4- Ay + Az” VA + Ay + Az” 


. 


As the point @ approaches the point P along the curve, 
Az, Ay, and Az each approach zero as a limit, and the direction 
cosines of the chord P@ approach the direction cosines of the 
tangent to the curve at P as limits. To determine these limits, 
denote by s the distance of the point P from some fixed point 
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of the curve, s being measured along the curve. Then the 
are P= As; and As=0 as PQ approaches the tangent. . 


= Ax Ax As 
Now — -=—. - : 
Vax + Ay’ +hz “ VAy" + Ay’ +2" 
' Az da 
whence Lim = : = 3 
Bi Ae Ag ee Ag eee 
for Lim —— ais a 
V Ax? +Ay + Az 
Proceeding in the same way with the other two ratios, we 
have a , dy | de as the direction cosines of the curve at any 
ds ds ds 


point, since the directions of the tangent and the curve at any 
point are the same. 


an\* (dys? (2) 
= il 5 
oo a Sea fe ds ; bys lt 
whence ds =V dx" + dy’ + dz’, Gly 


a formula for the differential of the are of any space curve. 
It also follows from (1) that we may speak of the direction 
of the curve as the direction dx: dy: dz. 
Ex. 1. Find the direction of the helix 
2—a cos, w= a sin, 2 — k0! 
at the point for which 6 = 0. 
Here dz = — asin 6d6, dy = acos6d6, dz = kd@. Therefore, at the point 


for which 6 = 0, the direction is the direction 0: ad@: k d6, and the direction 
a hk 


cosines are (0), 


Vat 4 2 Vat + Ke 


Ex. 2. Find the length of an are of the helix corresponding to an 
increase of 2 7 in 6. 


Using the values of dz, dy, and dz found in Ex. 1, we have 


ds = Va? + k2d6; 
6, +23 
whence Cpe Vaz + kd 
1 
=QaVat + ke 
AC 
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161. Tangent line and normal plane. If F(2,, y,, 2,) is the point 
of tangency, the equations of the tangent line are, by (1), § 155, 


Se Le eee 


dx, Stdg aaa ey 


where dz,, dy,, dz, are the respective values of dz, dy, dz at the 
point £. 

The plane perpendicular to a tangent line at the point of 
tangency is called the normal plane to the curve. 

By § 151, the equation of the normal plane to the curve at £ is 


dx, (a — x,)+ dy,(y — y,) + dz, —2,) = 9. (2) 
Ex. Find the equations of the tangent line and the equation of the 
normal plane to the helix 
-t=acos6, y=asinf, z=kO 


at the point for which O=0. Here z,=a, y, =0, z=, =0, and dz, =0, 
dy, = ad0, dz, = kd@. Hence the equations of the tangent line are 
PaO ay eS Os 
0 add kd” 
which reduce to g—a=0, ky—az=0. 


The equation of the normal plane is 
O(a — a) + adO(y — 0) + kdb (z — 0) = 0, 


which reduces to ay + kz = 


PROBLEMS 
1. Describe the surface y? — 4y —22= 0. 
2. Describe the surface y(z —1)= 1. 
3. Write down the equation of a right cireular ‘cylinder of radius a. 
4. 


Show that the surface ax + by = cz? is a cylinder, and describe 
its directrix and generatrix. 


5. Describe the surface x? + 7? + 227—62z= 0. 

6. Describe the surface xyz = a®. 

7. Describe the surface 9a? + 427 =12 y — 24. 

8. Describe the locus of the equation « —(z + 2)? = 
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9. Show that the surface (ax + by)?=cz is a cylinder, and 
describe its directrix and generatrix. 


10. Describe the surface 362? —72~2+9y3 +427 = 0. 


11. All sections of a given right cylinder made by planes parallel 
to the plane XOZ are ellipses of which the longest diameter is 10 in. 
and the shortest is 8in. What is the equation of the cylinder ? 

12. Describe the surface x? + ye ak Bt at 

13. Show that the surface z = a — Vz? + 77 is a cone of revolution, 
and find its vertex and axis. 


14. Find the equation of a prolate spheroid, i.e. the surface gen- 
erated by revolving an ellipse about its major axis. 


15. Find the equation of an oblate spheroid, i.e. the surface gen- 
erated by revolving an ellipse about its minor axis. 
16. Describe the locus of the equation 2? + 4ay+4y7—4#7=0. 
8 a? 
e+ y+4 ay 
18. Find the equation of the cone of revolution formed by revolving 
the line z = 2 about OX as an axis. 


17. Describe the surface z = 


19. Describe the locus of the equation 2”? — 3” —2=0. 


20. Find the equation of a parabolic cylinder the elements of which 
are parallel to OX and the directrix of which is in the plane YOZ. 
; gn? y? vA 
21. Describe the surface : + B =| Fee i 
22. Describe the surface 7? —(2a — y)(# + x)= 0. 
23. Describe the surface x? — y?— 247+4y= 0. 


24. Find the equation of the cone of revolution formed by revoly- 
ing the line 3y = 27 +1 about the line y =1 in the plane XOY as 
an axis. What are the coérdinates of the vertex of the cone ? 

25. Show that the surface 27+ 27°—3274+2a—12y4+122+7=0 
is a cone with its vertex at the point (—1, 3, 2). What are its cross 
sections made by planes parallel to the plane XOY ? 

26. Describe the surface (x — a)a? + (a + a)(y’? + 2’) = 0. 

27. Find the equation of the ring surface formed by revolving the 


aN 2 
ellipse oar + i“ =1(a > 6) about OY as an axis. 
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28. Describe the surface 427 = 7/7(9 — a’). 


29. If P(x, y, 2) is situated on the straight line drawn from 
P(@y Yy 2) to P,(&y, Yq) 2%) 80 that PP = k(P,P,), prove that 


a=2,+h@,—2), Y=Yt+tkw—-Y 2=%t+hE,— z,). 


Lyte Wry, + 2 
Mane ee 


= 


30. Prove that p( ) is the middle point of 


the straight line joining P,(a,, y,, #,) and P,(x,, ¥,, %,)- 


31. Find the equation of the sphere constructed on the straight 
line joining (3, — 1, 3) and (5, 3, 5) as a diameter. 


32. Find a point of the plane x+3y+2=0 equally distant 
from the three points (1, 1, 1), (0, 2, 1), (2, 1, 2 


33. Find the points distant 5 from the points (— 2, — 2, 1), 
(3, — 2, 6), (3, 3, 1). 


34. Find the point of the plane x+27y+32—6=0 equally 
distant from the points where the plane is pierced by the three 
coordinate axes. 


35. Find the equation of the sphere passing through the points 
(—1, 1, —5), (— 2, 4, 3), (— 5, 0, — 2), (7, 1, —1). 


36. A point moves so that its distances from two fixed points are 
in the ratio k. Prove that its locus is a sphere or a plane according 
ask #1lork=1., 


37. Prove that the locus of points from which tangents of equal 
length can be drawn to two given spheres is a plane perpendicular 
to their line of centers. 


38. A straight line makes the same angle with the three codrdi- 
nate axes. What is that angle ? 

39. Prove that a straight line can make angles 60°, 45°, 60° 
respectively with the codrdinate axes. 


40. Find the direction cosines of the straight line determined by 
the points (1, 3, 5), (2, —1, 4). 


41. A straight line makes an angle of 30° with OX and equal 
angles with OY and OZ. What is its direction ? 


42. Find the angle between the two straight lines joining the 
origin to the points (1, 2, 1) and (3, — 1, 3). 
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43. Prove that the three points (5, 3, — 2), (4, 1, —1), (2, — 3, 1) 
lie on one straight line. 

44. Through the point (1, — 3, 1) of the straight line having the 
direction 1: 2:3 a straight line is drawn to the point (4, 2, 0). Find 
the angle between the two lines. 

45. Prove that P,(—1, 2, 1), P,(2, 3, 5), and P, (4, 5, 3) are the 
vertices of a right triangle. 

46. Find the equation of a plane passing through the point 
(— 2, 8, — 4) parallel to the plane «x—Sy+72z—-11=0. 

47. Find the equation of a plane passing through the point 
(5, — 2, 7) equally inclined to the three codrdinate axes. 

48. Find the equation of a plane perpendicular to the straight 
line joining the points (1, 3, 5) and (4, 3, 2) at its middle point. 

49. Find the equation of a plane passing through the point 
(1, 1, 2) perpendicular to the straight line determined by the points 
(1, —1, 1) and (3, 1, 3). 

50. What is the angle between the planes 2a+y—7z+11=0, 
5a—2y+5z2—-12=0? 

51. Find the angle between the planes 3244+ 2y—4=0, 2y+32 
+13=— 0. 

52. Find the equations of the straight line determined by the’ 
points (6, 2, —1) and (3, 4, — 4). 

53. What are the equations of the straight line determined by 
the points (2, 3, 5) and (1, —1, 5)? 

54. Find the equations of a straight line passing through the 
point (0, 3, 5) perpendicular to the plane x + 3y + 52—9=0. 

55. A straight line is drawn through the point (4, 6, — 2) parallel 
to the straight line drawn from the origin to the point (1, — 5, 3). 
What are its equations ? 

56. A straight line making angles 60°, 45°, and 60° respectively 
with the axes of x, y, and z passes through the point (2, — 2, 2). 
What are its equations ? 

57. A straight line passes through the point (2, — 5, 2) parallel 
to OY. What are its equations ? 

58. Find the direction cosines of the line 4a —3y—4=0, 
12% —32—15=0. 
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59. Find the direction cosines of the line 32 +y—7Tz—6=0, 
24 —38y+42-T=0. 

60. Find the equations of the straight line passing through 
(1, 3, —5) parallel to the line y=32—14, Tx — 22 =17. 

61. Prove that the three planes # —2y+1=0,7y—2—4=0, 
Tax —22+6=0 are the lateral faces of a triangular prism. 

62. Find the angle between the line 32 —2y—4=0, y+ 32 
+ 5 =0 and the plane 32+ y —22+4 31=0. 

63. Find the distance of the plane 22 +32+11=0 from the 
origin. 

64. Find the locus of points distant 3 from the plane x + y+ 2 
db By ==), 

65. Find the locus of points equally distant from the planes 
a+2y4+32+4=0,7—2y+32-5=0. 

66. Find a point on the line 32 —2y—11=0, 2xa—y—z—5=0 
equally distant from the points (0, 1, 1) and (1, 2, 1). 

67. Find the equation of the plane passing through the point 
(2, — 3, — 2) perpendicular to the line 22+ y—52z—7=0,y+2z2 
—4=0. 

68. Find the equation of a plane four units distant from the 
origin and perpendicular to the straight line through the origin and 
(1, — 5, 6). 

69. A straight line is drawn from the origin to the plane 22 + y 


+22 —5=0. It makes equal angles with the three coérdinate axes. 
Find its length. 


70. Find the codrdinates of a point on the straight line determined 
by (—1, 0, 1) and (1, 2, 3) and 3 units distant from (2, —1, 1). 

71. Find the foot of the perpendicular drawn from (3, — 2, 0) to 
the plane 27 + y —4z2+417=0. 

72. Find the length of the projection of the straight line joining 
the points (1, 2, 1) and (2, —1, 2) upon the straight line determined 
by the points (2, 1, 3) and (4, 4, 6). 

73. Find the equation of the plane determined by the three points 
(1, 3, — 2), (0, 2, —10), and (— 2, 4, — 6). 


74. Find the direction of the normal to the plane determined by 
the three points (1, 2, 3), (—1, —2, — 3), (4, — 2, 4). 
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75. Find the point of intersection of the lines 
xr+2y—3=0 \ Ae perme 
es, 5 — 0 3a—22—-15=0 
76. Prove that the lines 
a—2y+3=0 Txe+ty—9=0 
te Ae he NTT 
intersect at right angles. 
77. Prove that the two lines 
r+2y—z+7T=0 4x—Ty+82+19=0 
ee Mis: 0 BOO le og eee eG 
are coincident. 


78. Prove that the two lines 


32—2y—T=0 a 1 ie } 
2y—32+7=0 3e0—4y+32—-8=0 
can determine a plane, and derive its equation. 

79. Prove that the two lines 

24+3y+4=0 co eee 
2y+2+3=0 2x—y+2z2—9=0 
cannot determine a plane. 

80. Prove that the two lines 

mR iy ae Tx—3z—-11=0 , 
4y—z+17=0 Ta+14y—2443=0 
can determine a plane, and derive its equation. 

81. Find the equation of a plane passing through the line 
gt+ty+3z—7=0, 3x4+2y—z=0 and perpendicular to the 
plane 24 +-y—2z2+11=0. 

82. Find the equation of a plane passing through the points 


(— 2, 3, — 2), (2, —1, 2) Nae ad to the straight line deter- 
mined by the points (0, 0, 0), (1, 2, 1). 

83. Find the equation of the nice determined by the point 
(1, 5, — 2) and the straight line passing through the point (6, — 2, 4) 
equally inclined to the codrdinate axes. 


84.-Find the equation of the plane passing through the points 
(0, 3, 2), (2, — 3, 4) perpendicular to the plane 6@+ 3y—2z+4+3=0. 
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85. Find the equation of a plane determined by the point 
(2, 3, 2) and the straight line passing through (1, — 1, 1) in the 
direction 1:2:3. 

86. Find a point on the line 5a + 3y—1=0, 3y—5z—11=0 
equally distant from the planes 3a + 3y—2=0,42%+y+z2+4=0. 

87. Find the equations of the projection of the line #+y+2 
—2=0,4+2y+z2z—2=0 upon the plane 38a+y+32—-1=0. 

88. Find the length of the projection of the straight line joining the 


: : . #w—l y+l1 2-1 
points (2, 3, 4), (0, —3, 1) upon the straight line eo ee 
89. Prove that the plane 524 4+3y—42—35=0 is tangent to 
the sphere (a + 1)? + (y — 2)? + (2 — 4)? = 50. 
90. Find the center of the circle cut from the sphere a? + 7 
+ 2?= 49 by the plane 4a +67 4122—49=0. 


91. Find the equation of a plane passing through the line 
a+3y+324+1=0, y+22+1=0 and parallel. to the line 
2ea+y—z2=0,387%4+22-T=0. 

92. Find the center of a sphere of radius 7, passing through the 
ee (2, 4, — 4) and (3, —1, — 4) and tangent to the plane 32 —6y 
+ 22+ 51= 0. 

93. What he of line is represented by the equations 2? + 2? 
—4y=0, y—2=0? 

94. What kind of line is represented by the equations 2? — 9y 
—36=0,7+5=0? 

95. What is the ees of the curve 77?+27—62=0, #2=4y 
on the plane XOY? 

96. What is the fe of the curve 274+ f=, 774+2=a 
on the plane XOZ ? 

97. Find the projection of the curve 2?+37—2=0, a?+7° 
— 2x = 0 on the plane XOZ. 

98. Find the projection of the curve 2? + 27?—2=1, 222-» 
= 8z on the plane YOZ. 

99. Show that the curve «+ 7? = a’, y= is an ellipse. (Rotate 
the axes about OX through 45°.) 


100. Find the projections of the skew cubic a=t4, y=?) 2=8 
on the codrdinate ‘planes. 
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101. Prove that the projections of the helix «=a cos 6, y =a sin 6, 
«= k@ on the planes YOZ and YOZ are sine curves, the width of 
each arch of which is kr. 


102. What is the projection of the curve = e', y=e-', z=t V2 
on the plane XOY? 

103. Turn the plane XOZ about OZ as an axis through an angle. 
of 45°, and show that the projection of the curve x =e’, y = e~¢, 
2z=t-~¥2 on the new XOZ plane is a catenary. 

104. Show that the curve « = ?, y = 2t, z =¢ is a plane section 
of a parabolic cylinder. 


105. Prove that the skew quartic « = ¢, y = #, z = # is the inter- 
section of an hyperbolic paraboloid and a cylinder of which the 
directrix is the cubical parabola y = 2%. 

106. The vertical angle of a cone of revolution is 90°, its vertex 
is at O, and its axis coincides with OZ. A point, starting from the 
vertex, moves in a spiral path along the surface of the cone so that 
the measure of the distance it has traveled parallel to the axis of 
the cone is equal to the circular measure of the angle through which 
it has revolved about the axis of the cone. Prove that the equations 
of its path, called the conical helix, are x =t cost, y=tsint,z=t. 


107. Show that the helix makes a constant angle with the elements 
of the cylinder on which it is drawn. 


108. Find the angle between the conical helix «=t¢ cos t, y=¢ sin t, 
z=t and the axis of the cone, for the point ¢ = 2. 


109. Show that the angle between the conical helix # = ¢ cos ¢, 
j t 
y =tsint, 2 =t and the element of the cone is tan~’ ae 
110. At what angle does the curve x = a(1— cos 6), y = asin 8@, 


z= a6 intersect the straight line passing through the origin and 
making equal angles with the three codrdinate axes ? 


111. Find the length of the curve x= ?’, y= 2t, 2 =¢ from the 
origin to the point for which ¢ = 1. 


112. Find the length of the curve «=e, y=e"', z= tv2 
between the points for which ¢=0 and ¢=1. 
113. Find the length of the curve «=?#’, y=}%°, 2=2¢ from 


the origin to the point (9, 9, 6). 
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114. Find the length of the curve «=tcos2t, y=¢sin 2t, 
32=—4¢#? between the points for which ¢=0 and ¢=1. 


115. Find the equations of the tangent line and the equation of 
the normal plane to the curve «= #?, y= 2t,z=¢ at the point for 
which ¢ = 1. 


116. Find the equations of the tangent line and the equation of 
the normal plane to the curve # = e’, y = e-', z = t V2 at the point 
for which ¢ = 0. 


117. Find the equations of the tangent line and the equation of 
the normal plane to the curve x = 277+1,y=t—1,z=3#' at the 
point where it crosses the plane YOZ. 

118. Find the equations of the tangent line and the equation of 
the normal plane to the conical helix e=tcost, y=¢tsint,z=t¢t 


at the point for which ¢ = a 
2 
119. Find the equations of the tangent line and the equation of 
the normal plane to the skew quartic x=?t, y= #*, z= ¢t* at the 
point for which ¢=1. 


CHAPTER XV 
PARTIAL DIFFERENTIATION 


162. Partial derivatives. Consider f(2, y), where x and y are 
independent variables. We may, if we choose, allow x alone to 
vary, holding y temporarily constant. We thus reduce f(a, y) to 
a function of x alone, which may have a derivative, defined and 
computed as for any function of one variable. This derivative 
is called the partial derivative of f(x, y) with respect to x, and is 


denoted by the symbol ge) - Thus, by definition, 
ox 


Of (2 Y) Slaiy t(@+ Az, y) —I@& Y). Cy 


ox NE Ag 


Similarly, if z is held constant, f(a, y) becomes temporarily a 
function of y, whose derivative is called the partial derivative of 
7) 
F(a, y) with respect to y, denoted by the symbol ee. Then 
oY Ay +0 Y 


Graphically, if z=f(2, y) is represented by a surface, the rela- 
tion between z and z when y is held constant is represented by 
the curve of intersection of the surface and the plane y = const., 


dz . : baat 

and — is the slope of this curve. Also, the relation between z 
Ox 

and y when z is constant is represented by the curve of inter- 


section of the surface and a plane x = const., and - is the slope 
of this curve. J 
Thus, in fig. 204, if PYSA represents a portion of the surface 
z=f(x, y), PQ is the curve y=const., and PH is the curve 
a=const. Let P be the point (2, y, 2), and LK= PK'= 4a, 
ILM=PM= Ay. 
335 
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Then LP=f(z, y), KQ=f@+Az, y), Uh =f(2, y+Ay), 
K'Q=f(a+Ax, y)—f(e y), MR=f(x, yt Ay)—S@ y), and 


ary) 
eg = Lim ee = slope of PQ, = 
Ox : 
a ! 
c = Lin a = slope of PR. = 
oy ssa 


n a) 


r 
Jom 


’ 


y 
i 


Fie. 204 
: a 
Ex. 1. Consider a perfect gas obeying the law » = =a 
Pp 


the temperature while keeping the pressure unchanged. 


corresponding increments of ¢ and v, then 


Ay = 2+) _ ot _ oft 
P P Pp 
oO ’ , 
and fa. 
: ot Pp 


We may change 


If At and Av are 


Or we may change the pressure while keeping the temperature un- 
changed. If Ap and Av are corresponding increments of p and v, then 


a at et ctAp 
p+Ap pp? + p&p 
and gee 
op joe 


So, in general, if we have a function of any number of variables 


FQ Yr 


z), we may have a partial derivative with respect to 


each of the variables. These derivatives are expressed by the sym- 


af af 


bols + 


of ; 
oe, Pigg 2 OE sometimes by f(a, y, +++, 2), F,(a@ yy °- 


"9 2), 


DERIVATIVES 337 


»F.(@, ys*+*, 2). To compute these derivatives, we have to 
apply the formulas for the derivative of a function of one variable, 
regarding as constant all the variables except the one with respect 
to which we differentiate. 


Ex. 2. f=2*— 3 a7y + 9°, Ex. 3. f=sin(«? + y?), 
ft of 
“= 8 727 —627 : Ue 9 2 
at vy: ae x COS (x? + ¥?), 
of Rae en nne of 
J 3224372 Ja=9 24 2), 
: x y zy y COS (a? + y?) 


Ex. 4. f=log V2? + 9? + 2, 


ee + P+ a” 
ee y 
ey et yp + 2k 
of _ z 


éz gt + 4 22 


Ex. 5. In differentiating in this way care must be taken to have the 
functions expressed in terms of the independent variables. Let 


x =rcos6, Mi snai(e) 
Then = cos, &Y — sin 8, 
ér or 
or oy Q) 
= — 7 SiO, —=rcos6 
0 26 : 
where r and 6 are the independent variables. 
Also, since r = Vz? + 7? and 6= tan7! Z, 
x 
or L or y 
= = cos — =—— = sind, 
Cn Vg + ye i Cy Vat + oP 
06 y sin 6 oe _ ene (2) 
@c at + r oy =x? +7? eae 


where z and y are the a ee oe variables. 

It is te be emphasized that = in (1) is not the reciprocal of £ — ~ in (2). 
In Or — ~ means the limit of the ratio of the increment of x to an ean 
OL 7: ni 6 is constant. Graphically (fig. 205), Aa is increased by 


PQ= Ay, and PR = Az is thus determined. Then © = == Dim a = cos 6. 
r ( 
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Also or in (2) means the limit of the ratio of the increment of r to that 
Ox 


of x when y is constant. Graphically (fig. 206), O./ = ris increased by MN = 
or L RQ 


PQ= Az, and RQ=Ar is thus determined. Then — = Lim wa = cos 6. 
Ox 
Chen oO. 
——» iB bein 10) ee 2) are neither equal 
It happens here Eire pee ire lle: (1) an in (2) q 


nor reciprocal. 


Ne 


Fie. 205 Fic. 206 


In cases where ambiguity is likely to arise as to which variable is 
constant in a partial derivative, the symbol for the derivative is sometimes 
inclosed in a parenthesis and the constant variable is written as a subscript, 


thus a) 
or r) 


163. Higher partial derivatives. The partial derivatives of 
f(a y) are themselves functions of x and y which may have 
partial eke called the second partial derivatives of f (2, y). 
They are (2), (2), e (2). . (2). But it may be shown 

Ox\dx} Cy\ex/ ex\ey/ dy\éy, . 
that the order of differentiation with respect to 2 and y is imma- 
terial when the functions and their derivative fulfill the ordinary 
conditions as to continuity, so that the second partial derivatives 
are three in number, expressed by the symbols 


a eae 
Ax \ da) Bat 7 *” 


0 (£)- 7) (*) or aa: 
Ox\dy/ dy\éx/ dxdy ~ 7” 
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Similarly, the third partial derivatives of f(a, y) are four in 
number, namely, 


Bec eee 

aps) Ga 
2)-1)-80)-d 

dy\éa?]~ Ox\exéy)~ @x2\ey)] Ba*dy’ 


area ae 
cy” oy \éx by oy” \ox ~ dxéy?’ 


So, in general, ——-—— signifies the result of differentiating 


F(2, y) p times with respect to x and q times with respect to 
y, the order of differentiating being immaterial. 

The extension to any number of variables is obvious. 

164. Increment and differential of a function of two variables. 
Consider z=f (a, y), and let # and y be given any increments 
Az and Ay. Then z takes an increment Az, where 


Az=f(x+ Az, y+ Ay) —f(@, y)- <3) 
In fig. 204, NS=2'=f(w+ Az, y+ Ay) 
and NS =2 —7= Az. (2) 


If x and y are independent variables, Av and Ay are also 
independent. Thus the position of S in fig. 204 depends upon 
the choice of LA and LM, which can be taken at pleasure. 


The funetion z is called a continuous function of « and y if Az 
approaches zero as a limit when Ax and Ay approach zero as a 
limit in any manner whatever. 


Thus, in fig. 204, if 2 is a continuous function of x and y, 
the point S will approach the point P as LK and LM approach 
zero, no matter what curve the point N traces on the plane 
XOY or the point S on the surface. 

We shall assume that z and its derivatives are continuous 
functions. 
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The expression for Az may be modified as follows: 
The line V’S may be separated into two portions by drawing 
from @ a line parallel to K’N’ meeting NS in NV”. Then 


N'S — N'N" fe N'S — K'Q ie N'S. (3) 


The line A’Q is connected with the slope of PY by the 


relation sap x 
Lim = ¥ — slope ot POS 
OV 


PR! 
the limit being taken as PA'= Ax approaches zero. 
K'Q Gz 
Hence PK! dx +65 


where e, approaches zero as Ar approaches zero, so that 


é 
K'Q= (2 + «,) ja (4) 
ox 
Also the line NS is connected with the slope of QS by the 
relation iy 
Lim = = = slope of QS, 
Q/ TI 


the limit being taken as QN”’= Ay approaches zero. But as 
Ar = 0, the curve QS approaches the curve PR. Hence we are 
justified in saying 
ape a dar : Gz 
Lim ~— a = slope ot PRB =? 
ON a7] 

the limit being taken as both Ax and Ay approach zero. 
N"S G2 


ay 


oy es er 
QN" iy z 


Hence 


where €, approaches zero as Av and Ay approach zero, so that 


N"S§ = 3 ja 5 
& eae oy 
since QN” = PM’ = Ay, 
Substituting from (4) and (5) in (8) and then in (2), we 
have a2 ae 
Ags ai, Av + By Ay + €,Az + Ay. (6) 
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In a manner analogous to the procedure in the case of a 
function of one variable (§ 77), we separate from the incre- 
ment the terms ¢Ar-+eAy, call the remaining terms the 
total differential of the function, and denote them by dz. The 
differentials of the independent variables are taken equal to 
the increments, as in § 77. Thus, we have by definition, when 
z is a function of two independent variables x and y, 


Cz 02 
lz = — dx + — dy. 
( = fas y (7) 
In (7) dx and dy may be given any values whatever. I, 
in particular, we place either one equal to zero, we have the 

partial differentials, indicated by d,z and dz. Thus 
C 


& de, dz= - dy. 


12 = 

Ox 

A partial differential expresses approximately the change in 

the function caused by a change in one of the independent 

variables; the total differential expresses approximately the 

change in the function caused by changes in all the inde- 

pendent variables. It appears from (7) that the total differen- 
tial is the sum of the partial differentials. 


Ex. The period of a simple pendulum with small oscillations is 


whence p= 

Let 1/=100 em. with a possible error of }mm. in measuring and 
T = 2 sec. with a possible error of +49 sec. in measuring. Then d/ = + 9p 
and dT = + ,t,. ; “ 

f 100 4 7? 8 a2] r 

Also = ri dl — 7s aL, 


and we obtain the largest possible error in g by taking d/ and dT of oppo: 


site signs, say dl = 34, dT = — x35. 
2 
Then dg = = + 2? = 1.05 2? = 10.36. 
The ratio of error is 
wae . =—2 es = .0005 + .01 = .0105 = 1.05%. 
ay) 


AC 
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165. Extension to three or more variables. The results of the 
previous article may be extended to the cases of three or more 
independent variables by reasoning which is essentially that Just 
employed, without the geometric interpretation, which is now 


impossible. For example, consider 

W= FCG. Use eye 

Let 2, y, 2 be given increments Az, Ay, Az, and let 
w=f(a+Az, y+ Ay, z+ Az). 

Then Au=wu —u. 

For convenience, introduce new functions 
u,=f(at+Aa, y+ dy, 2), 
u, =f (x + Az, y, 2). 


Then Au =u! — u,+ u,— u,+ u,— ue 
Ua ee ne U.—U Ou 
Now Lim 4 =—, whence — =>=— +e, 
MeO mNE ox Az ox : 
. U—U, Ou, U,—U, OU, 
Lim +— = —’,, whence +——? = —*7+.e, 
av=0 Ay cy Ay Cyne 
I / 
tb — th OU ui —u ou 
Lim ——+ = —!, whence —__!= —1+ ¢€,, 
Neo Ne dz Az oz 2 
Cu 
so that u,—U= rs Az + ¢,Az, 


u,— U, = 2 Ay + €,Ay, 


1 2 


ou 
ul — u, = — Az + e Az. 
1 Cz 8 


CQ) 


(2) 


Ou, du, ou ou 
But ah and be approach By and ra as Ar and Ay approach 
du, @ | 
eee * = = an if and ot A a oF €. Hence (2) may 
be written 4 YY Oz Oz 


ou eu 
y Ay + 5 Ae + ade + eAy + Az, 


where «=e+¢ and ¢—e,+.e, 


AV= a, Ax + 
Ox 


(3) 
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Then du is the part of this expression which does not contain 
€ €, OF €,, With the increments of the independent variables 
replaced as usual by their differentials. That is, 


cu ou Gu 
du = fe ay eens (4) 

The extension to more variables is obvious. 

166. Directional derivative of a function of two variables. The 
result of § 164 may be used to find the slope of PS (fig. 204), 
which is a curve cut out of the surface z=f(a2, y) by any 
plane through ZP. Draw the lines PN’ and LN as shown in 
the figure, and let Ersoy es 
where 7 is the distance measured from some point on the line 
LN produced. Denote by 6 the angle KLN=K'PN’, which 
is equal to the angle made by the plane of PS with the plane 


ZOX. Chen LK Ag _ - ite Oe 


- ; =—“ = sin 8, 
LN Ar LH o Arn a 
a WS « Be dz ae : 
and the slope of PS = Lim an Lim ae the limit being 


taken as S approaches P along PS. 
From (6), § 164, 
Az oz Ax , oz Ay F Az . Ay 
Ar @xAr @dyAr ‘Ar “Ar 


Oz 02. : 
=— cos 6+— sin 8+ €, cos@ +e, sin 0. 
ox oy 


Taking the limit, we have 


see cos 6 + — sin 0 = slope OLLFS, 
dr ox oy 


0z , : , 
Now — measures the rate of change of z in the direction 
x 


; Rieey 1. 
LK, ee the rate of change in the direction LM, and “ the rate 
cy 


of change in the general direction LN. The derivative ge is 
called the directional derivative in the direction of r. 
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Ex. The temperature wu at any point of a plate is given by the formula 
u=> : 5; Find at the point (2, 3) the rate of change of temperature 
De tenie 
in the direction making an angle of 30° with OY. 


du 22 ou 2y 
We have a G+ ra Bi = (+ Py 


and at the point in question 


Hence the required rate of change is 


a etre : 
dr 169 169 
_ 2v8+3_ 
169 


9 


sin 30° 


— .038. 


167. Total derivative of z with respect to x. In fig. 204, let 
the point S approach the point P along any curve whatever on 
the surface, and not along the curve PS, as in §166. Then the 
point V describes a curve on the plane YOY, the equation of 
which may be taken as y= $(.r), and 

dy A 

——_— = tH il 

dx 2) ) 
is the slope of the curve described by NV. 

During this motion of the point S, z is a function of 2; since 
it is in general a function of 2 and y, and y is a function of 2. 
Hence z has a derivative with respect to x and 

dz va AB 
— = Lin —- 
dx Az 

Dividing the expression for Az as given in (6), § 164, by? 

Az, and taking the limit, we have 


dz 02 Oz dy 


ae 0@ ay 9 
dx 0x bydx oS 


This is the total derivative of z with respect to 2. 
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This result (2) has an important application when the curve 
along which S moves is on the plane YOY. For then z= 0, a 
constant, and, from (2), 

cz , czdy 


0, (3) 


dy . wae : 
where =< is the slope of this curve, as shown in (1). We express 
ay 


Ox cy dx 


this result in the following theorem: 
. ay : 
1. The value of os may be found from the equation 
AL 
f@Y)=9 
, of of di 

by the formula Ue ey = 0 
: ; Ox dy dx 

_ Again, let 2 be defined as an implicit function of 2 and y by 
the equation F(a, y, 2)=0. 

If we hold y constant temporarily, the case reduces to the one 
; : : ; Cea, 
discussed in theorem 1, with z in place of y and aa place 

e 

of 5 Similarly, if we hold z temporarily constant, we get 

aL 
theorem 1 with change of letters. Hence: 


, OZ 6z : , 
2. The values of — and — may be found from the equation 


ox oy 
FG, Y, 2)=0 
OF OF dz 
by the formulas —+—-—=(, 
: ‘ Cx 02 OX 


OF OF dz 


Cy oz oy a 
168. The tangent plane. In fig. 204, let P be given the fixed 
coordinates (#,, y,, 2,). The tangent line to P@ in the plane 
Y—Y, 18, by § [how bz" 
e-2,= (4) @-m) (1) 
Ox), bt 


and the tangent line to P# in the plane «=a, is 


dz , 
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Both of these lines lie in, and hence determine, the plane of 
which the equation is 8 


oz 02 Z 
2—-4,= Go (x — r,) + a Ci Y,)> (3) 


for this equation reduces to (1) when y=y,, and reduces to 
(2) when x= 2,. 

This plane is called the tangent plane to the surface at the point 
(yy Yy» 2%) 

We shall prove that the plane (3) contains all tangent lines to 
the surface z= f(x, y) which pass through P 

The line through the two points P and S has the direction 
Ax: Ay: Az. Its equations are therefore 


Ce gee Ui Rae tees 


Ac Ay Aa oo 
A 
or y¥-y,= eG — on 
(5) 
2—2,=-—(£#—-2,) 


As the point S approaches the point P, the line (5) ap- 
proaches as a limit a tangent line at P, and the equations 
of this tangent are 


dz 

st .=(F) @ 2) (6) 
dz oz dy 
fetter a >) 


An easy combination of these equations gives (3) as an equation 
satisfied by any tangent line. Hence the theorem is proved. 
If the equation of the surface is given in the form 


PG, YZ) =O, Ci) 
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the equation of the tangent plane may be found without solving 
for z. For, from theorem 2, § 167, 


OF 
dz Ox 
@x=—OOF 

oz 

OF 
Cz oy 
dy OF 

oz 


Substituting these values in (3) and making a few simple 
changes, we have as the equation of the tangent plane, 


(se )e-3) +(e) + GE) e-a)=8 


The straight line perpendicular to the tangent plane at the 
point of contact is the normal to the surface. Its equations are 


er (9) 
|e 
C2), oy) 

or eats OP aa PE es (10) 


(=) (+) (=) 
Ex. 1. Find the tangent plane and the normal line to the paraboloid 


Eo i tas 


Here ee = 2 az and = = 2by. Hence the tangent plane is 
ox oy 


2 ax, (4 — 2) + 2 by, (y — ¥:) — (@ — 2,) = 0, 
or 2 ax,x t+ 2by,y —2ax? —2byZ—z2+2,=0. 
But since 2 az? + 2 by? = 22, this may be written 

2 az, + 2byy—z— 2%, =0. 


‘ os a gs 
The normal is Lae Gee ME Bh peme tomee EAE 
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Ex. 2. Find the tangent plane and the normal line to the ellipsoid 


2 yp rs 2 : 
Ce 
3 Met i, 2, OF _ De 
a we Gy 2 2 22 
Here i “Ri = pee = 5 . 
or a oy b2 Gan c 
Hence the tangent plane is 
Dah 24 
—(e-2 Ay — y;:) =F) 0 
yt, YY 
or se hl pon = aly 
a b? c 
re y2 2? 
: CE od eee 
since eR ee at 
CE ce 
: : Gia p< 2-2 
The normal line is f=2 t= —. 
cit "a Ss) 
a L? fo 


If a curve is defined as the’ intersection of two surfaces by 
the equations 
IQ, Ys 2) 0, RG YA) 0. 


its tangent line is evidently the intersection of the two tangent 
planes to these surfaces. The equations of the tangent line are 
therefore two equations of the form (8). The direction cosines 
of the tangent line can be found by the method of § 156. The 
normal plane may be found by the method of § 151. 

169. Maxima and minima. In order that the function f(a, y) 
shall have a maximum or a minimum yalue for »=.2, y=¥y, 
it is necessary, but not sutticient, that the tangent plane to the 
surface z=f(a, y) at the point (2, y,, 2,) should be parallel 
to the plane YOY. This oceurs when (2). 0, ()= 0. These 

Ox Cy 
are therefore necessary conditions for a maximum or a mini- 
mum, and in case the existence of a maximum or a minimum 


is known from the nature of the problem, it may be located 
by solving these equations. 


Ex. It is required to construct out of a given amount of material a cistern 
in the form of a rectangular parallelepiped open at the top. Required the 
dimensions in order that the capacity may be a maximum, if no allowance 
is made for thickness of the material or waste in construction. 
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Let x, y, > be the length, the breadth, and the height respectively. Then 
the superficial area is xy + 222 +2 yz, which may be placed equal to the 
given amount of material, a. If v is the capacity of the cistern, 


29 
OLY eye 


v=2yz= 


2@+y) 
Then ov _ (a— 2ay— 2) ov _ (@—2ay—¥)2? 
=e Qqetyy? | oy 2(@ + y)? 


For the maximum these must be zero, and since it is not admissible to 
have x = 0, y = 0, we have to solve the equations 


a—2ay —2* = 0, 


a—2xry—y?=0, 


: : ane : a Lia 
which have for the only positive solutions z= y = Ale whence z= 5 Ae 
< 9) 


) 
Consequently, if there is a maximum capacity, it must be for these dimen- 
sions. It is very evident that a maximum does exist; hence the problem 
is solved. 


More generally, if a function of three or more independent 
variables has a maximum or minimum when all the variables 
change in any way, it must have a maximum or minimum when 
each changes alone. Therefore, if f(z, y, 2) has a maximum or 
a minimum, it is necessary, by § 89, that 

of = 0, oF Hip 


Ox Cy 


— AI, 


QW |.) 
Ie 


cay 


170. Exact differentials. We have seen that if z= f(a, y), then 


dz= = da + ot dy. Ch 
a a the function f(a, y) is known, the partial derivatives a 
and a may be found, and the second member of (1) is of 
the form Mdzx+Ndy, : (2) 


where M and W are functions of « and y. In § 164, (1) was 
called a total differential ; it will now be called an exact differ- 
ential, to emphasize the fact Baad it may be exactly obtained 
by differentiation, 
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Now expressions of the form (2) arise in practice by other 
methods than by differentiation, or they may be written down 
at pleasure. For example, we may write arbitrarily the two 
following expressions: 

(42°— 227) dxr+(4y'— 22) dy, (3) 
(+ ry) dx + y’dy. (4) 

It is important, therefore, to know whether an expression 
of the form (2) is always exact; that is, whether it is always 
possible to find z= f(a, y) so that (2) is equivalent to (1). 

In discussing this question we note first that if (2) is 
equivalent to (1), we must have 
Oz 
@r 7 ey 
2 eM @N 


Gx Oy “ oy 6x 


0z 
eae, 6 
iat (5) 


whence 


Hence, ¢f Mdxr+Ndy is an exact differential, it is necessary 
that em en 


(6) 


oy ae ; 
From this it appears that (4) is not an exact differential, 
: om ON 
since By =2 and aoe 0. On the other hand, (3) may possibly 
: oM ON 

be exact, since = =—42y and = =—4 zy. 
24 ex 
Let us now assume that the condition (6) is met, and try to 
find z We may integrate the first equation of (5) consider- 
ing y as a constant. The constant of integration then possibly 


contains y and must be expressed as a function of y. Then 
z = [Mart p(y). (7) 
Substituting this in the second equation of (5), we have 
é 
— | ; = 
xf Miet #D=™, 


paths eae 
or MONS, if Maz. (8) 
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By hypothesis the first member of (8) does not contain 2. 
Hence the second member of (8) must be free from x or the 
work cannot go on. Now the condition that an expression shall 
be free from 2 is that its derivative with respect to 2 shall be 
zero. Hence, from (8), we must have 


oN o 
— — Wikre — Up 
aa re ji Mdr=0 (9) 
But ola i Mar=7 |e iy mdr] =Fr 
Oxy Cy | Cx oy 
The condition (9) is then simply (6), which is fulfilled by 


hypothesis. 

From (8), the value of ¢(y) can now be found and substi- 
tuted in (7). The value of z is thus found. 

We have accordingly the following theorem, the converse of 
the one stated above. 


oM : ; : 
af a cel the expression Mdx + Ndy is an exact differential 
dy ox 
dz, and ue 6z ee 6z 


ai ae = By 


The process of finding z is illustrated in Exs. 1 and 2. Ex. 3 
shows how the process fails if it is wrongly applied to an 
expression which is not an exact differential. 


Ex. 1. (42° — 22y*)dz + (4y* — 2 2%) dy. 


Here eu =—42y= em - Hence the expression is equal to dz, and 
oy x 
ce = 475 — 2 zy’, (1) 
OL 
Oz F 
~—= 4 43 — 2 xy, 9 
ay ee i 


Integrating (1) with respect to x, we have 
c= at — oly? + f(y). (3) 
Substituting in (2), we have 
—2ay t+ f(y) =4y— 22y; 
whence WA) = ae 
and fM=H+C. 
Substituting in (1), we have <=2*—2yP+yA+C. 
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i! 
Ex. 2. (: = asl dz + ————- dy. 
FZ Vy? — 7 Vi? — x 


Here 


The expression is therefore an exact 


oy ( y — x)2 ee 
differential dz, and 


OTe ence px 
Oz u 


Cy Vy — x 


Integrating (2) with respect to y, we have 
z= log(ytvy?—2*) + f()- (3) 


Substituting in (1), we have 


=a : MW y 
ear SR AP OFS SS 
Vy a2 Cape a) ge ee 

whence (0; 
and (a) Oe 

Substituting in (3), we have z=log(y+Vy?— 2?) + C. 

Ex. 3. (x? + xy) dx + wy dy. 

Here a =i, oN = (), 

a] Ox 


and the expression is not exact. If one wrongly put 


oz 


2 4 2 LY, 1 

go ) 
Oz 

_~ — 98 9) 

ay (2) 


and integrated (1) with respect to 2, he would have 
a a . 
o= z ao ou ae ACD: 
Substituting in (2), he would have 
ee 
Sl 


ered 


whence y= - oe 


But /’(y) should be a function of 7 alone, and the last equation is absurd. 
Equations (1) and (2) are therefore false. 
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171. Line integrals. The expression Mdx+Ndy occurs in 
certain problems involving the limit of a sum as follows: 

Let C (fig. 207) be any curve in the plane YOY connecting 
the two points Z and K, and let Mand YN be two functions of 
x and y which are one-valued and continuous for all points 
on (. Let C be divided into x segments by the points B, B, 
f,---, B_,, and let Az be the pro- 
jection of one of these segments on 
OX and Ay its projection on OY. 
That is, Av=2,,,—2, Ay=49;4,—Y} 
‘where the values of Ary and Ay are 
not necessarily the same for all 
values of 7 Let the value of ¥ for 
each of the m points Z, BR, B,---, 9 Fre. 207 
P_, be multiplied by the correspond- 
ing value of Az, and the value of N for the same point by 
the corresponding value of Ay, and let the sum 


i=n—1 


> [Ma Y)AT+ NG YAY) 
t=f 


be formed. 
The limit of this sum as increases without limit and Az 
and Ay approach zero as a limit is denoted by 


{i (Mdx + Ndy), 
(C) 


and is called a line integral along the curve C. -The point AK may 
coincide with the point ZL, thus making C a closed curve. 


Ex. 1. Work. Let us assume that at every point of the plane there acts 
a force which varies from point to point in magnitude and direction. We 
wish to find the work done on a particle moving from L to K along the 
curve C. Let C be divided into segments, each of which is denoted by As 
and one of which is represented in fig. 208 by PQ. Let F be the force 
acting at P, PR the direction in which it acts, P7’ the tangent to C at P, 
and @ the angle RPT. Then the component of /’ in the direction PT is 
F cos 6, and the work done on a particle moving from P to Q is I’ cos OAs, 
except for infinitesimals of higher order. The work W done in moving 
the particle along C’ is, therefore, 

W = Lim E Feos6As= {| Fcos@ds, 


(C) 
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Now let a be the angle between PR and OX, and ¢ the angle between PT 
and OX. Then 6= @—a and cos6=cos¢ cosa + sing sina. Therefore 


W= i (Ff cos ¢ cosa + F' sin ¢ sin a) ds. 
(C) 


But F cosa is the component of force parallel to OX and is usually 
denoted by X. Also F sina is the component of force parallel to OY 
and is usually denoted by Y. Moreover, 
cos@ds = dx and sin g@ds = dy (§ 91). 
Hence we have, finally, 


We [ (Xx + Vay). 
(C) 


Ex. 2. Heat. Consider a substance in 
a given state of pressure p, volume v, and 
temperature ¢. Then p, v, ¢ are connected 
by a relation f(p, v, t)=0, so that any 
two of them may be taken as independent Fic. 208 
variables. We shall take ¢ and v as the 
independent variables and shall therefore work on the (t, v) plane. 
Now if Q is the amount of heat in the substance and an amount dQ is 
added, there result changes dv and dt in v and ¢ respectively, and, except 
for infinitesimals of higher order, 


dQ = Mdi+ Ndv. 


Hence the total amount of heat introduced into the substance by a 
variation of its state indicated by the curve C is 


Q= f (Mat + Nar). 
(C) 


Ex. 8. Area. Consider a closed curve C (fig. 209) tangent to the 
straight lines =a, r=), y=d, and y=e, and of such shape that a 
straight line parallel to either of the codrdinate axes intersects it in 
not more than two points. Let the 
ordinate through any point M_ inter- 
sect C in P, and P,, where MP, =y, 
and MP, =y,. Then, if A is the area 
inclosed by the curve, 


AS fyate _ finde 
i Pail _ [nar 
i a 


ti yd, 
(C) 


the last integral being taken around C in a direction opposite to the 
motion of the hands of a clock. 
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Similarly, if the line VQ, intersects C in Q, and Q,, where VQ, = 2, 
and NVQ, = 2,, we have 


A= (‘c.dy— (‘2d 


“= forty + fone 
= fru 


the last integral being taken also in the direction opposite to the motion 
of the hands of a clock. By adding the two values of A, we have 


At — yd. dy). 
dt hex’ ydx + xdy) 


If we apply this to find the area of an ellipse, we may take x = acos q, 
= bsin ¢ (§ 54). Then A = bf "abag = mab. 
0 


If the equation of the curve C is known, the line integral 
may be reduced to a definite integral in one variable. In 
general, the value of the line integral depends upon the curve 
C and not merely on the position of the points Z and K. This 
is illustrated in Ex. 4. If, however, Mdx+ Ndy is an exact 
differential dz, we shall have 


(Mdz + Ndy) = [a =2,—2%, 
(C) z 
where z, and z, are the values of z at the points L and K. This 
result is, in general, independent of the curve C, though special 
consideration may be necessary if z may take more than one 
value at ZL or K. 

The integral of an exact differential taken aan a closed 
path is, in general, zero; while the line integrals of other dif- 
ferentials around a closed path are not zero. 


Ex. 4 tie e d d ) 
x. 4. a — xdy). 
(0, 0) a 
Let us first integrate a a straight line connecting O and P, (fig. 210). 
The equation of the line is y= — /) + and therefore along this line ydxz —xdy=0, 
ry 


and hence the value of the integral is zero. 
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Next, let us integrate along a parabola connecting O and P,, the equation 


qy2 
of which is 7? = Ty, Along this parabola 
vy 


(14, Vy) Wy Ty if 
ydx — xdy) = ——= Vadz = =ny;- 
Abe (y da Y) Vx, 0 S 1/1 
Next, let us integrate along a path consisting of the two straight 
lines OM, and M,P,. Along OM,, y=0 and dy=0; and along 1,/P,, 
ct=x, and dx=0(. Hence the line integral 
y 
reduces to -{ ‘2,dy =— Daya i 
0 
Finally, let us integrate along a path consist- XN, 
ing of the straight lines ON, and N,P,. Along 
ON — 0 and dz — 0; and along Nj P., 4 — 
and dy=0. Therefore the line integral reduces 


xy 
to f Ydz = 2,Y. 
0 


e,.) 


Ae 


Vpn ae ee LE Fie, 210 
(x Yo) a aia ¥? 
Here os la =d (tan a) = dé. 
te ae Ue z 
(2%, 4¥)) — . ad ry) 
Therefore Ns ae eee aay =i) "d0=0,— 0, 
(Xs Yo) Geet a 00 


If the curve C does not pass around O, 6, will be the angle shown in 
the figure (fig. 211). If, however, C is drawn around the origin, the final 
value of 6 is 27 +6), and the value of 
the integral is 27+ 6, — 6). y 

The value of this integral around a 
closed curve is zero if the curve does not 
inclose the origin, and is 27 if the curve 
winds around the origin once in the posi- 
tive direction. 


Ex. 6. Work. If X and Y are compo- 
nents of force in a field of force, and 
DG ONS 


= —, then the work done in moving 
oy Ox 


Bre. 211 


a particle between two points is inde- 

pendent of the path along which it is moved, and the work done on 
a particle moving around a closed curve is zero. Also there exists a 
function , called a force function, the derivatives of which with 
respect to # and y give the components of force parallel to the axes 
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of x and y. Such a force as this is called a conservative force. Examples 
are the force of gravity and forces which are a function of the distance 
from a fixed point and directed along straight lines passing through 
that point. 

If the components of foree X and Y in a field of force are such that 
aX oY : 2 : 
= = = then the work done on a particle moving between two points 
ey ox 
depends upon the path of the particle, the work done on a particle moving 
around a closed path is not zero, and there exists no force function. 

Such a force is called a nonconservative force. 


Ex. 7. Heat. If a substance is brought, by a series of changes of tem- 
perature, pressure, and volume, from an initial condition back to the same 
condition, the amount of heat acquired or lost by the substance is the 
mechanical equivalent of the work done, and is not in general zero. Hence 


the line integral Q = f tat + Ndv) around a closed curve is not zero, 


and there exists no function whose partial derivatives are M and N. In 
fact, the heat Q is not a function of ¢t and v, not being determined when 
t and v are given. 


172. Differentiation of composite functions. It is frequently 
necessary to differentiate with respect to a variable a function 
of a function of that variable. Several cases of this will now 
be discussed. 


1. Consider f(w), where u = ¢(2). 


af af du _ 7d 
7 eee ay eS ) 


This has been proved in § 82. 
2. Consider f(u), where u= (2, y). 


. Of aS CU a a 
— = q —~, Oy 
ae Ox «= du Ox AUS, Ox ep 


The proof of this formula is like that of (1), the only 
difference being that 


ee eee ita 
An 062 Ax 0x 


AC 


358 PARTIAL DIFFERENTIATION 


Ox 


xen: ie ines eee 
‘Place u=~- Then, by (2), 
y 


eee Oz ig) x L 
Similarly, by = cos ue = — p cos 5 


Ex. 2. Ifz=/(x? + y’), show that oF —y 5 = (Ur 
Place wu =a? + y*. Then 


dz a ou 
é. 


oz Ges 2 
whence z— —y—=0. 
oy Ox 


3. Consider f(u, v), where u= (2), v=W(2). 
From (6), § 164, with a change of letters, 


ap= FZ aut 2 Age Au + €, Av. 
U 


If we divide by Az, and take the limit, we have 


af _ of du of dv 


Gudx | dv dx 


Ex. 8. Let z=tan~, where u= 2%, v= log x. 
v : 


oz a tt\ O fe 

From (2), — = (sec? “) ey feel ee 1 ect”, 
ou v/ dou \v v v 
dz PEIN aif hd u 
— = (sec?-) — (~) =— — sec?“ 
ov v] dv \v v2 v 

: deal! u 

Hence, from (8), —== (sec ed BS mek | Pare 1 

(als) v vy v) x 


_2elogan—a  ./ x ) 
= ———— sec? (—— }. 
(log x)? lise 
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4. Consider f(u, v), where u= $(a, y), v= W(& y). 


Then ee 
Ox Ou Ox 
ey cu by 


Of ov 
bv ba’ 
of ov 


(4) 


The proof is like that of (3). 


Ex. 4. Ifiz=f(@—y, y— x), prove o + oe 0. 
i 


ey 
Place x—y=u,y—x=v. Thenz=/(u, v), and 


Oe Of CUNO CU Or ah 


Cx Owudzu Ovex du ov 
Oz of oO of é ay , @ 
Se ee 
cy Cu cy ov Cy ous Ov 


By addition the required result is. obtained. 


Ex. 5. Let it be required to change o and ow from rectangular coér- 
0 Oy Cg) 


dinates (x, y) to polar coérdinates (r, @), where « =rcos6, y=rsin@, and 
J is a function of z and y. 


Pert 19 ears Sa, 

CL oy 
c6_ sind = _cos8. 
ox a an 

whence Ne paige eae 
ox Or ob or 
i ae oe A of G08 7] 
Cy or 06 or 


5. If, in (4), we multiply the equations (4) by dx and dy, add 
the results, and apply the definition of § 164, we have 


f if 


a 0 
Of = aj Oe + dv. 


This result is easily generalized. Hence the form of the differ- 
ential df is the same whether the variables used are independent 
or not. 

6. Higher derivatives of a composite function may be found 
by successive applications of the foregoing formulas. 
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The extension of all the foregoing relations to cases involving 
more variables is obvious. 
ev eV 


Ex. 6. Required to express a + —— in polar codrdinates, where V is 
a function of x and y. a 


From Ex. 5, —— cos 8 — — 


Then, by (4), 
oo = E[S cos sg rin. aS 
dx? @rL ar 26 r lex 306 


=(— V eV sind. éV sind 


_ éV sin "12 26 


or 36 7 Cx 


cos 6 — — 
or? ore6 r c6 Or? 


eV eV sind oV. 
a E 66 oe 062 or er 


2 cos <2)( - sin °) 


V sin @cos@ i e?V sin?6 rn eV sin?6 ae éV sin 6 cos 6 
or? ~ er @0 r 062? or or 26 yp? 


Similarly, 


v4 , y 2 = ba 9 ~ 
OW G Ve ! ey ee SLs. sin6 cos@ 
ay? ar? "Ore r og? 3? a 26 7a 


Hence + = + — 


Ex. 7. If z=/,(« + at) + f,(« — at), show that a a 
= Fala 622 
Let «+ at=u,2—at=v. Then Ley “=a, ees b kc pr 
Ox Ct rok Ct 
and, by (2), eS ty Dee ay, 


oe «6h du Oe «= du OrS—ss ht dv 
dz df, ou + adfy ev _ adh ads 


ot = =6du oat dv ét “du dv 
Differentiating these equations a second time, we have 


He _ dif du dw _ ath | a, 


ax? du? Ox «= du? Or~— lu? dv?’ 
He Ou a hy Th 
at? du* at dv* at du* dy* 


By inspection the required result is obtained. - 


. From 22? —3y°+6ay+22=0, prove 


.Ifz=y'?+ tan (We), prove « 


; ie=s 


. ar’. 06 
. Ifc=e'sin 86, y =e" cos 6, find ail and 4) : 


a 
.Ife@=esecv, y = e* tan», find (=) and (<) . 
y y 


~TIfz=(7+y) tan? 2 » find dy 
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PROBLEMS 


aed) 


y bone 810. 


Pies ie Dama be 6. z=e ¥+ log: 
ee 


. Ifz=sin(2?—2ay+y), prove <= + — = 0), 


Oz 
ae! oie 
y Oz Oz 


. ifs sin“, prove a= + y 5 = 0. 


ox 


oz Oz 
py EZ =2y 
Cx Y oy ee 


ae Oz Oz 


pea ; Z : 
. If 2 = log (xy) + sin wp? Prove 2x +25 = i. 


a! ; Oz Oz 
(a? + y*) ey er 
, e » prove ya — & 0. 


= —asin*, prove oe tye my = Ws 


oa Yy 


. Show that the sum of the partial derivatives of 


u= (x2 — y)(y — %)(% — @) is zero. 


-Ife=utyuy= ie find (<“) and (=) : 


y 


AT) 


Ox 


06 | 
= pel = pen? ‘ 
eit oe = 72.4 =e", find a and i d 


Oa? 
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20. Ifz =e’ sin @ — y), find =| 


pa 
Cz Cz 
21. Itz=log@’ +7’), prove 7 ot ae 
Oz a 72 
PP Mat 2 = tan (y + ax) + (y — az)}, DEE ak =e oy 
i Al. 
Veriiy..— oe eee when: 


Oxndy Cy ox 
: 25. z= log(x# + V7? 4+ 2’). 


23. 2=ay + 2 ye". 
Va7 + y? 
aay 26. z= — 
24. z= : a 
v+Yy 


27. Calculate the numerical difference between Az and dz, when 
= +7 —32%y,2=2, y=3, Ac=de=.01, and Ay= dy —.001. 


28. The hypotenuse and one side of a right triangle are respec- 
tively 5in. and 4in. If the hypotenuse is decreased by .01 in. and 
the given side is increased by .01 in., find the total change made in 
the third side, the triangle being kept a right triangle. Find the 
error that would be made if the differential of the third side corre- 
sponding to the above increments were taken for the change. 


29. A right circular cylinder has an altitude 10 ft. and a radius 
5 ft. Calculate the change in its volume caused by increasing the 
altitude by .1 ft. and the radius by .01 ft. Calculate also the differ- 
ential of volume corresponding to the same increments. 


30. A triangle has two of its sides 8 in. and 10 in. respectively, and 
the-included angle is 30°. Caleulate the change in the area caused 
by increasing the length of each of the given sides by .01 in. and 
the included angle by 1°. Calculate also the differential of area 
corresponding to the same increments. 


31. The distance between two points 4 and B on opposite sides 
of a pond is determined by taking a third point C and measuring 
AC = 80 ft., BC = 100 ft., and BCA = 60°. Find the greatest error 
in the length of AB caused by possible errors of 6in. in both AC 
and £C, assuming that powers of the errors of measurement higher 
than the first may be neglected. 


32. The distance of an inaccessible object 4 from a point B 
is found by measuring a base line BC =100 ft. and the angles 
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CBA =a= 30° and BCA = B= 45°. Find the largest possible error 
in the length of 4B caused by errors of 1' in measuring a and £, 
assuming that powers of the errors of measurement higher than the 
first may be neglected. 


33. The density D of a body is determined by the formula 
pa” 
26 
weight in water. If w= 243,600 ger. and w! = 218,400 gr., what is 
the largest possible error in D caused by an error of 5 gr. in w and 


an error of 8 gr. in w', assuming that powers of the errors of w and 
w' higher than the first may be neglected ? 


> where w is the weight of the body in air and w!’ the 


af 


34. If the electric potential V at any point of a plane is given by 
the formula V= log Va? + 7’, find the rate of change of potential at 
any point: (1) in a direction toward the origin; (2) in a direction at 
right angles to the direction toward the origin. 


35. If the electric potential V at any point of the plane is given 
=) pe a)? rs op 
potential at the point (0, a) in the direction of the axis of y, and at 
the point (a, a) in the direction toward the point (— a, 0). 


36. On the surface 2 = 2tan%, find the slope of the curve 


by the formula V= log » find the rate of change of 


me 
through the point (1, i 3) whose plane makes an angle of 30° with 
the plane XOZ. . 


37. On the paraboloid z = 227+ 37’, what plane section perpen- 
dicular to the plane YOY and through the point, (2, 1, 11) will cut 
out a curve with the slope zero at that point ? 


38. In what direction from the point (#,, y,) is the directional 
derivative of the function z= kxry a maximum, and what is the 
value of that maximum derivative ? 


39. Find a general expression for the directional derivative of 


the function wv = e~” sing + ; e~*”sin 3a at the point (Z, 0). Find 


also the maximum value of the directional derivative. 
dz 


ul 
PBS OS fy en iT ee 
40. Ifz=42°+2y and y at find oF 
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41. If a point moves on the surface z= kten-*® so that its 


; dz 
projection on the XOY plane is the circle * + 7° = a’, find ae 


ee OY : Ee 
42. Find ce from the equation x = ce*. 
hy 


np ; 2 
43. Find “w from the equation 2 log a + (sin t) = 
dx 


Oz 
44. Find es and —» when (xn + y)(y+2)(2+2)=€. 
Ox: ey 
5 oO dz : 4 5 . 
45. Find — and —> when a* + 7? + 2 — logy# =e. 
Cx ey 
em? 0z 5 
46. Find = and 59 when # +(2 + y)z+ 27? = 0. 
6 


E é ee a 
47. Find an and By when (a + 9? + 2)? = 27 yz. 
48. Find the equations of the tangent plane and the normal line 
to the ellipsoid 27 + 37? + 22? = 9 at the point (2, 1, 1). 


49. Find the equations of the tangent plane and the normal line 
to the surface xy + yz + za =1 at the point (1, 0, 1). 


50. Find the equations of the tangent plane and the normal line 
to the surface = (aa + by)? at the point (x,, y,, 2,)- 

51. Find the tangent plane to the cone 2? + 77 — 2? = 0 and prove 
that it passes through the vertex and contains an element of the cone. 

52. Show that the sum of the squares of the intercepts on the 
coordinate axes of any tangent plane to the surface af 4 ys +28=ai 
is constant. 


53. Show that any tangent plane to the surface z = kry cuts the 
surface in two straight lines. 


54. Find the equations of the tangent line and the normal plane 
to the curve ayz =1, y’ = x at the point (1, 1, 1). 


55. Find the equations of the tangent line and the normal plane 
to the curve x = sinz, y = cosz at the point (1, 0, ): 
56. Find the equations of the tangent line and the normal plane 


to the curve of intersection of the cylinders x? + 7? = 25, y?+ 23 = 25 
at the point (4, 3, — 4). 
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57. Find the equations of the tangent line and the normal plane 
to the curve of intersection of the ellipsoid 24 2?+16 y?+ 32? = 288 
and the plane 2x+ 8y+52z=0 at the point (2, — 3, 4). 


58. Find the angle at which the helix 2? ++ 7=a@,z2=k tant # 
intersects the sphere a2? + 774+ 2=r(r>a). 


59. Find the angle at which the curve 7?— 2? =a’, »=b(y+ 2) 
intersects the surface x? + 2 zy = c*, 


60. Find the minimum value of the function z= 4a?— 3ay 
+97 +52r+4+15y+416. ; 

61. An open rectangular cistern is to be constructed to hold 
1000 cu. ft. Required the dimensions that the cost of lining should 
be a minimum. 


62. Divide the number a into three parts such that their product 
shall be the greatest possible. 


63. Find a point in a plane quadrilateral such that the sum of the 
squares of its distances from the four vertices is a minimum, 


64. Find the volume of the greatest rectangular parallelepiped 
inscribed in an ellipsoid. 


65. Find by calculus the point in the plane 2a + 3y—6z2+4+5=0 
which is nearest the origin. 

66. Find the points on the surface 227+ 47? —2#—6xa+5y 
+ 18 = 0 which are nearest the origin. 


67. Find the highest point on the curve of intersection of the 
hyperboloid x? + 7? — 2? =1 and the plane x+y+2z2=0, 


68. Find the volume of the greatest rectangular parallelepiped 
which can be inscribed in a right elliptic cone with altitude / 
and semiaxes of the base a and 4, assuming that two edges of the 
parallelepiped are parallel to the axes of the base of the cone. 


69. Through a given point (1, 1, 2) a plane is passed which with 
the codrdinate planes forms a tetrahedron of minimum volume. Find 
the equation of the plane. 


70. Find the point inside a plane triangle from which the sum of 
the squares of the perpendiculars to the three sides is a minimum. 
(Express the answer in terms of K, the area of the triangle; a, d, ¢, 
the lengths of the three sides; and @, y, z, the three perpendiculars 
on the sides.) 
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Prove that the following differentials are exact and find their 
integrals : 
71. (524 — 3a°y + 2ay’) dx + (2a7y — a + 5y*) dy. 
gerets) 
= r = N74 , 
72. (y+ =)ax + cay dy 


1+ 2ay+ae , . 2ey+1. 
: aE he Se sy dy. 


74. 


ne a7 Z “74a Ty 
a a Near ~ = OYe 
75. 5, dx Ve 7 y 


adx y 
OS ——— <== = Se eal: 
VV 72 +4? ( Va? + Vn 
77. (cos?x — y sin x) dx + cos x dy. 
y? y 
78. e? sin(# + y)dx + e” [sin(a + y)— y cos (x + y) |dy. 
(1, 2) 


79. Find the value of f [(y — w)dx + ydy], 


(0, 0) 
(1) along a straight line, 
(2) along a parabola with its axis on ON. 
qd, 0) 
80. Find the value of [(a? + y)da + x dy], 
(0, 1) 
(1) along a straight line, 
(2) along a circle with its center at 0. 
@, 1) 


81. Find the value of f [y?dx + (ay + y*) dy], 


(0, 0) 
(1) along a parabola with its axis on ON, 
(2) along a broken line consisting of a portion of the a-axis 
and a perpendicular to it. 


nd ‘Dy gia y dy 
82. Find the value of IE Ve_p ety , 


(1) along the curve x =¢, y= #, 
(2) along a broken line consisting of a portion of the z-axis 
and a perpendicular to it. 
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6, 4) = ay a; d 
83. Find the value of f sae A inn 
Ga 8 Vx? — y 


(1) along the curve x = 3 secé, y = 3 tan 8, 
(2) along a broken line consisting of a portion of the a-axis 
and a perpendicular to it. 


84. Find, by the method of Ex. 3, § 171, the area of the four- 
cusped hypocycloid « = a cos*¢, y = a sin’ ¢. 


85. Find, by the method of Ex. 3, §171, the area between one 
arch of a hypocycloid ($ 58) and the fixed circle. 


86. Find, by the method of Ex. 3, $171, the area between one 
arch of an epicycloid (§ 57) and the fixed circle. 


2, 
87. Ifu=f(a, y) and y= F(a), find 


of (Z i 9 OF Of of mata y 
éa?\ey) —~ Ox dy Ox Cy | dy? \Ox 


Go) 


d*y 
88. If f(x, y) = 0, prove Wa a 


x Oz 
89. Ifz= (*). prove a= Sa pes 


90. If f(la + my + nz, xv? + y? + 2”) =), prove 


NCE Oz 
(ly — mx) + (ny — mz) an + (lz — nx) Fie 


oz x? Oz 
91. Ifz=7 +27(- + logy); Oy Dee 


0z\ (0x (2 z) = 
92. Tf f(a ys #)=0, show that tale! oo) w= 1. 


9 O# Oz Oz 


93. If 2 = 26(4 \+y(4), » prove #3 + 2g oe 0. 


94. Ifz=¢(a+ iy) +y(a — wy), where i=V—-1, prove 
C2 OF 


Ant =a By = 0, 
95. If V isa function of r only, where r = Va? + y’, find the value 
2 r 
ee on in terms of vr and JV. 


@x? | Oy 
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CO, Lieiec, es oS z is any function of x and y, find the 


value of ae a = ti ze an zee y a in terms of the derivatives of z 
ey 


with respect to ~ and v. 


7) aS y= eT and Vis any function of x and y, 
a 


pealapae C Vers y a ated 
ox? Oy” Oudv 


prove a? 


98. If x= e“cosv, y=e" sin», and V is any function of x and y, 
2 7 


J 
it Oudv 


in terms of the derivatives of V with respect to # and y. 


99. If x=e"cosv, y= e“ sin», and V is any function of x and y, 
Can Or wok eer 
DLOV Eteach soap aC, |e hia 


Cr Oy Ou? Ov 
08 + e- gue * é ' 
100. If «= pees y =r—,— > and TJ is any function of 
a Cv Uae me tere Lay 
randy, WlOVG: sre <a ge oa eee A 
Yt Ox® = by Crea ar Olam TG) 


101. Ife =e" secu, y = e” tan uw, and ¢ is any function of x and y, 
as (24 4 28) 4 (a4. 4) 28 
— ~—)=ay(>54+ 75 r+ y*) ——- 
I\ 6x2 a = * (: ae ) Ox Oy 


Ouwdv du 
102. Ifa+y= 2e cos ¢, x — y = 2ie® sind, and V is any func- 
ey eV 


502 + od? Tae xoy 


103. If e=f(u, v) and y= (wu, v) are two functions which 
sf, Of a 


0 
satisfy the equations OF as =7>-) z-=——;~, and V is any function of 
Ou ie 1 ae 


ne ere i av _ (a OVI (ary, (af 
es Ae ow" rt Ov? eS % pail) +(Z) |. 


prove cos w ( 


ey 
tion of x and y, prove —,5 


CHAPTER XVI 
MULTIPLE INTEGRALS 


173. Double integral with constant limits. By definition, 


b i=n—1 
if {@)de=1im > F(a) Aa, 


and f(x) dz is the element of the integral. In the problems of 
Chapter XIII it has been possible to form the element f(x) dz 
immediately by elementary theorems of geometry and mechanics. 
There are problems, however, in which it is advantageous to 
determine the element itself as a definite integral. 

For example, let us find the volume bounded by the planes 
2=0,2=a, rz=b(a<b), y=o, y=ad(c < a), and the surface 
z=f (2, y) (fig. 212) 
which lies entirely 
on the positive side 
of the XOY plane 
for the volume to 
be considered. 

Divide the dis- 
tance b—a on OX 
into m equal parts 
Az, thus giving « Y 
the series of values 


Fic. 212 


a, x, =a-+ Az, z= 2, + Az, 

Through the points thus determined on OX pass planes par- 
allel to YOZ, thus dividing the required volume into slices, 
such as LM. 

Divide the distance d—c on OY into m equal parts Ay, thus 
giving y the series of values 


CG, Y,=et Ay, Baht NM JUD 


ae 
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Through the points thus determined on OY pass planes par- 
allel to XOZ, thus subdividing the slices into volumes, such as 
NQ, each of which stands on a base NR, ArAy in area. 

If N has codrdinates (x, y;), NP =f («; y;), and the volume of 
a prism with VR as a base and NP as altitude is f(x, y;) Av Ay. 

If we hold a equal to z,, and give y the values ¢, ¥,, ¥,, ++ 
in succession, and take the limit of the sum as m=, we have 


}=m—1 


d 
Lim ps SF (iy yj) Avy =f F(a y) Ax dy ess 


m=a 


j=0 

as an approximate expression for the volume of the slice LV. 
Using the definite integral (1) as an element, we now assign 

to # the values a, 2, %,,--> in succession and take the limit 

of the sum as n=oo. The result is 


i=n-—1 d b d 
Lim > f PG y) dy Ax =[ al Tey) ay a, (2) 


eas Tag 


which is the required volume. 
Removing the parentheses, we shall write (2) in the form 


b d 
i [fe y) dx dy, (3) 


where the summation is made in the order of the differentials 
from right to left, ie. first with respect to y and then with 
respect to x, and the limits are in the same order as the differ- 
entials, i.e. the limits of y are ¢ and d, and the limits of 2 are 
Gand bi 

Referring to fig. 212, we see that we could have made the sum- 
mation first with respect to 2, thereby finding an approximate 


b d 
* Still another form of writing (2) is 4 dx f J («, y) dy, in which the order 
a c 


of summation is first with respect to y and then with respect to az. 
b pd 
Some writers also prefer to write (3) in the form ih uh F(x, y)dydx, which 
a c 


is merely (2) with the parentheses removed. In this form it is to be noted that 
the limits and the differentials are in inverse orders, and that the order of 
summation is the order of the differentials from left to right, i.e. first with 
respect to y and then with respect to a. In this text this last form of writing 
the double integral will not be used. In other books the context will indicate 
the form of notation which the writer has chosen. 
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expression for the volume of a slice bounded by two planes par- 
allel to the YOZ plane. The final summation would have been 
with respect to y, the result being the volume expressed by (3). 
If this order had been followed, the result would have appeared 
in the form 


il cf Fe nis)ay=(" [Fe vayde A) 


Integrals (3) and (4) are called double definite integrals, the 
limits in this case being constants. As any function f(a, y) 
may be represented graphically by the surface z=f(a, y), we 
are led to the general definition of the double definite integral, 


d b b d 
ile f ey ae if iH Fs PD 


as equal to the limit, as m and m are both increased indefi- 
nitely, of the double sum 


i=n-—-1 j=m-1 


py LF y;) Ardy, (5) 


where Az, Ay, and (2, y,) have the meanings already defined. 
The integral is called the double integral of f(2, y) over the 
area bounded by the lmes z=a, z=b, y=e, y=d. This 
definition is independent of the graphical interpretation, and 
therefore any problem which leads to the limit of a sum (5) 
involves a double integral. 

174. Double integral with variable 
limits. We may now extend the idea 
of a double integral as follows: In- 
stead of taking the integral over a 
rectangle, as in § 173, we may take 
it over.an area bounded by any 
closed curve (fig. 213) such that a 
straight line parallel to either OX or 
OY intersects it in not more than Fie. 218 
two points. Drawing straight lines 
‘parallel to OY and straight lines parallel to OX, we form 
rectangles of area ArAy, some of which are entirely within 


iG 
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the area bounded by the curve and others of which are only 
partly within that area. Then 
DY DdVL@ P Ardy, (1) 
where the summation includes all the rectangles which are wholly 
or partly within the curve, represents approximately the volume 
bounded by the plane XOY, the surface z=f(2, y), and the cyl- 
inder standing on the curve as a base, since it is the sum of the 
volumes of prisms, as in § 173. Now, letting the number of these 
prisms increase indefinitely, while Av+0 and Ay=0, it is evident 
that (1) approaches a definite limit, the volume described above. 
If we sum up first with respect to y, we add together terms 
of (1) corresponding to’a fixed value of z, such as z;, Then 
if MB is the line x=2,, the result is a sum corresponding 
to the strip ABCD, and the limits of y for this strip are the 
values of y corresponding to x= 2, in the equation of the curve. 
That is, if for a=~2,, the two values of y are M4=f,(a,) and 
MB =f,(a,), the limits of y are f,(#,) and f,(a;). As different 
integral values are given to 7, we have a series of terms corre- 
sponding to strips of the type 4BCD, which, when the final 
summation is made with respect to 2, must cover the area 
bounded by the curve. Hence, if the least value of x for the 
curve is the constant a and the greatest value is the constant 
b, the limit of (1) appears in the form 


b fo (x) 
i i St (a, yydxdy, (2) 
a (ey 


where the subscript 7 is no longer needed. 

On the other hand, if the first summation is made with 
respect to 2, the result is a series of terms each of which corre- 
sponds to a strip of the type 4’B’O'D', and the limits of 2 are 
of the form $,(y) and ¢$,(y), found by solving the equation of 
the curve for 2 in terms of y. Finally, if the least value of y 
for the curve is the constant ¢ and the greatest value is the 
constant d, the limit of (1) appears in the form 


d 2) 
f [fe nagax (3) 


$1) 
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While the limits of integration in (2) and (3) are different, 
it is evident from the graphical representation that the integrals 
are equivalent. 

So far in this chapter f(z, y) has been assumed positive for 
all the values of 2 and y considered, ie. the surface z= f(z, y) 
was entirely on the positive side of the plane YOY. If, however, 
F(% y) is negative for all the values of x and y considered, the 
reasoning is exactly as in the first case, but the value of the 
integral is negative. Finally, if f(2, y) is sometimes positive and 
sometimes negative, the result is an algebraic sum, as in § 81. 

175. Computation of a double integral. The method of comput- 
ing a double integral is evident from the meaning of the notation. 


138 2 
Ex. 1. Find the value of J Ab xy daxdy. 
o Jo 


8 2 
As this integral is written, it is equivalent to fe ( (. xy ay) dx, the integral 
0 


in parentheses being computed first, on the hypothesis that y alone varies. 


zx 
ff 2ydy = [+|- Dn. 
f 2xde =z} = 9. 
0 


Ex. 2. Find the value of the integral ‘Nt e xy dz dy over the first quadrant 
of the circle x? + y? = a*. 


If we sum up first with respect to y, we find a ¥ 
series of terms corresponding to strips of the type ei 
ABCD (fig. 214), and the limits of y are the ordinates 7 
of the points like A and B. The ordinate of A is BEn/EN 
evidently 0, and from the equation of the circle the TITTY 
ordinate of B is Va? — z?, where OA =z. Finally, to man7e8 
cover the quadrant of the circle the limits of x are ; 
0 and a. Hence the required integral is 


f i sic =" nydady = iis Ee 
a( 5 (4 — ada 


_ler_p 
TAB 4 Jo 


= tat 


Fie, 214 


it dx 


AC 
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176. Double integral in polar codrdinates. Let us assume that 
we have a function f(r, @) expressed in polar coordinates and 
an area bounded by a curve (fig. 215) which is also expressed in 
polar coérdinates. As in § 141, we may graphically express the 
function by placing z= f(r, 0), where the values of z correspond- 
ing to assigned values of r and @ are laid off on perpendiculars 
to the plane of r and 6 at the points determined by the given 
values of r and 6. It follows that the graphical representation 
of f(r, 8) is a surface. 

Let us now try to find the volume bounded by this surface, 
the plane of 7 and @, and the cylinder standing on the curve 
as a base. Proceeding in a manner 
analogous to that in § 174, we divide 
the area into elements, such as ABCD 
(fig. 215), by drawing radius vectors 
at distances A@ apart, and concentric 
circles the radii of which increase by 
Ar. The area of ABCD is the dif- 
ference of the areas of the sectors 
OBC and OAD. Hence, if OA=7, 
area ABCD=}(r+Ar)’A@—47r°Ad=(r+e) Ar AO, where e=3 Ar. 

Then the volume of the element standing on the base ABCD is 

f(r, 0) rAr Ad +f(7, 0)eAr Ad, 
and the total volume is the limit of the double sum 


> DLC, 9 rAr dd +FE, OyeAr Ad}, 


or, what is the same thing, the limit of the double sum 
YS, OrAr dd = af Hf f(r, 0)rdr dé. (1) 


If the summation in (1) is made first with respect to 7, the 
result is a series of terms corresponding to strips such as A,B Cd, 
and the limits of 7 are functions of @ found from the equation 
of the boundary curve. The summation with respect to @ will 
then add all these terms, and the limits of @ taken so as to 
cover the entire area will be constants, ie. the least and the 
greatest value of @ on the boundary curve. 


Fie. 215 
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If, on the other hand, the summation is made first with respect 
to @, the result is a series of terms corresponding to strips such 
as 4,5,C,D,, and the limits of @ are functions of r found from 
the equation of the boundary curve. The summation with respect 
to r will then add all these terms, and the limits of 7 will be the 
least and the greatest value of r on the boundary curve. 

Now f(r, @) may be any function, and (1), which is inde- 
pendent of the graphical representation, is called the double 
definite integral over the area considered. Furthermore, the area 
of ABCD has been denoted in (1) by rdrd@, i.e. by the product 
of AB and AD, for AB=dr and AD= rd. 


Ex. Find the integral of r? over the circle r = 2a cos. 


If we sum up first with respect to 7, the limits are 0 and 2acos6, 
found from the equation of the boundary curve, and the result is a 
series of terms corresponding to sectors of the type AOB (fig. 216). To 
sum up these terms so as to cover the circle, 


the limits of 6 are — 5 and z. The result is 


= 2acosé - Bee 
6dr = — 10 
ea r32 dO dr tbe ridlh a 


= [? 4 a*cos!6u0 


2 


= §7at. Fic. 216 


We might have solved this problem as follows: Since the initial line 
is a diameter of the circle and the values of r? at corresponding points of 
the two semicircles are the same, it is evident that the required integral 
is twice the integral taken over the semicircle in the first quadrant. 

By this method the result is 


Ca T 
7 2acos0 2 pt 1200080 
2/ 4h 7? d@dr = 2 f E d0 
0 Jo o L4_Jo 


=8 at f : cost 6d6 
0 


= $7a4. 


Such use of symmetry as was made in the second solution above is so 
often of advantage that the student should always note when there is 
symmetry, and arrange his work accordingly. . 
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177. Area bounded by a plane curve. Let us in (2), $174, 
denote f,(@) by y, and f,(v) by yy and omit f(z, y). The 


result is b Al, 
i) if diedy, (1) 
a Va 


which is evidently the area bounded by the curve in fig. 213. 


But b Yo : b 
ii tedy= [Gnade (2) 


where (y, — y,)@z is the area of the rectangle ABCD. 
In the same way we may transform (3) of § 174 into 


{@ — 2,) dy, (3) 


which will represent the same area that is represented by (2), 
(x,—«,)dy being the area of the rectangle 4'B'C’D'. 

It is evident that, if the area 
bounded by a plane curve expressed 
in rectangular coordinates is found 
by double integration, the result of 
the first integration is an integral of 
the type given in § 125. 

Ex. Find the area inclosed by the curve 
Yy—a2—3)? = 4 — 2? (fig. 217). 


Solving the equation of the curve for 
in terms of 2, we have 


y=rt38iv4 — a2 


Fig. 217 


Accordingly we let y, =x +8 —v 4 — x? 
and ¥,=2+3+V4 — x%, whence Yo Ye N 4 — 2%, and take for the 
element of area a rectangle such as ABCD. Its area is 2\/4 — 22 dz. 

Since the curve is bounded by the lines 2 = — 2 and « = 2, — 2 and 2 


. . . . 2 
are the limits of integration. Hence the area = i 2V4—z2*de=4q. 
—2 


In like manner the area bounded by any curve in polar 
coordinates may be expressed by the double integral 


ff rarae, (4) 
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the element of area being that bounded by two radius vectors 
the angles of which differ by Aé@, and by the arcs of two 
circles the radii of which differ by Ar. 

We may transform (4) into forms similar to (2) or (3), or 
we may make the double integration, substituting both sets of 
limits in each problem. 

If the first integration of (4) is with ue to r, the result 

before the substitution of the limits is }7°d@, which is exactly 
the expression used in computation by i single integration. 
— 178. Moment of inertia of a plane area. The moment of inertia 
of a particle about an axis is the product of its mass and the square 
of its distance from the axis. The moment of inertia of a number 
of particles about the same axis is the sum of the moments of 
inertia of the particles about that axis. From this definition we 
may derive the moment of inertia of a lamina of uniform thick- 
ness k, and of density p, about any axis as follows: 

Divide the surface of the lamina into elements of area dd. 
Then the mass of any element of the lamina is pkdd. Let R, 
be the distance of any point of the 7th element from the axis. 
We may then take as the moment of inertia of the 7th element 
R?pkdA, the exact expression evidently being (f+ €;)pkdA 


i=n 


($124). If the lamina is divided into » elements, pare t2pk dA 
is an approximate expression for the moment of inertia of the 
lamina. Then, if 7 represents the moment of inertia of the 


lamina, 
[= Lim > f *okd A = jf R’pkd A, ain 

where the integration is to include the whole lamina. 
If in (1) we let k=1 and p=1, the resulting equation is 


I= { Raa, (2) 


where J is called the moment of inertia of the plane area which is 
covered by the integration. When dA in (1) or (2) is replaced 
by either dzdy or rdrd@, the double sign of integration must 
be used. | 
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Ex. 1. Find the moment of inertia, about an axis perpendicular to the 
plane at the origin, of the plane area (fig. 218) bounded by the parabola 
y? = 4 az, the line y = 2a, and the axis OY. 


We divide the area into elements by straight lines parallel to OX and OY, 
ThendA = drdy, and R? = x? + 7, whence the expression for the moment of 
inertia of any element is (x? + y?) drdy. 

If the integration is made first with respect to z, the limits of that 
integration are 0 and fe , since the operation is the summing of elements 

a 
of moment of inertia due to the elementary rectangles in any strip corre- 
sponding to a fixed value of ; the limit 0 is found from the axis of y, 
and the limit Tee is found from the equation Y 
a 
of the parabola. 

Finally, the limits of y must be taken so 
as to include all the strips parallel to OX, 
and hence must be 0 and 2a. 


Qa te 
Therefore J = if fee + y*) dydx 


water 
= ge, 
192 ae 4 5) oY 


Ex. 2. Find the moment of inertia about OY of the plane area bounded 
by the parabola 7? = 4 az, the line y = 2a, and the axis OY. 


Since the above area is the same as that of Ex. 1, the limits of 
integration will be the same as there determined, but the integrand will 
be changed in that 2® + 7? is replaced by 22, for R = 2. 


Hence rat | 442 dy dx 
0 Jo 
1 2a s 
~ 192 ail ydy 
2 
= a1 at 


Ex. 3. Find the moment of inertia, about an axis perpendicular to the 
plane at O, of the plane area (fig. 219) bounded by one loop of the curve 
r= ain 26, 
We shall take the loop in the first quadrant, since the moments of 
Inertia of all the loops about the chosen axis are the same by symmetry. 
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We divide the area into elements of area by drawing concentric circles 
and radius vectors. Then dd = rdrd6 ($176), and R? =r’, whence the 
element of moment of inertia is r°drd6. 

If the first integration is made with respect to r, the result is the moment 
of inertia of a strip bounded by two successive radius vectors and a circular 
arc; hence the limits for r are 0 and asin26. Since the values of 6 for 


the loop of the curve vary from 0 to -; it is 


evident that those values are the limits for 
6 in the final integration. 


By asin2@ 
Therefore [= Nene) ‘ r3 ddr 
0 0 


Tv 

= hat { 2 sint 2 6d0 
0 

= gy 7a‘ Fic. 219 


179. Center of gravity of plane areas. If the center of gravity 
of any physical body can be expressed by two codrdinates % and 
y, we proved in § 137 that 


where z and y are the codrdinates of the point at which the 
element of mass dm may be regarded as concentrated. 
We may now place 


dm=pdxdy, or dm=prdrdo, 


where p is the mass per unit area, in which case the above 
integrals become double integrals. 

int ie 
a 
eut off by the chord through the positive ends of the axes of the curve. 


Ex. 1. Find the center of gravity of the segment of the ellipse 


This is Ex. 4, § 137, and the student should compare the two solutions. 

The equation of the chord is bz + ay = ab. 

Dividing the area into elements drdy (fig. 220), we have dm = pdrdy, 
but we may omit p since it is constant. Hence, to determine 7 and 7, we 


have to compute the two integrals f federy and ffydedy over the area 
ACBD, and also find that area. 
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The area is the area of a quadrant of the ellipse less the area of the 
triangle formed by the coérdinate axes and the chord, and accordingly is 


4 (mab) — ab =} ab(m — 2). Yy 
For the integrals the limits of 
integration with respect to y are B 
C 
_ Gils f 20 a) as 
RAE ec eh am ea 
y, being found from the equation D 
of the chord, and y, being found 
from the equation of the ellipse. 
The limits for x are evidently O A x 
0 and a. Fic. 220 
a ON Rae alh —— hr2 
¢ vdzdy = —2Va— z2— a 
ipa dx dy ie (Cxva e* — (ba =) de 
= } ba’. 
a pive—a al a 
a ydxdy = = Sy 2 ; 
if iene ydudy a4. GC 0422 ab*2) dz 
a 
= 40a. 
9 ‘ 
Therefore ee y= eae 
oa — 2) ee ie 2) 


Ex. 2. Find the center of gravity of the area bounded by the two circles 
r=acos6, r= bcos 6. (b> a) 
It is evident from the symmetry 
of the area (fig. 221) that 7 = 0. 
As pis constant, the denominator 
of x is the difference of the areas of 
the two circles, and is equal to 


DN Ne : 
-()'-26)-}enw 


Since x=rcos6, and the ele- 
ment of area is rdrd6, the numer- 
ator of & becomes Fic. 221 


T 
~ beos@ 
ie if r? cos 6dOdr 
_ mv acosé 


II 


-(o) ge) fFeost 6dé6 


2 
= h(i — a). 
i + ab + a2 
2(b+a) — 


Therefore 


8] 
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180. Area of any surface. Let C (fig. 222) be any closed 
eurve on the surface f(2, y, 2)=0. Let its projection on the 
plane YOY be C’. We shall assume that the given surface is 
such that the perpendicular to the plane XOY at any point 
within the curve C’ meets the surface in but a single point. 

In the plane XOY draw straight lines parallel to OX and OY, 
forming rectangles of area AvAy, which lie wholly or partly in 
the area bounded by C’.. Through these lines pass planes paral- 
lel to OZ. These planes will intersect the surface in curves, 
which intersect in points the Zz 
projections of which on the 
plane YOY are the vertices of 
the rectangles; for example, ~ 
M is the projection of P. At 
every such point as P draw 
the tangent plane to the sur- 
face. From each tangent plane 
there will be cut a parallelo- 
gram* by the planes 
drawn parallel to OZ. 

We shall now 
define the area 
of the surface 
Sa y 2)=%, 
bounded by the ze 
curve C, as the limit of the sum of the areas of these parallelo- 
grams cut from the tangent planes, as their number is made to 
increase indefinitely, at the same time that Axr=0 and Ay= 0. 
It may be proved that the limit is independent of the manner 
in which the tangent planes are drawn, or of the way in which 
the small areas are made to approach zero. 

If AA denotes the area of one of these parallelograms in a 
tangent plane, and y denotes the angle which the normal to the 
tangent plane makes with OZ, then (§ 145) 

Az Ay = AA cos 9, Cis 


*This parallelogram is not drawn in the figure, since it coincides so nearly 
with the surface element. 


Fie. 222 
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since the projection of AA on the plane YOY is ArAy. The 
direction cosines of the normal are, by (9), § 168, proportional 


to ade ce —1; hence 
Ox Oy 1 
cos y = SS 
tre 
Ox y 
AC Re 
dime Asma fl (=e ay eee 
Ox oy 
and (3) 


According to the definition, to find A we must take the limit 
of (8) as Ax=0 and Ay=0; that is, 


A ={ a Jer) ae (; i dxdy, (4) 


where the integration must be extended over the area in the 
plane XOY bounded by the curve C’. 


Ex. 1. Find the area of an octant of a sphere of radius a. 


If the center of the sphere is taken as the origin of codrdinates (fig. 223), 
the equation of the sphere is 


LO fl lI (1) 


and the projection of the required 
area on the plane XOY is the area 
in the first quadrant bounded by 
the circle 

tis AB OE ar (2) 


and the axes OX and OY. 


0z r 
From (1), —=—-, 
Ox z 
C2 at) 
ree 
Y z 


a 


Va? — 2? — ¥ 


Therefore nae be cee Fy has fac a 


AREA 383 


Ex. 2. The center of a sphere of radius 2a is on the surface of a right 
circular cylinder of radius a. Find the area of the part of the cylinder 
intercepted by the sphere. 


Let the equation of the 
sphere be 

x? + 7 + 22=4 a, (1) 
the center being at the 
origin (fig. 224), and let 
the equation of the cylin- 
der be 

Y+2—2ay=0, (2) 
the elements of the cylin- 
der being parallel to OX. 

To find the projection 
of the required area on 
the plane XOY it is y Fic. 224 
necessary to find the 
projection on that plane of the line of intersection of (1) and (2), 
Hence (§ 159) we must eliminate z from (1) and (2). The result is 


x? +2ay—4a?=0. (3) 
Oz CE =) 
F A —_ = 0 —_ = “—y 
Seen or s oy z 
6x oy Pa V2 ay — 
and ie ee 
V2 ay — ¥? 


Since the area on the positive side of the plane XOY is symmetrical 
with respect to the plane YOZ, it is twice the area on the positive side of 
the latter plane. Hence we may find this latter area and multiply by 2. 

If the first integration is with respect to , the lower limit is evidently 
0 and the upper limit, found from (3), is V4a*—2ay. For the final 
integration with respect to y the limits are 0 and 2a, the latter being 
found from (3). 

Therefore A = 2 [ 


0 


2a WV4a?-—2 f r —— 2a qy 
i Se 22a My S of, 
y V2 ay SUE f y 


As an equal area is intercepted on the negative side of the plane X OY, the 
above result must be multiplied by 2. Hence the total required area is 16 «?. 


The evaluation of (4) may sometimes be simplified by trans- 
forming to polar coérdinates in the plane YOY. 
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Ex. 3. Find the area of the sphere 2? + 7?+22=a? included in a 
cylinder having its elements parallel to OZ and one loop of the curve 
r=acos26 (fig. 225) in the plane XOY as its directrix. 


a 


Proceeding as in Ex. 1, we find the integrand Trans- 


aT ea 
Vae—xv— y 


forming this integrand to polar codrdinates, and multiplying by rdrd@, 
we have 
ar dr d@ 


CF —————————— 
ee pa 

It is evident that the required area 
is twice the area cut out of the sphere 
on one side of the plane XOY, and 
that this latter area is twice the area 
over the half of the loop of the curve 
r=acos2@ which is in the first Fic. 225 
quadrant. 

Hence we integrate first with respect to r from 0 to acos 2 6, and then 


integrate with respect to @ from 0 to re the limits of integration all being 


determined from the equation r = acos2 6. This integral we multiply by 
4 to obtain the required area. 


T pacos28 gy : 
Therefore Aes (3 f £0828 ard dr 
vy) 


Jo at (an 
ae 
=4a°f #1 — sin 2 6) d@ 
0 
7 (ar — 2): 


If the required area is projected on the plane YOZ, we have 


ax\? /dx\ 
4={f{x =) oY dy de, 
ate & ak de dy dz (5) 
where the integration extends over the projection of the area 


on the plane YOZ; and if the required area is projected on the 
plane YOZ, we have 


AAS, oy\’ (oy 
A =f {1+ (2) +(24) dxdz, (6) 


where the integration extends over the projection of the area 
on the plane XOZ,. 
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181. Triple integrals. 1. Rectangular codrdinates. Let any 
volume (fig. 226) be divided into rectangular. parallelepipeds 
of volume ArAyAz by planes parallel respectively to the codr- 
dinate planes, some of the parallelepipeds extending outside 
the volume in a manner similar to that in which the rectangles 
in §174 extend outside the area. Let (2, y,, 2,) be a point 
of intersection of any three of these planes and form the sum 


i=n—-1 j=m—-1 k=p-1 
> Ds: > F@n Yj %) Avdy dz, 
i=0 j=0 k=0 


as in § 174. Then the limit of this sum as n, m, and p increase 
indefinitely, while Ar=0, Ay=0, Az=0, so as to include all 
points of the volume, is called the triple integral of f(a, y, 2) 
throughout the volume. It is 
denoted by the symbol 


[[ fre y, 2)dxdydz, (1) 


the limits remaining to be substi- 
tuted. If the summation is made 
first with respect to z, # and y 
remaining constant, the result is 
to extend the integration through- 
out a column of cross. section 
AvAy; if next # remains constant Fic, 226 

and y varies, the integration is 

extended so as to combine the columns into slices; and, finally, 
as x varies, the slices are combined so as to complete the 


integration throughout the volume. 
The volume of the parallelepiped with edges da, dy, dz is the 
element of volume dV, and hence 


AV = dardy dz. (2) 


2. Cylindrical codrdinates. Tf the x and the y of the rectan- 
Pals coordinates are replaced by polar coérdinates 7 and 6 in 
the plane YOY, and the z coordinate is retained with its original 


386 _ MULTIPLE INTEGRALS 


significance, the new coordinates 7, 6, and z are called cylindri- 
cal coordinates. The formulas connecting the two systems of 
coordinates are evidently 


xax=rcosd, y=rsind, z=z. 


Turning to fig. 227, we see that z=z, 
determines a plane parallel to the plane 
XOY, that 6=0, determines a plane 
MONP, passing through OZ and making 
an angle @, with the plane XOZ, and 
that r=r, determines a right circular 
cylinder with radius r, and OZ as its 
axis. These three surfaces intersect at 
the point P. 

The element of volume in cylindrical codrdinates (fig. 228) 
is the volume bounded by two cylin- 
ders of radii 7 and 7+ Ar, two planes 
corresponding to z and z+Az, and 
two planes corresponding to @ and 
6+A@. It is accordingly a cylinder 
with its altitude equal to Az and the 
area of its base approximately equal 
to rA@Ar (§ 176). Hence, in cylin- 
drical coérdinates, 


dV = rdrdédz, (3) 


and the triple definite integral in cylindrical codrdinates is 


ff Sr, 4, 2)rdr dé dz, (4) Zz 


the limits remaining to be substituted. 

3. Polar codrdinates. In fig. 229 the 
cylindrical coérdinates of P are OM=r, 
MP=z2, and ZLOM=6. If instead of 
placing OM=r we place OP =r, and 
denote the angle NOP by 4, we shall 
have 7, $, and @ as the polar codrdi- 
nates of P. Then, since ON= OP cos¢ Fie. 229 
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and OM= OP sin ¢, the following equations evidently express 
the connection between the rectangular and the polar coérdi- 
nates of P: 


z=r cos ¢, r=r sin ¢ cos 8, y=rsin ¢sin 6. 


The polar codrdinates of a point determine three surfaces 
which intersect at the point. For 6=0, determines a plane 
(fig. 230) through OZ, making Zz 
the angle @, with the plane YOZ; 
¢=¢, determines a cone of revo- 
lution, the axis and the vertical 
angle of which are respectively 
OZ and 2¢,; and r=r, deter- 
mines a sphere with its center 
at O and radius r,. 

The element of volume in 
polar codrdinates (fig. 231) is 
the volume bounded by two 
spheres of radii 7 and r+ Ar, 
two conical surfaces corresponding to ¢ and ¢ + A¢, and two 
planes corresponding to 6 and 6+4+A@. The volume of the 
spherical pyramid O-ABCD is 
equal to the area of its base 
ABCD multiplied by one third 
of its altitude r. To find the 
area of ABCD we note first that 
the area of the zone formed by 
completing the arcs 4D and BC 
is equal to its altitude, r cos  — 
rcos(¢+A¢), multiplied by 2 ar. 
Also the area of ABCD is to the 
area of the zone as the angle A@ 
is to 27. 


Hence area ABCD = rA@ [r cos  — r cos(f + Ad) ] 
and vol O-ABCD = } r°A@ [cos ¢ — cos (¢ + Ad) ]. 
Similarly, vol O-EFGH=1(r+Ar)’A6@[cos¢—cos (P+A¢) ]. 


Fie, 231 
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Therefore vol ABCDEFGH = }[(7 +Ar)*—7r*] 4@ [cos $ 
—cos(¢ +A¢) ]. 
PC Ary =F |r Are rar + LAr® 
=o" 46 Ar. 
cos @ — cos (@ + Ad) = — Acosd 
= (sin ¢ +e¢,) Ad. (§ 77) 
Hence vol ABCDEFGH = (7° sin ¢ + €,) Ar A@ Ad, 


which differs from r?sin¢@ ArA@Ad by an infinitesimal of a 
higher order. 


Accordingly we let di =7* sin ¢drdodé, (5) 


and the triple integral in polar codrdinates is 


ih Sr, $ @)7r* sin ddrd¢ dé, > 


the limits remaining to be substituted. 

It is to be noted that dV is equal to the product of the 
three dimensions 4B, 4D, and AF, which are respectively rddq, 
r sin @dé, and dr. 

182. Change of codrdinates. When a double integral is given 


in the form {i CF f(x, y)dxdy, where the limits are to be substi- 


tuted so as to cover a given area, it may be easier to determine the 
value of the integral if the rectangular codrdinates are replaced 
by. polar coordinates. Then f(r, y) becomes f(r cos 6, 7 sin 8), 
Le. a function of 7 and @. As the other factor, drdy, indicates 
the element of area, we may replace drdy by rdrdé. These two 
elements of area are not equivalent, but the two integrals are 
nevertheless equivalent, provided the limits of integration in each 
system of codrdinates are taken so as to cover the same area. 
In like manner the three triple integrals’ 


ff [Fo y, 2) dxdy dz, 
[fre cos 0, 7 sin 6, 2) rdrdé dz, 


sli J(r sin $ cos @, 7 sin ¢ sin 8, r cos ) 7? sin ddrdd dd 
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are equivalent when the integration is taken over the same volume 
in all three and the limits are so taken in each as to include the 
total volume to be considered. 

183. Volume. In § 181 we found expressions for the element 
of volume in rectangular, in cylindrical, and in polar codrdinates. 
The volume of a solid bounded by any surfaces will be the limit 
of the sum of these elements as their number increases indefi- 
nitely while their magnitudes approach the limit zero. It will 
accordingly be expressed as a triple integral. 


Ex. 1. Find the volume bounded by the ellipsoid = - an £+e == Ik, 

From symmetry (fig. 232) it is evident that the required volume is 
eight times the volume in the first octant bounded by the surface and the 
codrdinate planes. Z 

In summing up the rectangu- 
lar parallelepipeds drdydz to 
form a prism with edges paral- 
lel to OZ, the limits for z are 0 


and aN -=- a4) the latter 
being found from the equation  / &f-ftt}yry---—— xe 
of the ellipsoid. 

Summing up next with respect 
to y, to obtain the volume of a 


slice, we have 0 as the lower limit Y 


Fie. 232 


2 


2 


| 
of y, and bx — = as the ce limit. This latter limit is determined 
a” 


by solving the equation at + v= =1, found by letting z= 0 in the equation 
ae 


of the ellipsoid; for it is in the plane x= 0 that the ellipsoid has the 
greatest extension in the direction O Y, corresponding to any value of x. 
Finally, the limits for z are evidently 0 and a. 


V= 2 ie he Niswis V1-3- Randy de 


Therefore 


=.4 sabe. 
AC 
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It is to be noted that the first integration, when rectangular 
coordinates are used, leads to an integral of the form 


i (2,— 2,) dady, 


where z, and z, are found from the equations of the boundary 
surfaces. It follows that many volumes may be found as easily 
by double as by triple integration. 

In particular, if z,= 0, the volume is the one graphically repre- 
senting the double integral (§ 174). 


Ex. 2. Find the volume bounded by the surface z = ae~“ +”) and the 
plane z= 0. 

To determine this volume it will be advantageous to use cylindrical 
coordinates. Then the equation of the surface becomes = = ae—™, and the 
element of volume is (§ 181) rdrd@dz. 

Integrating first with respect to z, we have as the limits of integration 
0 and ae-™. If we integrate next with respect to r, the limits are 0 and om, 
for in the plane z= 0, r =m, and as z increases the value of r decreases 
toward zero as a limit. For the final integration with respect to 6 the 
‘limits are 0 and 27. 


Therefore v= i ay if : f eT ed biieda 
0 0 0 
ef “re db dr 
0 0 


= haf d@ 


= 7d. 


In the same way that the computation of the volume in Ex. 2 
has been simplified by the use of cylindrical codrdinates, the 
computation of a volume may be simplified by a change to polar 
coordinates ; and the student should always keep in mind the 
possible advantage of such a change. 

184. Moment of inertia of a solid. Following the method 
of $178 we divide the volume of the solid into elements Av 
and multiply each element by its density p. Then, if R, is the 
distance of any point of the 7th element from the axis about 
which the moment of inertia is to be taken, we may take R2p Av 
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as the moment of inertia of that element. If 7 denotes the 
moment of inertia of the solid, > RepAv is an approximate 


° t=1 
expression for /. Finally, if we let n =o and at the same time 
let each element of volume approach zero as a limit, we have 


I= Limit ¥ np Av = | Bp dv, {fei Ai doy da 


n=0o f=] 


where #&, p, and dv are to be expressed in terms of the same 
variables and the proper limits of integration substituted. In 
particular, if dv is replaced by any one of the three elements 
of volume determined in § 181, the integral becomes a triple 
integral. 


Ex. Find the moment of inertia of a sphere of radius a about a diameter 
if the density varies directly as the square of the distance from the diameter 
about which the moment of inertia is to be taken. 


We shall take the center of the sphere as the origin of coordinates, and 
the diameter about which the moment is to be taken as the axis of z. The 
problem will then be most easily solved by nae cylindrical coérdinates. 

The equation of the sphere will be 77+ 2%=a?, and dv =rdrd6dz, 

R=r, and p = kr*, so that we have to find the value of the triple integral 


kf f fr5d0dr dz. 


Since the solid is symmetrical with respect to the plane z=0, we 
shall take 0 and Va? — 7? as the limits of integration with respect to z, 
the latter limit being found from the equation of the sphere, and double 


the result. 

Integrating next with respect to r, we have the limits 0 and a, thereby 
finding the moment of a sector of the sphere. To include all the sectors, 
we have to take 0 and 27 as the limits of 6 in the last integration. 


Therefore = de (mae "dO dr dz. 


As a result of the first integration, 


Q2r a - = 
ee kf ro Va? — v2 dOdr. 
0 


0 


After the second integration, 


20 
SS ] 
T= o's ka i dé, 
and, finally, I= ys ka’. 
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(185. Center of gravity of a solid. The center of gravity of a 
solid has three coordinates, 7, y, 2, which are defined by the 
equations 


where dm is an element of mass of the solid and z, y, and 2 are 
the coordinates of the point at which the element dm may be 
regarded as concentrated. The derivation of these formulas is 
the same as that in § 137. 

When dm is expressed in terms of space coordinates, the 
integrals become triple integrals, and the limits of integration 
are to be substituted so as to include the whole solid. 

The denominator of each of the preceding fractions is evi- 
dently ™M, the mass of the body. 


Ex. Find the center of gravity of a body of uniform density, bounded 
by one nappe of a right circular cone of vertical angle 2 @ and a sphere of 
radius a, the center of the sphere being at the vertex of the cone. 

If the center of the sphere is taken as the origin of codrdinates and the 
axis of the cone as the axis of 2, it is evident from the symmetry of the 
solid that = 7 = 0. To find z, we shall use polar coérdinates, the equations 
of the sphere and the cone being respectively r = a and ¢ = a. 


= 27 a a 
ir reos p-r? sin Pdbdddr 
Then z=— Si J, . 


‘lee 2 sin pdOddr 


mm : : 
Ihe denominator is the volume of a spherical cone the base of which 
is a zone of one base with altitude a(1—cos a); therefore its volume 
equals 4 7a* (1 — cos a), 


aah cos ¢ sin dbdddr = } at [feos sin pdbdp | 


bat — costa) f "6 
0 


ll 


} rat (1 — cos?a@). 


Therefore z= (1 + cosa)a., 
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186. Attraction. The formula 


cos Odm 
R? 


(§ 138) 


for the component of attraction in the direction OX is entirely 
general. Similar formulas for the components in the direc- 
tions OY and OZ may be deduced. The application of these 


formulas requires us to express 
R, cos@, and dm in terms of 
the same variables, and to substi- 
tute limits of integration so as 
to include the whole of the 
attracting mass. In general, the 
integral, after the substitution of 
the variables, will be a double 
or triple integral. 


Ex. Find the attraction due to a 
homogeneous circular cylinder of 
density p, of height A, and radius 
of cross section a, on a particle in 
the line of the axis of the cylinder 
at a distance } units from one end 
of the cylinder. 

Take the particle at the origin of 
coordinates (fig. 233), and the axis of 
the cylinder as OZ. Using cylindrical 
coordinates, we have dm = prdrd@dz 


and R=V247r. 


y ‘Fie, 233 


From the symmetry of the figure the resultant cp age of attrac- 


tion in the directions OX and OY are zero, and cos @ = 
resultant component in the direction OZ. 


for the 


eae 


Therefore, letting A represent the component in the direction OZ, 


we have at al, ‘(4 S 


d6 dr dz, 


(#2 + >! 


where the limits of integration are Ee from fig. 233. 


23 a r r 
A= — — ———_____—. } d6'dr 
PJ, I az verre) 
=pf "htvi+ a —VO+ DF + a) 0 
0 
=2rp(h+Vi? + a? -—V(b +h)? + a2), 
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PROBLEMS 


Find the values of the following integrals : 


4 x 2 x Lr 
ae, * dedy. 4 4. f i log 5 dardy. 
2 1 y ; 1 1 ¥ 


fl 


Va ’ 4 | Z it 
iat 5. y) dy dz. 
2. f nt a cos y dady. * Ide (a + y) dy 

0 7 


2 6. Express in two ways the inte- 
gral of f(a, y) over the smaller area 


ayer : : bounded by the curves «+ y= 2a 
, as x ly. 
3 i ft x sin(x + y)dxdy and GoeeenA ee 


Find the values of the following integrals : 


: 2acosé@ 5 3cosé 
ike i i rdédr. 8. f if 7 sin? 6 dédr. 
2 0 0 -= 0 


9. Find the integral of 7 over one loop of the curve 7 = a@ sin 2 6. 


10. Find the integral of 7 over the area bounded by the initial 
line and the curves 7 = a and r= a(1+ Cos 6). 


11. Find the area bounded by the curves y = 2 and y = 2 — 2’. 


12. Find the area bounded by the hyperbola ay = 4 and the line 
e+ty—5=0. 

13. Find the area bounded by the confocal parabolas 7? = 4 ax 
+40, ~Pa=—4be 440? 

14. Find the area of the loop of the curve (a + y)? = 7 (y +1). 

15. Find the area bounded by the curves a2? + y? = 25, 377° = 162, 
ag = 167, 

16. Find each of the areas bounded by the circle a? + 7? = 5a? 
8 a3 


and the witch 7 = —— x 
Y ite +- 4 


17. Find the area bounded by the circles = a cos 6, 7 = a sin@. 


18. Find the area cut off from a loop of the curve 7 = « cos 2 6 
a 
by the curve r= =. 
a 
19. Find the area cut off from the lemniscate 7? = 2 a? cos 2 6 by 
ae V3 
the straight line 7 cos 6 = cr a 
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20. Find the area bounded by the limagon r = 2 cos6+3 and 
the circle r = 2 cos 6. 

21. Find the area which is outside the circle » =a and inside 
the cardioid r = a(1 + cos 6). 

22. Find the area in the first quadrant bounded by the circle 
r = 2asin @ and the lemniscate 7? = 2 a? cos 2 6. 
~ 23. Find the moment of inertia of the area bounded by the hyper- 
bola zy = 4 and the line « + y — 5 = 0 about an axis perpendicular 
to its plane at 0. 
~ 24. Find the moment of inertia of the area bounded by the curves 
y = x, y = 2 — 2’ about an axis perpendicular to its plane at 0. 

. 25. Find the moment of inertia about OY of the area bounded by 
OY and the parabola 7? = 1 — «. 

26. Find the moment of inertia about an axis through O perpen- 
dicular to the codrdinate plane of that part of the first quadrant 
included between the first two successive coils of the spiral r = e”. 

27. Find the moment of inertia of the entire area bounded by 
the curve 7? = asin 36 about an axis perpendicular to its plane at 
the pole. 

28. Find the moment of inertia of the area of one loop of the lem- 
niscate 7? = 2 a? cos 26 about an axis perpendicular to its plane at 
the pole. 

29. Find the moment of inertia of the total area bounded by the 
curve 7? = asin @ about an axis in its plane perpendicular to the 
initial line’ at the pole. 

30. Find the moment of inertia about OV of the area bounded by 
the parabolas 7? = 42 +40, y? =— dba +40. 

31. Find the moment of inertia about OY of the area of the loop 
of the curve 77 = x?(2 — x). 

32. Find the moment of inertia of the area of the cardioid 
r= a(1+ cos 6) about an axis perpendicular to its plane at the pole. 

33. Find the moment of inertia of the area of a circle of radius a 
about an axis perpendicular to the plane of the circle at any point 
on its circumference. 

34. Find the moment of inertia about its base of the area of a 
"parabolic segment of height 4 and base 2a. 
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35. Find the moment of inertia about OX of the area bounded on 
the left by an are of the curve y’ = az + a’ and on the right by an 
are of the curve x? + 7? = a. 


36. Find the moment of inertia of the area of one loop of the 
lemniscate 7? = 2a? cos 26 about an axis in its plane perpendicular 
to the initial line at the pole. 


37. Find the moment of inertia about the initial line as an axis 
of the area of the cardioid 7 = a(cos 6+1) above the initial line. 


38. Find the moment of inertia of the area bounded by a semi- 
circle of radius a and the corresponding diameter, about the tangent 
parallel to the diameter. 


39. Find the moment of inertia of the area of a loop of the curve 
r = a cos 2 6 about the axis of the loop as an axis. 


40. Find the moment of inertia of the area of the circle 7 =a 
which is not included in the curve ,=asin26 about an axis 
perpendicular to its plane at the pole. 


~ 41. Determine the center of gravity of the half of a parabolic 


segment of altitude 9in. and of base 12in. formed by drawing a 
straight line from the vertex of the segment to the middle point 
of its base. 


42. Find the center of gravity of a lamina in the form of a 
parabolic segment of altitude 7 in. and of base 28 in. if the density 
at any point of the lamina is directly proportional to its distance 
from the axis of the lamina. 


43. Find the center of gravity of the area of a loop of the curve 


: 
Cy = Oa, 


44. Find the center of gravity of the area bounded by the parabola 
at yt =a} and the circle a? + Tea 

45. Find the center of gravity of the area bounded by the cardioid 
r= a(cos6+1). 

46. Find the center of gravity of the area bounded by the parabola 
; 8 a5 
a? = 4ay and the witch y = ————.- 

y y e+ 4a2 

47. A plate is in the form of a sector of a circle of radius a, the 
wigle of the sector being 2a. If the thickness varies directly as the 
distance from the center, find its center of gravity. 
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48. Find the center of gravity of the area in the first quadrant 
bounded by the curve aS 4 ys = a3 and the line x +y=a. 


49. The density at any point of a lamina in the form of a loop 
of the curve r= acos 26 is directly proportional to its distance 
from the point of the loop. Determine its center of gravity. 


50. Find the center of gravity of the area bounded by the limagon 
r= 2cos 6+ 3. 


51. Find the center of gravity of the area bounded by the curve 


ra th sin 2 as 6 changes from 0 to 27. 


52. Find the center of gravity of the area bounded by the cissoid 
: 
¥ — 


53. Find the center of gravity of the area cut off from the lemnis- 


V3 
cate 7? = 2 a* cos 26 by the straight line 7 cos 6 = ~- a. 


d its asymptote. 
ae ye 


y’ ; ‘ 
v =1, iscuta circular 


plate of radius r(r < “) with center at (¢ 0). Find the center of 


ab fs cen, 
54. From a homogeneous elliptic plate, a ai- 


2 
gravity of the part left. 


55. Find thearea of the surface cut from the paraboloid y?+ 2*= 4 ax 
by the cylinder 7? = ax and the plane a = 3a. 


56. Find the area of the surface of the cone. 2?+ y7—4#7=0 
cut out by the cylinder 2? +7’? —4a2=0. 

57. Find the area of the surface cut from the cylinder 2? + 7? = a? 
by the cylinder 7? + 2 =a’. 

58. Find the area of the surface of a sphere of radius a inter- 
cepted by a right circular cylinder of radius }a, if an element of 
the cylinder passes through the center of the sphere. 

59. Find the area of the sphere « + 7 + z* = a? included in the 
cylinder with elements parallel to OZ and having for its directrix in 
the plane XOY a single loop of the curve r = a cos 36. 

60. Find the area of the surface of the cylinder a? + 7? — 2ax=0 


bounded by the plane XO¥Y and a right circular cone having its vertex 
at O, its axis along OZ, and its vertical angle equal to 90°. 


s 
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61. Find the area of the paraboloid 2” + 7? = 2 az inclided in the 
cylinder with elements parallel to OZ and having for its directrix in 
the plane XOY one loop of the curve 7” = a? sin 2 6. 

62. Find the area of the surface z = vy included in the cylinder 
(a? i vy = x — 7%. 

63. Find the area of that part of the surface z = 


mes ie , 
the projec- 
2a ex, 


tion of which on the plane YOY is bounded by the curve 7? = a’ cos 6. 

64. Find the area of the surface of the cylinder 2? + 7 — 2ax =0 
included in the cone a — 7? + 227 = 0. 

65. Find the area of the sphere 2? + /? + 27 = 4a bounded by 
the intersection of the sphere and the right cylinder the elements 
of which are parallel to OZ and the directrix of which is the cardioid 
r = a(cos 6+1) in the plane YOY. 

66. Find the area of the surface of the ee (a—a)y+P+2=a° 
included in one nappe of the cone a? + 77 — z= 0. 


Find the values of the following integrals : 


on Ve—y dx _ dxdydz | if »¥ VO re 
as a i SE — rs) Vy tt Oo 


rl Ve-2 pVe-2-¥ yedxudy dz 
GS : 
i. te Vei—e@— Pp 2 
log x wty 
69. ae ur Cols dndyae 
J/0 0) 0 
1 z r? sin? 9 
TO. ik i I rPdrdodz. 
Ohh hn Ske 
z a Naps 
ele Lif i rz d@drdz 
7 Jasing Jo (a? — 7? 4 zi 
(ee a ad "db drdz 
1 1 rae 


6 a 
73. ih ft i rsin.d cos d cos 6 dbdddr. 
0 axing 
27 acosé 
74. is i Ak r sin’ d dpdéidr. 
0 Jo 0 


8] 4 
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. 75. Find the volume bounded by the surface ae ae ys of zt = ai 
and the codrdinate planes. 


> 76. Find the volume of a cylindrical column bounded by the 
Buriaces y=, ay, 2 = 0, 212 + y = 2% 


» 77. Find the volume bounded by the plane z=0 and the 
eylinders 2? + 7? = a’, 77 = a* — az. 

78. Find the volume bounded by the surfaces 7? = bz, z= 0, 
7 = 2 cos 0. 


~ 79. Find the volume bounded by the sphere a? + 7? + 2? = 5 and 
the paraboloid 2 + 7? = 42. 

~ 80. Find the volume bounded by the cylinder 2? = x + y and the 
planes x = 0, y= 0, z= 4. 


+ 81. Find the volume of the paraboloid y? + 27 = 2 eut off by 


the plane y =z —1. 

82. Find the volume bounded by a sphere of radius a@ and a right 
cireular cone, the axis of the cone coinciding with a diameter of the 
sphere, the vertex being at an end of the diameter and the vertical 
angle of the cone being 90°. 

83. Find the total volume bounded by the surface (a? + 7 + z*)* 
= 27 aryz. (Change to polar coérdinates.) 

84. Find the volume bounded by the plane XOY, the cylinder 
2? + y? — 2axr = 0, and the right circular cone having its vertex at 
O, its axis coincident with OZ, and its vertical angle equal to 90°. 


85. Find the total volume bounded by the surface “ + a + = = 

86. Find the volume bounded below by the paraboloid e+y=az 
and above by the sphere a? + 7? + 2 — 2az= 0. 

87. Find the volume bounded by the surface b’2? = y?(a? — x’) 
and the planes y = 0, y = 6. 

88. Find the volume cut from a sphere of radius @ by a right 


circular cylinder of radius 3? one element of the cylinder passing 


through the center of the sphere. 


89. Find the total volume bounded by the surface (a? + y? + 2’)? 
== Aaya. 
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90. Find the volume in the first octant bounded by the surfaces 
z=(et+ty,?+y7=e. 

91. Find the volume of the sphere 2? + 77? + 2 = a? included in 
a cylinder with elements parallel to OZ, and having for its directrix 
in the plane XOY one loop of the curve 7? = a’ cos 2 6. 

92. Find the volume bounded by the surfaces az =a2y, x+y+#% 
Bie ae 


2 
2 
3 


93. Find the total volume which is bounded by the surface ad +y 
= 23 = a’, 

94. Find the total volume which is bounded by the surface 7? + 2” 
= 2 ar cos 2 6. 


95. Find the moment of inertia about its axis of a hollow right 
circular cylinder of mass M, the inner radius and the outer radius 
of which are respectively 7, and r,: (1) if the cylinder is homoge- 
neous; (2) if the density of any particle is proportional to its 
distance from the axis of the cylinder. 

96. A solid is bounded by the plane z = 0, the cone z = r (cylindri- 
cal codrdinates), and the cylinder having its elements parallel to OZ 
and its directrix one loop of the lemniscate 7? = 2 a? cos 26 in the 
plane XOY. Find its moment of inertia about OZ if the density at 
any point varies directly as its distance from OZ. 


97. Find the moment of inertia of a homogeneous right circular 
cone of density p, of which the height is / and the radius of the base 
is a, about an axis perpendicular to the axis of the cone at its vertex. 

4 7 


98. A ring is cut from a homogeneous spherical shell of density p, 
the inner radius and the outer radius of which are respectively 4 ft. 
and 5 ft., by two parallel planes on the same side of the center of 
the shell and distant 1 ft. and 3 ft. respectively from the center. 
Find the moment of inertia of this ring about its axis. 


99. A mass J is in the form of a right circular cone of altitude 
h and with a vertical angle of 120°. Find its moment of inertia 


about its axis if the density of any particle is proportional to its 
distance from the base of the cone. 


100. The radius of the upper base and the radius of the lower 
base of the frustum of a homogeneous right circular cone are respec- 


tively a, and a,, and its mass is M. Find its moment of inertia about 
its axis. 
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101. The density of any point of a solid sphere of mass M and 
radius @ is directly proportional to its distance from a diametral 
.plane. Find its moment of inertia about the diameter perpendicular 
to the above diametral plane. 


102. Given a right circular cylinder ‘of mass M, height h, and 
radius a, the density of any particle of which is & times its distance 
from the lower base. Find the moment of inertia of this cylinder 
about a diameter of its lower base. 


103. Find the moment of inertia about OZ of that portion of the 
surface of the hemisphere z =Va? — a? — 7? which lies within the 
eylinder 2? + 7? = az. 

104. A homogeneous solid of density p is in the form of a hemi- 
spherical shell, the inner radius and the outer radius of which are 
respectively 7, and 7, Find its moment of inertia about any diam- 
eter of the base of the shell. 


105. A homogeneous anchor ring of mass M is bounded by the 
surface generated by revolving a circle of radius a about an axis in 
its plane, distant 4(/ >a) from its center. Find the moment of 
inertia of this anchor ring about its axis. 

106. The density at any point of the hemisphere z = Va? — a? — 7? 
is k times its distance from the base of the hemisphere. Find the 
moment of inertia about OZ of the portion of the hemisphere in- 
cluded in the cylinder a? 4+ 7’ = az. 

107. Through a homogeneous spherical shell of density p, of 
which the inner radius and the outer radius are respectively a, and 
a,, a circular hole of radius b(4<<4,) is bored, the axis of the hole 
coinciding with a diameter of the shell. Find the moment of inertia 
of the ring thus formed about the axis of the hole. 

108. Find the center of gravity of the portion of a uniform wire 
in the form of the curve x = at?, y = 3at®, z =} at‘, between the 
points for which ¢ = 0 and ¢=1. 


109. Find the center of gravity of a uniform wire in the form of 
the helix «= acos6, y=asin@, x =k6, between the points for 
which 6 = 0 and 6=6,. When will the center of gravity fall on the 
axis of the helix ? 

110. Find the center of gravity of a homogeneous solid bounded 


by the coordinate planes and the surface a2 + y> + a= al. 
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111. Find the center of gravity of a homogeneous body in the 
; , x? 1 2 2 
form of an octant of the ellipsoid a +55 + is all. 
112. Find the center of gravity of the homogeneous solid bounded 
by the surfaces 2 = 0, y= 0, y = 4, Be? =o? (@ — 2”). 


113. Find the center of gravity of a homogeneous solid bounded 
by the paraboloid a’x? + 6? = z and the plane z = ¢. 


114. A ring is cut from a homogeneous spherical shell of density 
p, the inner radius and the outer radius of which are respectively 
4 ft. and 5 ft., by two parallel planes on the same side of the 
center of the shell and distant 1 ft. and 3 ft. respectively from the 
center. Find the center of gravity of this ring. 


115. Find the center of gravity of a homogeneous solid bounded 
by a spherical surface of radius 6 and two planes passing through 
its center and including a dihedral angle 2 a. 


116. Find the center of gravity of a hemisphere of radius a if 
the density at any point varies directly as the distance of the point 
from the base of the hemisphere. 


117. Find the center of gravity of a homogeneous solid bounded 
by the surfaces of a right circular cone and a hemisphere of radius 
a which have the same base and the same vertex. 


118. Find the center of gravity of an octant of a sphere of radius 
a if the density at any point varies directly as its distance from the 
center of the sphere. 


119. Find the center of gravity of a right circular cone of altitude 
a, the density of each circular slice of which varies directly as the 
square of its distance from the vertex. 


120. Find the center of gravity of a homogeneous solid bounded 
by two concentric spherical surfaces of radii 4 ft. and 5 ft. respec- 
tively and a plane through the common center of the two spherical 
surfaces, 


121. Find the center of gravity of a homogeneous solid in the 
form of the frustum of a right circular cone, the height of which 
is # and the radius of the upper base and the radius of the lower 
base of which are respectively 7, and r,. 
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122. A solid is bounded by a sphere of radius @ and a right cireu- 


: ROE tee 
lar cone, the vertical angle of which is =» the vertex of which is on 


3 
the surface of the sphere, and the axis of which coincides with a 
diameter of the sphere. Find its center of gravity if the density at 
any point is *& times its distance from the axis of the cone. 


123. Find the attraction of a hemisphere of radius a on a particle 
of unit mass at the center of its base if the density at any point of 
the hemisphere varies directly as its distance from the base. 


124. A homogeneous solid of density p is bounded by the plane 
#=3 and the surface z= a?+ 7”. Find the attraction of this solid 
on a particle of unit mass at the origin of codrdinates. 


125. A portion of a right circular cylinder of radius a and uniform 
density p is bounded by a spherical surface of radius 6(b> a), the 
center of which coincides with the center of the base of the cylinder. 
Find the attraction of this portion of the cylinder on a particle of 
unit mass at the middle point of its base. 


126. A portion of a right circular cylinder of radius a is bounded 
by a spherical surface of radius b(/ ><a), the center of which coin- 
cides with the center of the base of the cylinder. Find the attraction 
of this portion of the cylinder on a particle of unit mass at the 
middle point of its base, the density of any particle of the cylinder 
being proportional to its distance from the axis of the cylinder. 


127. Show that the attraction of a segment of one base, cut from 
a homogeneous sphere of radius a, on a particle of unit mass at its 


: 1 4 Z 
vertex is 2 1p (1 — ah), where p is the density of the sphere 


oe Ne 
and h is the height of the segment. 


128. A ring is cut from a homogeneous spherical shell of density 
p, the inner radius and the outer radius of which are respectively 
4 ft. and 5 ft., by two parallel planes on the same side of the center 
of the shell and distant 1 ft. and 3 ft. respectively from the center. 
Find the attraction of this ring on a particle of unit mass at the 
center of the shell. 

‘ 
129. The density of a hemisphere of mass M and radius @ varies 


directly as the distance from the base. Find its attraction on a 
particle of unit mass in the straight line perpendicular to the base 
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at its center, and at a distance a from the base in the direction 
away from the hemisphere. 


(130; A solid of mass M is bounded by a right circular cone of 
vertical angle 90° and a spherical surface of radius 2 ft., the center 
of the spherical surface being at the vertex of the cone. If the 
density of any particle of the above solid is directly proportional to 
its distance from the vertex of the cone, find the attraction of the 
solid on a particle of unit mass at the vertex of the cone. 


131. The vertex of a right circular cone of vertical angle 2a is 
at the center of a homogeneous spherical shell, the inner radius and 
the outer radius of which are respectively a, and a, Find the attrac- 
tion of the portion of the shell outside the cone on a particle of unit 
mass at the center of the shell, in terms of the attracting mass. 


132. The density at any point of a given solid of mass M/ in the 
form of a hollow right circular cylinder is directly proportional to 
its distance from the axis of the cylinder. If the height of the 
cylinder is 2 ft., and its inner radius and outer radius are respec- 
tively 1 ft. and 2 ft., find its attraction on a particle of unit mass 
situated on its axis 2 ft. below the base. 


CHAPTER XVII 
INFINITE SERIES 


187. Convergence. The expression 
a, +4,+4,+4,+4,+>>>, (1) 
where the number of the terms is unlimited, is called an infinite 
series. 


An infinite series is said to converge, or to be convergent, when the 
sum of the first n terms approaches a limit as n increases without limit. 


Thus, referring to (1), we may place 


8 = 4, 
= a,+ a,, 
3.= a,+ a+ 55 


po ee Gat Ges Ad, 
Then, if Limes A, 


n= 0 
the series is said to converge to the limit 4. The quantity 4 is 
frequently called the sum of the series, although, strictly speaking, 
it is the limit of the sum of the first n terms. The convergence 
of (1) may be seen graphically by plotting s,, s,, s,,---, 8, on the 
number scale, as in § 3. 

A series which is not convergent is called divergent. This may 
happen in two ways: either the sum of the first terms increases 
without limit as n increases without limit; or s, may fail to approach 
a limit, but without becoming indefinitely great. 


Ex. 1. Consider the geometric series 
atartar?+a+- 
7 


i - Now if r is numerically 
aga | 


Here s, =a+tar+ar+---+ar—=a 


less than 1, r” approaches zero as a limit as n increases without limit; and 
AC 405 
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therefore Lims, = i oem If, however, r is numerically greater than 1, 


n=0 eat 


r increases without limit as n increases without limit; and therefore s, 
increases without limit. If 7 =1, the series is 


OT 0 Ba aig NB Ia os OT 

and therefore s, increases without limit with n. If r = —1, the series is 
a—ata—-at:::, 

and s, is alternately a and 0, and hence does not approach a limit. 


Therefore, the geometric series converges to the limit when r is numeri- 


—rT 
cally less than unity, and diverges when r is numerically equal to, or greater 
than, unity. 


Ex. 2. Consider the harmonic series 


Ko lt.o le ates a ee 1 
1 = a Sto meee 
Fos ty bee ea eee 


consisting of the sum of the reciprocals of the positive integers. Now 
b+E>}+}=4 F+dtd yo beat gtaad, 


and in this way the sum of the first n terms of the series may be seen to 
be greater than any multiple of } for a sufficiently large n. Hence the 
harmonic series diverges. 


188. The comparison test for convergence. Jf each term of a 
given series of positive numbers is less than, or equal to, the corre- 
sponding term of a known convergent series, the given series 
converges. 


If each term of a given series is greater than, or equal to, the 
corresponding term of a known divergent series of positive numbers, 
the given series diverges. 


Let @,+4,+4,+a,+->-- (1) 
be a given series in which each term is a positive number, and let 
b+6,+6,+6,4+--- (2) 

be a known convergent series such that a, = ,. 


Then, if s, is the sum of the first x terms of (1), s! the sum 
of the first » terms of (2), and B the limit of s/, it follows that 


! 
=e B, 
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since all terms of (1), and therefore of (2), are positive. Now as 
n increases, 8, increases but always remains less than B. Hence s, 
approaches a limit, which is either less than, or equal to, B. 

The first part of the theorem is now proved ; the second part 
is too obvious to need formal proof. 

In applying this test it is not necessary to begin with the 
first term of either series, but with any convenient term. The 
terms before those with which comparison begins form a poly- 
nomial, the value of which is of course finite, and the remaining 
terms form the infinite series the convergence of which is to be 
determined. 


Ex. 1. Consider 
Le ae Le: 1 
UU a Bl le BP on ee eI 
oy operas eae Gee 
Each term after the third is less than the corresponding term of the con- 
vergent geometric series 


Le Lae 1 
bidet aa tiga Toa Hae ie 
Therefore the first series converges. 
Ex. 2. Consider 
i 1 il if! 1 
seas IP SS Pee OU 2 a ee ony 
V2 39/38 V4 V5 Vn 
Each term after the first is greater than the corresponding term of the 
divergent harmonic series ° 
jee We eee aE il 
iS tg te et ee 


Therefore the first series diverges. 


189. The ratio test for convergence. Jf in a series of positive 
numbers the ratio of the (n+1)st term to the nth term approaches 
a limit L as n increases without limit, then, if L <1, the series 
converges; if L>1, the series diverges; if L=1, the series may 
either diverge or converge. 


Let Ot Cotas £e te Ooch Oe agri ane (1) 


. Orie ‘ a ; 
be a series of positive numbers, and let Lim +*+*=Z. We have 
three cases to consider. eee 
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1. L<1. Take ry any number such that L<r<1. Then, 


ee a : 
since the ratio +! approaches Z as a limit, this ratio must 
a 


become and remain less than r for sufficiently large values of 7. 
Let the ratio be less than 7 for the mth and all subsequent 


terms. Then es 
a, +1 a a,,7 vl 


: 2 
goa Oa BIg 


ah 


a, +3 m+ 


rs 4,7, 
Now compare the series 
2 
Oy Uy 5 F mtg F Imag F 2s (=) 
with the series An +A, +47 + 4,7 fee (3) 


Each term of (2) except the first is less than the correspond- 
ing term of (3), and (8) is a convergent series since it is a 
geometric series with its ratio less than unity. Hence (2) 
converges by the comparison test, and therefore (1) converges. 

: a See 
2. L>1. Since + approaches Z as a limit as m increases 
a 
n 
without limit, this ratio eventually becomes and remains greater 
than unity. Suppose this happens for the mth and all subsequent 


terms. Then * at 


m+1 m?> 


An +2 = Ana = a 


m) 


Bye go Oy og ae 


m 


. . . . . . 


Each term of the series (2) is greater than the corresponding 
term of the divergent series 
On + Ay +A, +A, free (4) 


Hence (2) and therefore (1) diverges. 

3. L=1. Neither of the preceding arguments is valid, and 
examples show that in this case the series may either converge 
or diverge. : 

In applying this test, the student will usually find Sut) in 

a 


the form of a fraction involving x To find the limit of this 
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fraction as m increases without limit, it is often possible to 
divide numerator and denominator by sonie power of n, so as 


to be able to apply the theorem (§ 13) that Lim “ = 0, or some 
other known theorem of limits. valu’ 


Ex. 1. Consider 


4 5 n 
heme -+ 54+ 5tate O Figmaiiias 
The nth term is —— = — and the & + 1)st term is” ies +2. The ratio of the 
(n + 1)st term to the a term is ~ A » and 
aoe 
Lin = Lim ==. 
n=o0 ON nee 3 
Therefore the given series converges. 
: 38 ne 
Ex. 2. Consider 1 ee AaD ites act + -- — + +2 
ee A 
n 7 n+1 
The nth term is " and the (n +1)st term is ae The ratio of 
n 1 
. n+1 n 
the (n + 1)st term to the nth term is Sa ae (" a *) » and 
(n + 1)n” n 
Lim (" + iy" Lim (1 x x)" =e. (§ 98) 


Therefore the given series diverges. 


190. Absolute convergence. The absolute value of a real num- 
ber is its arithmetical value independent of its algebraic sign. 
Thus the absolute value of both + 2 and — 2 is 2. The abso- 
lute value of a quantity « is often indicated by |a|. It is evi- 
dent that the absolute value of the sum of m quantities is 
less than, or equal to, the sum of the absolute values of 
the quantities. 

A series converges when the absolute values of its terms form a 
convergent series, and is said to converge absolutely. 


Let a +a,+4,+4,+-:- ad) 
be a given series, and 


|a,|+|@,|+|a,|+]|a,|+--- (2) 
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the series formed by replacing each term of (1) by its absolute 
value. We assume that (2) converges, and wish to show the 
convergence of (1). 

Form the auxiliary series 


(4, +|4,)+@+la)+@, + 1% 


tat later B) 


The terms of (3) are either zero or twice the corresponding 
terms of (2). For a,=—|a,| when a, is negative, and a,=|4,| 
when a, is positive. 

Now, by hypothesis, (2) converges, and hence the series 


2|a,|+ 2|a,|+ 2|a,|+ 2|4¢,|+--- eS 


converges. But each term of (3) is either equal to or less 
than the corresponding term of (4), and hence (3) converges by 
the comparison test. 

Now let s, be the sum of the first » terms of (1), s’ the sum 
of the first n terms of (2), and s’’ the sum of the first m terms 


of (8). Then an F 


and, since s’’ and s’ approach limits, s, also approaches a limit. 


Hence the series (1) converges. 

We shall consider in this chapter only absolute convergence. 
Hence the tests of $$ 188, 189 may be applied, since in testing 
for absolute convergence all terms are considered positive. 

191. The power series. A power series is defined by 


: 2 3 
a, + a2 + AL +A +++++a0 in 
where @,, @,, a,, a,, +++ are numbers not involving z. 
We shall prove the following theorem: Jf a power series con- 


verges for x= .x,, it converges absolutely for any value of x such 
that |x|<|a,|. 


a ; 
MPLA GTtE eas ler ite ih eae E 
Fou convenience, let |x| =X, |a,|=A,, |v,| =X. By hypothe- 
sis the series 
n a2 3 n 
My Ae Qe, “te My 2y ar Ag0, <r oats a5 A,X) ar Sale fe. Gly 


converges, and we wish to show that 
A,+AX+ A Xx* + A,X* PE ok Se Ae yr, (2) 


converges if ¥< x) 
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Since (1) converges, all its terms are finite. Consequently 
there must be numbers which are greater than the absolute 
value of any term of (1). Let M be one such number. Then 
we have 4,47" < M for all values of n. 


Then aan aa 
AOS Ao aan = 
x Ey 


a 


Each term of the series (2) is therefore less than the corre- 
sponding term of the series 


x X\! (x x\ 
M+ M M M(|— M ft... (8 
ce @ + fe) " ae ee ( #) ren 2) 


But (3) is a geometric series, which converges when XY <_X,. 
Hence, by the comparison test, (2) converges when X < X,. 

From the preceding discussion it follows that a power series 
will converge for values of 2 lying between two numbers — R 
and + #, and diverge for all other values of x. In some cases 
& may be infinity, that is, the series may converge for all values 
of x. In other cases, less frequent, # may be zero, that is, the 
series may converge only for x= 0. 

In any case the values of x for which the series converges 
are together called the region of convergence. If represented 
on a number scale, the region of convergence is in general a 
portion of the scale having the zero point as its middle point. 
In some cases the region may extend to infinity or shrink to 
a point. In practice the student will generally find it con- 
venient to determine the region of convergence by applying 
the ratio test, as shown in the examples. 


Ex. 1. Consider 
14+224+327 44734 ---4 nar-14---, 


The nth term is nz"—1, the (n + 1)st term is (n +1)", and their ratio is 
ae. Lim ane = Lim (1 + ) =x. Hence the series converges when 
n n=o n n= nm 


|x| <1 and diverges when |r|>1. The region of convergence extends on 
. the number scale between —1 and +1. 
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Ey 2. Conner! AI ll Page 
x. 2. Consider se [2 B =e 
= Seay ; SRE Bee 
The nth term is == 1? the (n +1)st term is a and their ratio is s 
Lim = = 0 for any finite value of x. Hence the series converges for any 


n=o0 nN 
value of x and its region of convergence covers the entire number scale. 


Ex. 3. Consider 
dpi (ede oan ae n—lam-1y..-, 


The nth term is |n —12”~1, the (n +1)st term is |nx”, and their ratio 


is nx. This ratio increases without limit for all values of zx except z= 0. 
Therefore the series converges for no value of x except 2 = 0. 


A power series defines a function of 2 for values of 2 within the 
region of convergence, and we may write 


F@=4,+ 42+ ag +ag+--++agt-::, (4) 


it being understood that the value of f(x) is the limit of the 
sum of the series on the right of the equation. The power 
series has the important property, not possessed by all kinds 
of series, of behaving very similarly to a polynomial. When a 
function is expressed as a power series it may be integrated 
or differentiated by integrating or differentiating the series term 
by term. The new series will be valid for the same values of 
the variable for which the original series is valid. If the method 
is applied to a definite integral, the limits must be values for 
which the series is valid. 

Similarly, if two functions are each expressed by a power series, 
their sum, difference, product, or quotient is the sum, the dif- 
ference, the product, or the quotient of the series. 

For proofs of these theorems the student is referred to ad- 
vanced treatises. 

192, Maclaurin’s and Taylor’s series. We have noted that any 
convergent power series may define a function. Conversely, 
it may be shown (see § 193) that any function which is con- 

tinuous and has continuous derivatives may be expressed as a 
power series. When a function is so expressed it is possible to 
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express the coefticients of the series in terms of the function 
and its derivatives. For let 
F(@) = 4+ 02+ 49° + aa'+ agit: +s +az"*+-+-, 
By differentiating we have 
f'@=4, +2a7+3a2°+4a bese + nage 
I @j=2 Sane Zaz+4-8aa°+- A Nee a 
AAs 3-24,44-3-2az+- ees Dae eae at 


Fn) = rn fa ae —2)---3- 3. Q]a, +- 
Placmg z= 0 in each of these eae we find 
a,=f(0), 4,=f'(), 4,= Bw", a= BO =, fO) 


Consequently we have 


tbs 0 - "yr 0 \n) 0 
FOIOAS Qa orate TO at 
This is called Maclaurin’s series. 
Again, if in the right-hand side of 
f@=4,tar+ar +agit+-.--+aa*+--- 
we place = a+ 2’, and arrange according to powers of 2’, we have 
SF (@) = 6, +52 + ba? + bl + eee + ba -., 
or, by replacing zx’ by its value x — a, 
FS (©) =b,+6,(a—4)+),(e—4)?+6,(2— a)? + ++ +6, (@—a)"4 00, 
By differentiating this equation successively, and placing =a 


in the results, we readily find 


b,=f(4), b=f (4); Aa), =a"), nes? b= POO) 


[2 [3 
Oa enor) + 9) PED pia)... 
|2 [8 
(7— a)" (n) 7 as ¢ 
oF a eed (a) + . (2) 


This is Taylor's series, 


Gos (1) 


Hence 
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Another convenient form of (2) is obtained by placing 
xr—a=h, whence r=a+h. We have then 


‘ he 1 Manic 
J ORI Vem E AG) EAE (4) +73f (a)+:- 


+7 Fe) ices Ce 


Maclaurin’s series (1) enables us to expand a function into 
a series in terms of ascending powers of 2 when we know the 
value of the function and its derivatives for =0. By means 
of the series the function may be computed for values of x for 
which the series converges. Practically the computation is con- 
venient for small values of 2. 

Taylor’s series (2) enables us to expand a function in terms 
of powers of x—a when the value of the function and its 
derivatives are known for x=a. The function is said to be 
expanded in the neighborhood of x=a, and the series can be 
used to compute the value of the function for values of z 
which are near a. 

Ex. 1. Expand e* into a power series and compute its value when z= 4. 
Since f(x) = e*, f (x) =e, f’ (4) =e, ete., f(0)=1, FP O)=1, /’ O)=1, 


etc. Hence, by Maclaurin’s series, 


enbtititp iet 
. : a) 
This converges for all values of x. If we place x = 4, we have e3 =1 
+434 qs + rho + toleg = 1.8956, correct to four decimal places. If x has 
a larger value, more terms of the series must be taken in the computation, 
so that the series, while valid, is inconvenient for large values of 2. 


Ex. 2, Expand (a + x)" into a power series in a. Here 


fe) =(a + 2)", f(0) = ar, 
Sf @)=1(@ + ara FS (0) = na*-, 
S° (2) = n(n —1)(@ + z)*-3, f’ (0) = n(n—ljar-2, 


fi" (@)=na—-1)@M@—2)(a+2)y-§, f” (0) = n(n —1) (mn — 2)ar-8. 


Hence, by Maclaurin’s series, 


(a+ 2)" =a" + na™—1y + oe) gn Std ye ieee hae) Gn 8 a8 cies 


Q is 
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This is the binomial theorem. If n is a positive integer, the expansion is 
a polynomial of n +1 terms, since f+ (x) and all higher derivatives are 
equal to 0. But if n is a negative integer or a fraction, the series converges 
when z is numerically less than a. 


Ex. 3. Find the value of sin 61°. 


Let f(x) = sinz, then /’(x) = cosz, f’ (x) =— sing, etc., provided x is 
expressed in circular measure. 61° expressed in circular measure is ;%J5 7 
T T ne 4s 7 = Le re 
=~+ -".. Since sin= and cos” are known to be respectively =V3 
3 180 3 3 2 


and 5? it will be convenient to use Taylor’s series with a= >. Formula 


bid 

3 
2 3 

(3) gives wi ieee ea ieee 


Placing h = we have 


sin (s 8 ny = SiMGle — 51/405 
180 


The expansion of a’ function may sometimes be obtained by 
special devices more conveniently than by direct use of the for- 
mula (1) or (2). This is illustrated by the following examples: 


Ex. 4. Required to expand sin~1z. 
We have 


x dx xz a 
pel es ae 1 — 22)-2d 
sin-!z ip ee ihe x*) fi 


1 i leaets) 1-3-5 | ; 
; 9 ia -)dz (by Ex. 2) 


ay nai fia! 
ee . +. 
ee Bok Bs 20406 7 
et 
Ex. 5. To expand a = 
=e 
GRP hae iyi 
—] os inte aS easy 
By Ex. 4, sin-!a +7 + 40 t ie 
3 at * FB yb 
by Ex. 2, (1—2?)~ ba14S 4 = are 


Hence, by multiplication, 


sin-lz o78 82> 162" 
=f = 


i eae 3 M5) 35 
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193. The remainder in Taylor’s series. Let us write 


f@=fa)+@-afl @+ ae fl (a)+- 


+ C— p@+k a) 
ge 
and attempt to determine #. For that purpose place 
pa Gro p (2) 


n+1 


In the right-hand member of equation (1), with #& in the 
form (2), replace a everywhere, except in P, by 2, and call 
F(z) the difference between f(2) and this new expression. 
That is, let #(z) be defined by the equation 

F@)=f@)-f@-@-D™F@)— Sake z C= 
(Gey my ee a 
Jn" n+1 ; 
where z is considered constant. 


Differentiate (3) with respect to z, still holding x constant. 
All the terms obtained cancel, except the last two, and we have 


@) 


Ig) = — =)" pen ts (@—=2)" 
F'(@)= in bereits bg 5 s 
ore [Pp —fe* (@)]. (4) 


Now when z=2, F(z)=0, as is at once apparent from (8). 
Also when z=a, F(z)=0, as appears from (3) with the aid 
of (1). Hence F(z) must have a maximum or a minimum for 
some (unknown) value of z between z=a and z=2. That is, 


Dey) 
where & lies between a and x.* 
* The theorem that if F(z) = 0 for z =a and z= b, then F’(z) = 0 for some 


value of z between z = a and z = b is called Rolle’s Thearem, It is geometrically 


evident on drawing a graph. Of course F(z) and F’(z) must be continuous and 
hence finite. 
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From (4), it follows that 
P = (ES), 


and hence, from (2), 


Fai (a oO “fe +D(£), (5) 


This is the remainder in Taylor's Theorem. It measures the 
difference between the value of the function f(7) and the sum 
of the first » +1 terms in (1). 

It is evident that if R approaches zero as n is indefinitely 
increased, the Taylor’s series converges and represents the 
function. We have, then, in this case, a proof of the possi- 
bility of a series expansion for the function, which was assumed 
in § 192. 

Generally also it will be sufficient to test the convergence 
of the series by one of the methods of §§ 188 and 189. For 
usually if the series converges, it properly represents the func- 
tion. Examples can be given in which this is not true, but the 
student will certainly not meet them in practice. 

The remainder may be said to measure the error made in cal- 
culating the value of f(#) by means of n+1 terms of a Taylor’s 
or Maclaurin’s series. It is therefore often important to know 
something of the magnitude of &. Now # can usually not be 
found exactly, since € is unknown, but it can sometimes be seen 
that R cannot exceed some known value, and this is enough for 
practice. This is illustrated in the examples. 


Ex. 1. What error is made by calculating es by 5 terms of Maclaurin’s 
series? (See Ex. 1, § 192.) 


When f(z) = e, f +(x) = e*. Hence, in Maclaurin’s series for e*, 


grt 
R= ee 


n+1 
where & lies between 0 and z. 
In the present example n = 4 and s = 4. 


ols) ee ey 
Therefore | R [5 e€ 39160 
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where € lies between 0 and }. Since the largest value of € gives the 
largest value of e, we may write 
1 1 
R<agsleoe <a0ten 3? 

whence it appears that R<.00005. 

The calculation of Ex. 1, § 192, is therefore correct to 4 decimal places. 

Ex. 2. How many terms of Maclaurin’s series must be taken to compute 
e correctly to 4 decimal places? 


€ 
ING) aoa) Lp A ‘2 
2 


where € is between 0 and }. Hence 


R< Go" 3h 
yeaa 


and n +1 must be so determined that 


GPs. 
n+1 


This can be done only by trial. It results that n +1=6. Then 6 terms 
will be sufficient to assure the required accuracy, though from the nature 
of the calculation fewer terms may do. 


) 


2<,.00005. 


~ 


194. Relations between the exponential and the trigonometric 
functions. By Maclaurin’s series, we find 


ees ie et i ie gaye 1 
Troha (ase 2 Poe Ga 
oo ae 
Ss Ve~ _-— — — — 9 
sin 7= @ [BT (5 7 A (2) 
Avy pe! 6 
God eet ee ee 
Sx av 4 6." 5 (3) 


where the laws governing the terms are evident. It is possible 
to show that in each case R approaches zero as the number of 
the terms increases without limit, no matter what the value cf z. 
Hence the series converge and represent the functions for all 
real values of 2. 

The series (1) may be used to define the meaning of e” when 
vis a pure imaginary quantity and the definitions of § 26 no 
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longer have a meaning. We write as usual ¢=V—1 and replace 
xin (1) by tz. We obtain 

eo ot ew 
a1 4 Ww of 3 be ee in (2x) Tc 
pee 


Then, since oe 3 4, =+1, ete., 


But the two series here involved are equal to cosz and sinz 
respectively by (3) and (2). Hence we have 


e* =cosx+isin a. (4) 
Similarly, e = cosa — e810 2, (5) 
and, from (4) and (5), 
. oa eo 
= —————_ 3 6 
sin x 2G (6) 
cos z= oe (7) 


The results (4)-(7) are of great importance in some appli- 
cations, notably to the simplification of certain results in the 
solution of differential equations. 

It may be proved from (1) that e"e*=e"t™, Then 


CIM =e ie ¢ (GOs 44.510 7), (8) 

GY =Ce™ = & (cosy — 7 810 y). (9) 

195. Approximate integration. When it is not possible, or 
convenient, to evaluate the integral 


[fou (dl) 


exactly, the function f(a) may be expanded into a power series 
and the integral computed to any required degree of accuracy. 
This procedure leads to the following three rules: 

1. The prismoidal formula. Let us take the first four terms 
of Taylor’s series for f(x) in the neighborhood of x= a, writ- 
ing them in the form 


f@)=A+ B@—a)+ C@—a)’*+ D@— a)’. | (2) 
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Substituting this in (1), we have 
leas oie +40(b—a)?+4 D(b—a)* 
3 A+3B(b—a)+2C(b—a)?+3D(b—a)’}. (8) 


Now, from ah 
S(a) = A, 
f(b) = A+ B(b—a)+ C(b—ay?+D(b—a)’, 


and f(SFA)= A+ 3 BO—a) +4 CO— a +E DO- Os 


from which it appears that equation (3) can be written in the 
form b si 
[t@e-F|r@+v(G 


This is the prismoidal formula. 

If the integral (1) is interpreted as an area, the result 4 
may be ome cd as follows: The area bounded by the axis of 2x, 
two ordinates, and a curve may be found approximately by multi- 
plying one sixth of the distance between the ordinates by the sum of 
the first, the last, and four times the middle ordinate. 

If the integral (1) arises in finding the volume / of a solid 
with parallel bases, then formula (4) becomes 


*) +F0)|. (4) 


y=" (B+ Aut b), (5) 


where A is the altitude of the solid, B the area of the lower 
base, 6 the area of the upper base, and J the area of the section 
midway between the bases. 

Of course the prismoidal formula gives an exact result when 
f(x) can be exactly represented in the form (2), where any of 
the coefficients may be zero. The most important and frequent 
cases in which (5) is exact are those in which f(2) is a quadratic 
_ polynomial in x In this way the student may show that the 
formula applies to frustra of pyramids, prisms, wedges, cones, 
cylinders, spheres, or solids of revolution in which the gener- 
ating curve is a portion of a conic with one axis parallel to the 
axis of revolution, and also to the complete solids just named. 
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The formula takes its name, however, from its applicability 
to the solid called the prismoid, which we define as a solid hay- 
ing for its two ends dissimilar plane polygons with the same 
number of sides and the corresponding sides parallel, and for 
its lateral faces trapezoids. 

Furthermore, the formula is applicable to a more general | 
solid two of whose faces are plane polygons lying in parallel 
planes and whose lateral faces are triangles with their vertices 
in the vertices of these polygons. 

Finally, if the number of sides of the polygons of the last 
defined solid is allowed to increase without limit, the solid goes 
over into a solid whose bases are plane curves in parallel planes 
and whose curved surface is generated by a straight line which 
touches each of the base curves. To such a solid the formula 
also applies. 

The formula is extensively used by engineers in computing 
earthworks. 

2. Simpson's rule. When f(x) is not exactly expressed by 
(2), the prismoidal formula will in general give better results 
the nearer 4 is to a. Hence we may obtain greater accuracy 
by dividing the interval 4—a into segments and applying the 
prismoidal formula to each. Taking the interpretation of (1) 
as an area, we divide the distance 6—a into an even number 
(2n) of segments, each equal to Az, and call the values of 2 
at the points of division a, 2, %, %y +++, %,~y 6 At each pomt 
of division we draw an ordinate of the curve, thus cutting the 
required area into strips, and apply the prismoidal formula to 
figures each of which is made up of two of these strips, so that 
Dy Ly Ly rt, Ty,-, correspond to the middle ordinates of these 
figures, Ria the results thus obtained, we have 


F@OunZ ee et 2h) + 4S) + 2F@) 
+--+ 4F(a,, 1) +FO)]: (6) 
This is Simpson’s rule. 
3. The trapezoidal rule. An area may also be computed 
approximately as the sum of rectangles, as shown in § 78. It is 


more exact, however, to replace the rectangles of fig. 125, § 78, by 
AC Ps 
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trapezoids. This amounts to replacing a small portion of the 
curve y¥=f(x) by a straight line, which is equivalent to using 
the first two terms of the series (2). If Az and a, z,, x, 
are taken as in § 78, this method leads to the result 


: NG oe : : 
f $@ t= FUOFH AI) + UEDt Fat 
: +2f@, D+F]: (7) 
This is the trapezoidal rule. It is evident that it gives less 
accurate results than those found by Simpson’s rule. 


3 3 
Ex. Evaluate ie (Qlae Ge ake 
0 
1. By the prismoidal formula. 
f(0) =1, f(3) = 5.859, (3) = 31.623. 
a + 22) 3 dx = 3[1 +4 4 (6.859) + 31.623] = 28.030. 
0 


2. By Simpson’s rule. 
Take Ax =}. Then 


fOV=1, fG)=1898, - fA) =2.898, “Fy = 5859, 
f(2)=11.180, ($= 19.521, (3) = 31.623. 
ie + 2°)Fdx = 4[1 + 4 (1.398) + 2(2.828) + 4 (5.859) 
0 
+ 2(11.180) + 4 (19.521) + 31.623] 
SS PANG 
3. By the trapezoidal rule. 
Take Ax = } and use the previous calculations. 
8 
it (1 + 22)8de = 3 [1 + 2 (1.398) + 2 (2.828) + 2 (5.859) 
q 
+ 2(11.180) + 2(19.521) + 31.623] 
== ANE 
196. The theorem of the mean. If in the general form of 


Taylor’s series (1), § 193, with R in the form (5), § 193, we 
take n= 1, we obtain 


F(@) =f(a) + @—af'(é, eb) 
or, placing «=a +h, . 
S(a+h) =f (a) + hf'(&), (2) 


where & is between a and a+h. 
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This result either in the form (1) or the form (2) is called the 
theorem of the mean, and has a very simple graphical interpre- 
tation. For let LX (fig. 234) be the graph of v = f(a), and let 
OA=a,OB=a+h. Then AB=h, f(a) = AD, f(a+h) = BE, 


and f(a +h) — f(a) 
h 


If now & is any value of 2, f’(£) is the slope of the tangent 
at the corresponding point of ZAK. Hence (2) asserts that there 
is some point between D and 
£& for which the tangent is 
parallel to the chord DZ. 
This is evidently true if f(z) 
and f’(2) are continuous. 

Formula (1) may be used 
to prove the proposition 
which we have previously 
used without proof; namely, 
Tf the derivative of a function 
is always zero, the function is a constant. For let f'(x) be always 
zero and let a be any value of x. Then, by (1), f(x) — f(a) = 0. 
That is, the function is a constant. 

From this it follows that two functions which have the same 
derivative differ by a constant. For if f'(x7)=¢'(2), then 


£ Ef@)—$(2)] = 9: whence f(27) = (7) + €. 


0 : A 
197. The indeterminate form 2 - Consider the fraction 


=the slope of the chord DZ. 


iG 


Fic. 234 


Sf) t 
$x) o 
and let a be a number such that f(a)=0 and ¢(a)=0. If 


we place x=a in (1), we obtain the expression 0° which is 
literally meaningless. 

It is customary, however, to define the value of the frac- 
tion (1), when x=a, as the limit approached by the fraction 
as a approaches a. 

In some cases this limit can be found by elementary methods. 
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ae 2 
e—r 
Ex. 1. ‘ 


a2 
When z = a this becomes 2. When x #a we may divide both terms 


of the fraction by a — 2, and have 


for all values of 2 except x =a. This equation is true as x approaches a, 


and hence 
2 a2 = 
Lim 
a=a &— 


2 
= = Lim (a + z) = 2a. 
z xa 


t= Vil 
£. 


Ex. 2. 


When z = 0 this becomes >. When z + 0 we have 


1—-vl—2*_1-—vV1l—2# 14+V1-7_ £ 


x E i¢Vi-#2 14Vi-= 
Hence Lim lanl leeks = Lim ae es = 0. 
xz=0 x e=0 ] + -V 1 — gq 


The theorem of the mean may be used to obtain a general 
method. For we have 


Fe) _ Fath) te h) Jt (a) te hf'cé ) 
$(@) $(ath) b(a) AGE)’ 


where &, and €, lie between a and a +h. By hypothesis, f(a) =0, 
p(a)= 0. Therefore for h + 0 


f@)_fth _ ED. 
d(2) $(ath) $(&) 


As x is made to approach a, h approaches zero, and & and & 
approach a. Hence 


nt@)_f'@. 
eb@) S@y © 
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If, however, f’(a) = 0 and ¢/(a)=0, the right-hand side of 
(2) becomes In this case we take more terms of Taylor’s 


series and have R 
re . I G)ER CE) as (E:) 
f(@)_ fl@ath) ie Gs 


(2) _ p(a a h) - $(a@) +hd'(a) ae I ge . $"(E,) 


Lim £@_ '@), 
cae $(@) $a) 
unless f’’(a)=0 and ¢’(a)=0. In the latter case we take still 


more terms of Taylor’s series, with a similar result. 
Accordingly we have the rule: 


whence 


To find the value of a fraction which takes the form ; when 


x= a, replace the numerator and the denominator each by its deriv- 
, ; vane 0 
ative and substitute r=a. If the new fraction is also 0° repeat 


the process. 


Ex. 3. To find the limit approached by conte when x= 0. 
sin x 


By the rule, Lim sae = Pose | pages 2. 
‘ zi£o siInz COS eel one 
ey —2 cosx + e7 
Ex. 4. To find the limit approached by ~ when g=0)- 


vr sina 
If we apply the rule once, we have 


ee | _w 
c= 0 0 


Lim - - - 
20 “£sing sing + x7 cosz 


We therefore apply the rule again, thus: 


ee ed 4 
2=0 


Lim : - 
2cosz—axsinz 


220 x 3in x 
198. Other indeterminate forms. If f(a)=o and $(a)=«, 


2) 


the fraction - takes the meaningless form =o When =a. 
x 


The value of the fraction is then defined as the limit approached 
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by the fraction as 2 approaches a as a limit. It may be proved 


that the rule for finding the value of a fraction which becomes 0 
holds also for a fraction which becomes a 

The proof of this statement involves mathematical reasoning 
which is too advanced for this book and will not be given. 


Ex. 1. To find the limit approached by 2 


a(n >0) as x becomes infinite. 


By the rule, Lim Dee = Lim 


Pe Oe ony SR paren SE 


»There are other indeterminate forms indicated by the symbols 


Oreo), oO — a, 0°, o's gis 


The form 0-00 arises when, in a product f(r) -$(2), we 
have f(a)= 0 and ¢(a)=«. The form oo — o arises when, in 
F(@)—¢C@), we have f(a)= oa, (a) =o. 

These forms are handled by expressing f(x) - (x) or f(x) — 
$(x), as the case may be, in the form of a fraction which 


becomes — or = when z=a. The rule of §197 may then be 


applied. 


Ex. 2. xe”. 
8 
When x = o this becomes o-0. We have, however, z8e-* = a5 which 


becomes ~ when z=oo. Then e 


bie 3 x Os 3 
Lim — = Lin 3 = Lim == im: ~= 0. 
x= er z= 2 rer To 2 ex L=a0 4 rer 
In the same manner Lim 2"e-™ = 0 for any value of n. 


aer=ao 
Ex. 8. secx —tanz. 


Tv er 
When x = = this is co — a. We have, however, 


~ 


1—sing 
sec x — tan z = ——_——_,, 
cosz 
0 T 
which becomes ry when xz = = Then 

ne . Ll—sing — 
Lim (sec + — tan +) = Lin ————_ = Lim aS 

i; _7 COS2 - sing 
2=— 2 >— c= 


2 2 2 
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The forms 0°, 0°, 1° may arise for the function 


[f(e)]*@ when za. 
If we place u=[ F(x) PP, 


we have log u= $(2) log f(z). 
If Lim (x) log f(a) can be obtained by the previous methods, 
the limit approached by uw can be found. 


1 
Dre Ze (ha x). 


When z = 0 this becomes 1”. Place 
1 


u=(1— t)*; 
then logu= log(1 =z). 
x 
Now Lim me a [= : | =-1. 
2X0 a 1—zrlr=0 


Hence log u approaches the limit —1 and u approaches the limit ae 
e 


199. Fourier’s series. A series of the form 


a 
3 +4, cosx+ a, cos 247+ ++++4, COS ne + oud 


ao 


+6, smnz+6,sm2a+---+6,sinnz+..., (1) 


where the coefficients a, a,,---, 6, 6,,-+-do not involve 2, is 
called a Fourier’s series. Every term of (1) has the period * 
27, and hence (1) has that period. Accordingly any function 
defined for all values of a by a Fourier’s series of form (1) 
must have the period 27. But even if a function does not have 
the period 2 7r, it is possible to find a Fourier’s series which will 
represent the function for all values of 2 between — 7 and 7, 
provided that in the interval — 7 to 7 the function is single- 
valued, finite, and continuous except for finite discontinuities,t 


* f(z) is called a periodic function, with period k, if f(@ + k) = f(«). 

+ If z, is any value of z, such that f(z,—e) and f(x, + e) have different 
limits as e approaches the limit zero, then f(x) is said to have a finite discon- 
tinuity for the value «=«,. Graphically, the curve y = f(x) approaches two 
distinct points on the ordinate x = z,, one point being approached as « increases 
toward x,, and the other being approached as « decreases toward 2. 
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and provided there is not an infinite number of maxima or 
minima in the neighborhood of any point. 

We will now try to determine the formulas for the coetti- 
cients of a Fourier’s series, which, for all values of x between 
—and 7, shall represent a given function, f(x), which satisfies 
the above conditions. 


a 
Let f(v)=7 + 4, cosx+a,cos2r+-+-+a, cosnr+ --- 
+6, sine+6,sin2v7+---+6,snnr+---. (2) 


To determine a,, multiply (2) by dz, and integrate from — 7 
to 7, term by term. The result is 


if J (2) dz=a,n, 


whence “=~ [ fines (3) 


Tr 


since all the terms on the right-hand side of the equation, 
except the one involying a,, vanish. 

To determine the coefficient of the general cosine term, as 
a,, multiply (2) by cos nxdx, and integrate from —7 to 7, 
term by term. Since for all-integral values of m and n 


7 
fl sin mx cos nx dr = 0, 


us 


2 ‘ 
f cos mx cos nx dx = 0, (m= n) 


7 


Tr 
and ih cos* nx dx = 7, 


T 


all the terms on the right-hand side of the equation, except 
the one involving a,, vanish, and the result is 


ue JF (e) cos na daa or, 
whence an f(x) cos nx dx 4 
VE dy ee Loe ats (4) 


It is to be noted that (4) reduces to (3) when n= 0. 
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In like manner, to determine },, multiply (2) by sin nada, and 
integrate from — 7 to 7, term by term. The result is 


re : 
b= = i] : F(a) sin nx dx. (5) 


For a proof of the validity of the above method of deriving the 
formulas (3), (4), and (5), the reader is referred to advanced 
treatises. 


Ex. 1. Expand x in a Fourier’s series, the development to hold for all 
values of x between — 7 and 7. 


By (3), ay=+ [" xdx =0, 
Tdv—7Tr 
by (4), a,=+ {" reosnzdz = 0, 
TdY—7 
and by (5 b =* (" esinneds =—=cosn 
y (5), DF Lae — - 7. 


Hence only the sine terms appear in the series for z, the values of the 
coefficients being determined by giving n in the expression for 6, the values 
1, 2, 3,--- im succession. Therefore b, = 2, b, = — 3, 6, = 3,---, and 


r= 2 (S32 _ sin 2a | sin 3a _ -). 
1 2 3 

The graph of the function z is the infinite straight line passing through 
the origin and bisecting the angles of the first and the third quadrant. 

The limit curve of the series coincides with this line for all values of x 
between — a and zm, but not for z= — 7 and x =7; for every term of the 
series vanishes when zs =— 7 
or s=7, and therefore the 
graph of the series has the 
points (+7, 0) as isolated 
points (fig. 235). 

By taking z, as any value 
of x between — 7 and 7z, and Fic. 235 
giving k the values 1, 2, 3,--- 
in succession, we can represent all values of z by 2, + 2k. But the series 
has the period 27, and accordingly has the same value for «, + 2k7m as 
for z,. Hence the limit curve is a series of repetitions of the part between 
xz =—7 and s=7, and the isolated points (+2 km, 0). 

It should be noted that the function defined by the series has finite discon- 
tinuities, while the function from which the series is derived is continuous. 
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It is not necessary that f(2) should be defined by the same law 
throughout the interval from — 7 to 7. In this case the integrals 
defining the coefficients break up into two or more integrals, as 
shown in the following examples: 


Ex. 2. Find the Fourier’s series for f(r) for all values of x between — 7 
and +, where f(c)=2+7if —w<2<0, and f(t) =27—-c# if 0<a<z. 


: i 9 7 : 
Here a= =| f+ maz +f (w— 2) de |= m5 
0 7 
= =| fc + 1) cos nxdz +f (7 — 2) cosine ac| 


2 
= aa — COs n7); 


0 v 
a =| fe + 7)sinnrdr + if (1) Sin nas ac| 


=i) y 
Therefore the required series is 
~ B 
a ee : 

ice ; A Ol C a 

The graph of f(x) for values of x be- 
tween — a and 7 is the broken line ABC Fic. 236 
(fig. 236). When x =0 the series reduces to 

dk 2% 
Fai (S42 aoe ho: Jam for 5+ 54+5 one => When z=47 


the series Sie to 0. Hence the limit curve of the series coincides with 
the broken line 4 BC at all points. From the periodicity of the series it 
is seen, as in Ex. 1, that the limit curve is the broken line of fig. 236. 


Ex. 8. Find the Fourier’s series for f(x), for all values of « between — + 
and a, where f(x) = 0 if —7r<2x<0, and f(z) =7if 0<a2<7. 


1 0 T 
Here —— 0 dx r) Bs 
Ay =(f. dx + f ngs 


il r 
=— if 7 cosnzdz = 0; 
10 


Lr Dee 
be e J, 7 sinnxdx = * — COS nT). 


Therefore the required series is 


ee ee 
il 3 5 


* Byerly, Fourier’s Series, p. 40. 
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The graph of the function for the values of x between — m and mis the 
axis of x from x =— 7 to x = 0, and the straight line AB (fig. 237), there 
being a finite discontinuity 
when z=0. 

The curves (1), (2), (3), 
and (4) are the approxima- 
tion curyes corresponding re- 
spectively to the equations 


Tv 
ss? (1) 


Fre. 237 
T sing | sins. 
a ( [3 ): (3) 
T Sina — Sint e ) SIN oe . 
JAS hen ( Per ea ) © 


They may be readily constructed by the method used in § 24. It is 
to be noted that all the curves pass through the point (0, 2), which is 


midway between the points A and O, which correspond to the finite 
discontinuity, and that the successive curves approach perpendicularity 
to the axis of z at that point. 


PROBLEMS 
1. Prove that the series 


rete aD het aa ae | 
teers et ee 


9a 9a 
Z ye 


1 
where there are two terms of the form 9a? four terms of the form 


il 
n eight terms of the form Ba? and 2* terms of the form Qe 


(k =1, 2, 3,---), converges when a >1. 
2. By comparison with the series in problem 1 or with the 
harmonic series (Ex. 2, § 187) prove that the series 


Lie Le ae Al 
Diag t gat gat nae fe 


converges when a > 1, and diverges when a 3 1, 
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By comparison with a geometric or a harmonic series establish 
the convergence or the divergence of the following series: 


il 1 1 


alt+p tg A aipeos Dee ee ey 
ene [x 
ees 23 gn-1 yy 
pte SE Sib eee 
ore 5 6 n+2 
Pipe ao ase het 2 ee ele 


By comparison with the series of problem 2 establish the con- 
vergence of the following series : 


Fe ey ae eee eae 
iss (2m —1)/ 
: ion aa | a 
ay aE ete 53 os a 
rcesncasyices ae 
eee a 


By the ratio test establish the convergence or the divergence of 
the following series : 


al 1 1 1 
10. = - - ae / 
FP 8 Oe. Sere ty 
5 52 58 5-1 
11. 14+ - — ~ ; p 
CS eer 
9 Q2 98 Qn 
a+: 
LD ae 373 rs n(n+1)* 
Cee ee aitoes : 
poche ot ashe oN einen 
oes i 
ys le gat tant | + 3, 
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3 4? ? 


We 
15. a sie ae atast:- Ota ney ate 
Lae, ae 32 4  gr-1 
Bes ats" mt Be et on pa ren n? ane 


- Find the region of convergence of each of the following series : 


a ae g?n-l 
i Be a3 Si Chi Aa 0 oan et peau pen 
is: ptptet tout 
ae? foteatpet aR 
20. st+etht +4. 
ai gat gz pt tly ee 
eather moa or 

fo ee eB DA hoe 


Find the following expansions and verify the given region of 
convergence: 


23. sin x ae +(—1)-1 ache =i, 
2A = 2— — a om 
eens Baad (—6e<2< 00). 
ed gt gen-2 
24. csx=1——+4——...4/( Lyn nae 
ie Ee aie (—©<%<o) 
. 2 3 an 
25. log+a)=a—F+ 3 — ++ +(-1e te +. 
; (-1<#<1) 
1+-2 ey gin) ai 4 
AEE eters 2(« eg rte a7 aS ea 
(—l<e=1) 
eh tae RAS some 
27. ah -++(-1) Sa wee 
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Expand each of the following functions in a series of ascending 
powers of a, obtaining four terms no one of which is zero: 


28. eS 30. seca. 32. log(a +V1+2?). 
ree) 31, ec see x. 33. log cos a. 
29. tan x. 


Find four terms of the expansion into a Taylor’s series of each 
of the following functions : 


34. cosa, in the neighborhood of # = = 
35. loga, in the neighborhood of a = 5. 
36. e7, in the neighborhood Of ana 
37. tan1z, in the neighborhood of # =1. 
38. V1 + 2%, in the neighborhood of a = 2. 
39. Compute sin 12° to four decimal places by Maclaurin’s series. 
40. Compute sin 46° to four decimal places by Taylor’s series. 
41. Compute cos 10° to four decimal places by Maclaurin’s series. 
42. Compute cos 32° to four decimal places by Taylor’s series. 
43. Using the result of problem 33, compute log cos 18° to four 
decimal places. 


44. Using the series in problem 25, compute log 3 to five decimal 
places. 


45. Using the series in problem 26, compute log 2 to five decimal 
places, and thence by aid of the result of problem 44 find log 3. 


46. Using the series in problem 26, compute log $ to five decimal 
places, and thence by aid of the result of problem 45 find log 5. 


47. Using the series in problem 26, compute log % to four decimal 
places, and thence by aid of the result of problem 45 find log 7. 


3 5 

ae Be M— WN 
48. Prove log M=log N 2(« = ee ) ee 

ove log @e N+ Agen a where x MLN 
49. Compute the value of w to four decimal places from the 
expansion of sin7'aw (Ex. 4, § 192) and the relation sin~! ; — a 
50. Compute the value of 7 to four decimal places from the expan- 
sion of tan-'w (problem 27) and the relation tan7! 2 + 2 tan} ; = re 

fi 
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51. By the binomial theorem find V17 to four decimal places. 
52. By the binomial theorem find 26 to four decimal places. 


53. Show that in the expansion of log (1+) (problem 25) 


. gnrti eae 
| {pe eere when a>0, and enya when «<0. 
54. Show that, in the expansion of ieee (problem 26), 
2 ant? "res 


R h 
ee eae ue tN dere 


when «<0, where n is the exponent of x in the last term retained 
in the expansion. 


55. By integrating the expansion of ; to obtain the expan. 


1+2 an +2| 


sion of tan~’z, show that for the latter expansion |R| < ap 
n 


n is the exponent of « in the last term retained in the expansion. 


» where 


56. Show that, in the expansion of (1 + z)*, 


|p] <2 OE when x>0, 
and jpj <P bY) F—%) ost) when 2 <0, 


n+1(1+x)"7**? 
ifm—k+1>0. 

57. From the result of problem 53 estimate the error made 
in computing log1.2 from three terms of the series. How many 
terms of the series are sufficient to compute log 1.2 accurately to 6 
decimal places ? 

58. From the result of problem 53 how many terms of the 
expansion of log(1+<) are sufficient to compute log.9 to 5 
decimal places ? 

59. From the result of problem 54 how many terms of the expan- 
a 


sion of log ; 25 are required to compute log § to 4 decimal places ? 


A: 

60. Using the result of problem 55, find how many terms of the 
expansion of tan~'z are sufficient to compute tan~'} to four decimal 
places. Also estimate the error made in computing tan~'} from 5 
terms of the series. 
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61. From the result of problem 56 find how many terms of the 
binomial series are sufficient to compute V 102 to four decimal places. 


10 
, 62. Compute -, approximately, 
2 HE 


(1) by the prismoidal formula, 
(2) by Simpson’s rule, taking Ax =1, 
(3) by the trapezoidal rule, taking Ax = 1. 


3 
63. Compute 1 eee approximately, 
1 


(1) by the prismoidal formula, 
(2) by Simpson’s rule, taking Ax = }, 
(3) by the trapezoidal rule, taking Ax = $. 


64. Compute ff ‘log, cos xdx, approximately, 
0 
(1) by the prismoidal formula, 
(2) by Simpson’s rule, taking Av = =, 


12’ 
(3) by the trapezoidal rule, taking Ax = 


Bla 


Find the lmit approached by each of the following functions as 
the variable approaches its given value: 


—, _—_ in-2 
65) 2 cos 2x eee Le ou sip on 
T 6 sin’ 
Cesc d 
sina — x 
Pope T2. wey US faa 
66. Sa ea) 
sin 2a cot ba 
Re ate 73. " er 
67. ae =O. Cai 2 
x 1— log 2’ 
: if Wes eR EE) 
1 
Baal oe a 
68) Se ee 
PAR <ah aliens) alk 6 75. leg es) eee 
. x 
e —e-*— 2a = 
69. ee aS 
x2 — sin x log 2 
76. ya = 00(n > 0). 
log sin = 
wey = 7 
70. G eae (he MRR RIM INTIES = 
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78. sindzescda,x=0. Le Vr 
85. 5 eile 
toy 8 10n 62, ae — 00) a —1 
1 
SO. 0 Gnesi! 00, : 86. (e7 + x)*, x= 0. 
me 1. : 1 
.—— - =; eo 7. — 
a—7 tana’ Sis gary ana le 
82. pee tes See | 88. (cos x)", c= 0. 
x—1 loge 1 
83. Sea a= 0. 89. (1+ sin x), ih —— (0), 
G4. (sina) "=, «x = 0. S05 ea =): 


Expand each of the following functions into a Fourier’s series for 
values of x between — m and 7: 


<a os Oe, ne 

93. f(x), where f(2)=—7 if —r<a2<0, and f(2)=r if 0<a <T. 
94. f(x), where f(x) =—z if —r<a<0,andf(a)=0if0<a<m. 
95. f(x), where f(a) =—7 if —7w<«<0,and f(@)=vif 0<a< 7. 
96. f(x), where f(x) =0if —7<a#<0,and f@)=27if 0<a<m. 


AC 


CHAPTER XVIII 
DIFFERENTIAL EQUATIONS 


200. Definitions. A differential equation is an equation which 
contains derivatives. Such an equation can be changed into 
one which contains differentials, and hence its name, but this 
change is usually not desirable unless the equation contains the 
first derivative only. 

A differential equation containing 2, y, and derivatives of y 
with respect to a, is said to be solved or integrated when a 
relation between x and y, but not containing the derivatives, 
has been found which, if substituted in the differential equa- 
tion, reduces it to an identity. 

The manner in which differential equations can occur in 
practice and methods for their integration are illustrated in 


the following examples: 8 N89 
ar 7 en! ! 
Ex. 1. Required the curve the slope of which ; 3 : 8 : 
at any point is twice the abscissa of the point. DX 
By hypothesis, aS. 2a. Mae, 
dx 
Therefore y= rt C. (i) 


Any curve whose equation can be derived 
from (1) by giving C’ a definite value satisfies 
the condition of the problem (fig. 238). If it is 
required that the curye should pass through 
the point (2, 3), we have, from (1), 


3=4+C; whence C=-—l1, 


and therefore the equation of the curve is 
pe ate Fig. 238 
But if it is required that the curve should pass through (— 3, 10), we 
have, from (1), 10=9+C; whence C=1, 


and the equation is (immer oe 
438 
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Ex. 2. Required a curve such that the length of the tangent from any 
point to its intersection with OY is constant. 

Let P(x, y) (fig. 289) be any point on the required curve. Then the 
equation of the tangent at P is 


Y-y =o Lox LAG 


where (X, Y) are the variable coérdinates of a moving point of the tangent, 
(z, y) the constant coérdinates of a fixed point on the tangent (the point 


of tangency), and is derived from the, 
MS - 
} 
as yet unknown, equation of the curve. 
The coérdinates of R, where the tangent 


intersects OY, are then X = 0, Y= y— oy, 


and the length of PR is \Jz? + (4) é 


Representing by a the etal i 
of the tangent, we have 


R 


: dy\? ‘S ; 
ga ae 2 (5!) = q2 = 
: ; dz he ; O a 
dy Va? — x? Fic. 289 
or + =4+———> (1) 
dz L 


which is the differential equation of the required curve. Its solution 
is clearly y 


\/ 2 2 

1 5 

y= + f —ae+ C 
BY i 


pla 
a SV dia 


=4+Vq?—2?4 log = = +C’. (2) 
ee ONO — 7" 


The arbitrary constant C’ shows that 
there is an infinite number of curves which 
satisfy the conditions of the problem. 
Assuming a fixed value for C, we see 
from (1) and (2) that the curve is sym- 
metrical with respect to z. Y, that x? cannot 
be greater than a’, that -=(0 and y=C 


aL 


when xz=a, and that dy becomes infinite 
ae Fia, 240 
as x approaches zero. 
From these facts and the defining property the curve is easily sketched, 


as shown in fig. 240, The curve is called the tractriz. 
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Ex. 3. A uniform cable is suspended from two fixed points. Required 
the curve in which it hangs. 

Let A (fig. 241) be the lowest point, and P any point on the required 
curve, and let PT be the tangent at P. Since the cable is in equilibrium, 
we may consider the portion AP as a rigid body acted on by three forces, — 
the tension ¢ at P acting along PT, the tension / at A acting horizontally, 
and the weight of AP acting vertically. Since the cable is uniform, the 
weight of AP is ps, where s is the length of AP and p the weight of the 
cable per unit of length. Equating the horizontal components of these. 


forces, we have ees 8 
y 
and equating the vertical components, we have T 
tsin d = ps. pA 
From these two equations we have | 
tang =Ps 

oes 7 a 
or a dy = 

dx Fie. 241 


I 
where 5 =a, a constant. 


This equation contains three variables, x, y, and s, but by differentiating 
with respect to we have (§ 91) 


Cys ds dy\2 
S dx? dx yi S (4) ™ (1) 


the differential equation of the required path. 


To solve (1), place “ =p. Then (1) becomes 
AX 


a id = a. 
dx 
or Be = Le 
vanes yee a 
whence log(p +V1 +4 p?) = ae NG 9S (2) 
a 


Since A is the lowest point of the curve, we know that when z= 0, 
p=09. Hence, in (2), C=0, and we have 


x x 
ae pede) 


whence, since p = , y= Ape cee a) ae 
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The value of €’ depends upon the position of OX, since y = a + C’ when 
x=0. We can, if we wish, so take OX that OA =a. Then C’ = 0, and 


we have, finally, 
Ue a oe oa) 


the equation of the catenary (fig. 61, § 27). 


The order of a differential equation is equal to that of the 
derivative of the highest order in it. 

The simplest differential equation is that of the first order 
and of the first degree im the derivative, the general form of 
which is 

Fn ae 
We 0; 
dx 


or Mdxr+Ndy= 9, Cy 


where Mand WN are functions of x and y, or constants. 

In the following articles we shall consider some cases in 
which this equation can be readily solved. 

201. The equation Mdx + Ndy = 0 when the variables can 
be separated. If the equation (1), § 200, is in the form 


f,@) dz +f, (y) dy = 9, 


it is said that the variables are separated. The solution is then 


evidently 
if (x) dx dee (Y) dy — C, 


where v is an arbitrary constant. 

The variables can be separated if MZ and N can each be 
factored into two factors one of which is a function of 2 alone 
and the other a function of y alone. The equation may then 
be divided by the factor of M which contains y multiplied by 
the factor of NV which contains 2. 


Hx, 12 dy — 7 (2) dz. 

From this follows y = fs@ dz -+ ¢. 

Any indefinite integral may be regarded as the solution of a differential 
equation with separated variables. 
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Ex. 2. ye af" da. + V1 — 2? dy \0: 
This equation may be written 
dr 4 dy 
vl ote Wl 4” 


whence, by integration, sin-1z + sin-1y =c. (1) 


== (1% 


This solution can be put into another form, thus: Let sin-!z = ¢@ and 
sin-ly=y. Equation (1) is then $6 + y=c, whence sin(¢? + y) =sinc; 
that is, sin @ cosy + cos ¢ sin = k, where & is a constant. But sind = 2, 
siny = 7, cos p= Vl — a, cos =V1—¥?; hence we have 


cV1—yY+yV1l—2=k. (2) 


In (1) and (2) we have not two solutions, but two forms of the same 
solution; of the differential equation. It is, in fact, an important theorem 
that the differential equation MWdx + Ndy = 0 has only one solution involy- 
ing an arbitrary constant. The student must be prepared, however, to meet 
different forms of the same solution. 


1s Bh (Aha) “ + ry = ax. 
This is readily eritten as 

(1 — 2*)dy + x(y—a)dx=0, 

dy 42 dx 


y— a L322 


or 


whence, by integration, : 
log(y— a)— }log(l—2*)=c, 
. : af Ub 
which is the same as log ~—*_ =,, 
V1 — 2? 


and this may be written yo-a=kvli—2. 


202. The homogeneous equation Mdx+ Ndy=0. A polynomial 
in x and y is said to be homogeneous when the sum of the expo- 
nents of those letters in each term is the same. Thus az "+ bry + cy? 
is homogeneous of the second degree, ax ® + ba®y + ery? + ey* is 
homogeneous of the third degree. If, in such a polynomial, we 
place y= ve, it becomes x"f(v) where n is the degree of the 
polynomial. Thus 

ax’ + bry + cy? = x(a + bv + ev”), 
ax + bey + cxy’+ ey? = a*(a + bv + ev? + ev*), 
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This property enables us to extend the idea of homogeneity to 
functions which are not polynomials. Representing by f(2, y) 
a function of x and y, we shall say that f(a, y) is a homogeneous 
function of 2 and y of the nth degree, if, when we place y = v2, 
f(@ Y=xz"F(v). Thus V2?+7 is pepeee moa of the first 


degree, since V2?+ y=xV1+ 2%, and log © Z is ease Su of 
degree 0, since log # = =lbeg—a lop: 
When VW and V are homogeneous functions of the same degree 
the equation Mdzx + Ndy =0 
is said to be homogeneous and can be solved as follows: 
Place y=vz. Then dy =vdx + xrdv and the differential equa- 
tion becomes af (v) dx + 2*f,(v) (vd + «dv)= 0, 
or [A@) + w,@)] dz + af,(v) do = 0. (1) 
If f(v)+ uf,(v) #9, this can be written 
dx F,(v) dv 
FOF AO) 
where the variables are now separated and the equation may be 
solved as in § 201. 
If f,(v) +f,(v) = 9, (1) becomes dv=0; whence v=e and y= cz. 


? 


Ex. (2? —7?)dz + 2zydy = 0. 
Place y= ve. There results 
(1 — 0?) dz + 20(adv + hel = 0, 


cpg I i 
er £ 1p y2 
Integrating, we have log a + log(1+ v7)=¢'; 
whence a (i-50")| =" 6; 
or ae a On. 
203, The equation 
(a,x + byy + c,) dx + (gr + boy + c,)dy =0 (Lh 


is not homogeneous, but it can usually be made'so, as follows: 
Place =x +h, y= ay +k. (2) 
Equation (1) becomes 
(ayn + Dy + ayh + bk + cy) da’ + (aga + byy’ + dgh + bok + cg) dy’ =0. (8) 
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If, now, we can determine / and k so that 


ah+ bk+ c= a} (4) 
ah+dak+c, =0 


(3) becomes (a,x’ + byy) dx’ + (agr’ + bay’) dy’ = 0, 


which is homogeneous and can be solved as in § 202. h 
Now (4) cannot be solved if a,b, — a,b, =0. In this case = es 
where & is some constant. Equation (1) fe then of the form 1 


(a2 + by + c,)dx + [k(a,x + by) + cg] dy = 0, (5) 
so that, if we place a,r + b,y = x’, (5) becomes 


= ees 


dr’ 
Gren idait (ere -Fico) = 5 


= 0, 
1 
kx’ + Cy 


hehe; [r+ ——- + 
which is Nes (QA AIOTE SO, Se 


da—i0, 


and the variables are separated. 
Hence (1) can always be solved. 


204. The linear equation of the first order. The equation 


di 1 
dx oo 
where f,(x) and f,(2) may reduce to constants but cannot con- 
tain y, is called a linear equation of the first order. 

An equation of the form Mdx+Ndy=0 may be put in 


Porm (1) at, dy _ M ~ 


= (0, — ean be 
dz N aig 


expressed as f\(2)y—f,(v); that is, as the difference of two 
terms one of which is y multiplied by a function of 2 and the 
other of which is a function of x only. 


To solve (1) let 
( ) y = ur, (2) 
where w and v are unknown functions of 2 to be determined later 
in any way which may be advantageous. Then (1) becomes 


we tos 32 OS ais ae he (2) uw = aie (@), 


on of +A @ul tut as,@). (3) 
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Let us now determine uw so that the coefficient of v in (3) 
shall be zero. We have 


du 
7 th@u= 0, 


or eS, (x) dz = 0, 


of which the general solution is 


log u + ik f (2) de =e. 


Since, however, all we need is a particular function which will 
make the coefficient of v in (3) equal to zero, we may take c= 0. 


Then log u = — ik J, (@) da, 


or uU= 


o SA ce (4) 


With this value of u, (3) becomes 


oS dx . 


=f, (2), 


< = Bote (2), 


or Ja 4 
dx a 


whence v may be found by integration. Substituting the values 
of uw and v in (2), we have the solution of (1). 


Ex. (= 28) H+ ay = ae. 


Dividing the equation by 1 — 2”, we have the linear equation 


dy TT A ee 
de Taal’ 138 a) 


Substituting wv for y, we have 


‘ (= 4 t u) se dv Li at (2) 


dx 1-2 dx 1—<2 
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Placing the coefficient of » equal to zero, we have 


du L 


see = (5 3 
he Me Ge ke i 
m ee “) 
i re 
whence log wu — } log (1 — x”) = 0, 
so that “w= V1 — 22. 


Substituting this value of w in (2), we have 


- dv aa 
V1—-x— = a) 
dx 1 — 7 ( ) 
whence a a dx (6) 
Cc x?)2 
and eee +c. 
V1— 2 


Substituting these values of uv in the equation 7 = ur, we have the 
solution a 
ye=atevl—xz. 


This example is the same as Ex. 3, § 201, showing that the methods of 
solving an equation are not always mutually exclusive. 


If (1) is in the special form 


di é 
= = ty =F (2), (5) 


where @ is any constant, its solution is 


y= ce + om fe“ F@) dx. (6) 


The proof is left to the student. 


205. Bernouilli’s equation. The equation 
dy 
dx 


+i Oy=F oy 


may be solved by the same method that was used in solving 
the linear equation. 
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Ex ay f= xiyt. 


dy xv 


Placing 7 = uv, we have 


du “) dv 
} — + = r2uhy4, A 
t ( u 7 Y pat Va ( ) 


dx dz 


Placing = — “= 0, we find u =>. 
naa 


Substituting this value of u in (1), we have 


dv 
2 ie (2) 
dx 
1 a> 
whence —-—=— +e, (3) 
aU 6 
: 2 1 ce neg 
and, finally, since v = ae Shes Se 
: i yp 2" 38 


206. The exact equation Mdx+Ndy=0. If the left-hand 
member of the equation 


Mdzx+Ndy=09 ; (1) 
is an exact differential, df(z, y) ($170), that is, if 
om oN 
ia eH, ) 
Oy ox iC 
(1) may be written Oy (ay) = 0, (3) 


the solution of which is evidently . 
S(@, Y= (4) 


In this case (1) is called an exact differential equation. 
The method of solving (1) is evidently to find f(a, y) as in 
§ 170, and set it equal to a constant. 


Ex. (423 +10 zy? — 3 y*) dx + (15 ay? — 12 ay? + 5 y*) dy = 0. 


Here = = 80 ay? —12 7? = oe 


L 
Hence its solution is f(z, y) =, where 


, and the equation is therefore exact. 


of 9) & YD) — 478 410 2y8 — 3 yf (1) 
it ; 


and Het y) = 15 w?y? — 12 ay? + 5 y'. (2) 
y 
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Integrating (1) with respect to x, we have 

S(%, y) = a4 + 5a? — 3 ryt + Fy). 
Substituting this value in (2), we have 
15 22y2 — 12 xy? + F’ (y) = 15 2*y? — 12 2° + 5; 

whence F’(_yy=5y' and F(y)=y/. 

Therefore {QD =e Hoey 329° ty, 
and the solution of the differential equation is 

r+ 527PF —382yit+ Y=c. 
207. The integrating factor. If the equation 
Mdx + Ndy = 0 (1) 


OM , oN 


dy or 


is not exact, i.e. if 


3 


it may be proved that there exists an infinite number of func- 
tions of 2 and y such that if (1) is multiplied by any one of 
them it is made an exact equation. Such a function is called 
an integrating factor. 

No general method is known for finding integrating factors, 
though the factors are known for certain cases, and lists ean 
be found in treatises on differential equations. Sometimes an 
integrating factor can be found by inspection. In endeavoring 
to do this the student should keep in mind certain common 
differentials, such as 


d(uv) = vdu + udr, 


u vdu—udv 


Vv 


| 


u vdu—udv 
dtan-!— = Ss? 
v Ua) 
Dice u vdu—udv 
d log - = —_—___, 
v Uw 
d (wu? + v?) = 2(udu+ vdv). 
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Ex. (2? — y*)dx + 2aydy=0. 
We may write this equation in the form 
sidx — y*dz + xd(y*) = 0. 
The last two terms of the left-hand member of the equation form the 


numerator of d (“). 
= 


Consequently we multiply the equation by is and have 
x 


2) __ 42 
dx + AW) _ o, 


2 


zt 
a ee 7 
the solution of which is a+2=c, 
a 
or xg? + 4? = ox. 


It is to be noted that it is not necessary to use the method of § 206 to 
solve the equation, for when the integrating factor is found by inspection, 
the solution is at once evident. 


208. Certain equations of the second order. ‘There are certain 
equations of the second order, occurring frequently in practice, 
which are readily integrated. These are of the four types: 


es d’y ( <1) 
< Ge z dx’ =F \a dx) 

d*y ( au) d*y 
2 i gna 4. —- = 

dat \” de de 1 Y) 
We proceed to discuss these four types in order: 

2 

ee Seay. 

dx 


By direct integration, 


y= | [F@ae+ cz + ¢,. 


This method is equally applicable to the equation a Ghee 
x 
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Ex. 1. Differential equations of this type appear in the theory of the 
bending of beams. Each of the forces which act on the beam, such as the 
loads and the reactions at the supports, has a moment about any cross sec- 
tion of the beam equal to the product of the force and the distance of 
its point of application from the section. The sum of these moments 
for all forces on one side of a given section is called the bending moment 
at the section. On the other hand, it is shown in the theory of beams 


li 
_» where E, the modulus of elas- 


v 


that the bending moment is equal to 


ticity of the material of the beam, and /, the moment of inertia of the 
cross section about a horizontal line through its center, are constants, and 
R is the radius of curvature of the curve into which the beam is bent. 
Now, by § 106, 

d?y 


it se 


ha 

dx, 
where the axis of x is horizontal. But in most cases arising in practice 
dy 


ra is very small, and if we expand * by the binomial theorem, thus: 


dar 3 /dy\? 
| misorts 
R Al 2 e - | 


we may neglect all terms except the first without sensible error. Hence 
the bending moment is taken to be E/ ot. This expression equated to 
ax 


the bending moment as defined above gives the differential equation of the 
shape of the beam. 

We will apply this to find the 
shape of a beam uniformly loaded A 
and supported at its ends. 

Let / be the distance between the 
supports, and w the load per foot-run. 
Take the origin of codrdinates at the lowest point of the beam, which, by 
symmetry, is at its middle point. Take a plane section C (fig. 242) at a 
distance « from O and consider the forces at the right of C. These are 
the load on C'B and the reaction of the support at B. The load on CB is 


Fic. 242 


l : 
w (5 _ *), acting at the center of gravity of CB, which is at the distance 


et i (. f 
5 CN 
of x from C. Hence the moment ofthe load is — 


~ 


» Which is 


taken negative, since the load acts downward. The support 6b supports 
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l 
half the load, equal to — - The moment of this reaction about C is therefore 


Ll i‘ 
ee (5 = r). Hence we have 


2 \2 
d*y wl /l w /l 2a 2 
A cet eg eee yh) eee | oa ee ae ee Pet Pe ee 
aes 2 ( ”) 2 (3 ”) =) G : ) 


The general solution of this equation is 


DCR Be 
= Sar ote kas oe: 


But in the case of the beam, since, when x = 0, both y and “t are 0, we 
have ¢, = 0; c, = 0. 
Hence the required equation is 


[22> oA 
Rive = (> = to) 
” 8 12 


2. Teas (2 Th) 
dy 


The essential thing here is that the equation contains a and 
: D 


ee, but does not contain y except implicitly in these derivatives. 


dx ; 
Hence, if we place oy =, Ey er , and the equation 
x 


oe ( hes Teh 
becomes 7 =F p), which is a differential equation of the 
x 


first order in which p and ~@ are the variables. If we can find 
p from this equation, we can then find y from eee p. This 
method has been exemplified in Ex. 3, § 200. 
dy _ ef, 
:. dx? =i(y a 
dy 


The essential thing here is that the equation contains — and 


Z, but does not contain z As before, we place Wp, but 
AL 2) 


now write ; a= 2 # oe p ae so that the equation becomes 


pe =f(y, p), which is a differential equation of the first order 
y 


in which p and y are the variables. If we can find p from this 


; ly 
equation, we can find y from = aad 
AL 
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Ex. 2. Find the curve for which the radius of curvature at any point 
is equal to the length of the portion of the normal between the point and 


the axis of 2. all 
{2 
dr 


The length of the radius of curvature is + 
equation of the normal is (§ 87) 


(§ 106). The 


dx 


i haa a — 2). 


This intersects OX at the point (« +y , 0). The length of the normal 
L 


F “Ly. 
theref 1 
1s therefore y at (3 


The conditions of the problem are satisfied by either of the differential 


equatio 
oe eee 
1+(— 
BLE won ae a) 
d*y aS dx 
da? : 
Bieler 
or = (esl bs = h + (<2) 3) 
d?y N dz) @) 
dx? 
dy Ty dp 
Placing ee and © 4 Pam (1), we have 
=~ ay 
Lt p= py e 
whence eet 
y 1+ Pp 
The solution of the last equation is 
C5 Vili: 
whence p= vee 
Cy 
; dy c,dy 
Replacing p by —*, we have ——L“4%— = dr. 
Ai dx V/ er 
ee Cy 
Transforming this equation to 
dy 
- = dz 
y? 
“—1] 
ce 


and integrating, we have 


2 WP vac 
log die ee, ae oy 
P ? 

cy c Sy) 


zr—e, @r—C, 
c 2 oa 2 
whence y= (. a, thr ). 
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This is the equation of a catenary with its vertex at the point (c,, ¢,). 


d ke d 
If we place - =p, and ae =7 ep in (2), we have 
dp 
1 Pea ies enka cd 
+ p PY dy? 
whence dy =P ap 
RB 
The solution of this equation is y = a 
Vl+p 
Vo? — 22 
whence P= =p 
y 


Replacing p by 4, we have 
ie 


ydy 
Vc? — y? 
1 


=x; 


Integrating, we have ge —y=2£-Cy, 
or (@—¢)? + #=c?. 


This is the equation of a circle with its center on OX. 
d*y 
4, “=f (y). 
et) | 
If we multiply both sides of this equation by 2 av ae, we have 
hy 


274 ay = 26(y) W ae 
or a|(#) |= 2 (y) dy. 


2 
Integrating, we have (32) = [2 dy +¢,3 
whence, by separating the variables, we have 


ee ae — 
crags 


Ex. 3. Consider the motion of a simple pendulum consisting of a parti- 
cle P (fig. 243) of mass m suspended from a point C by a weightless string 
of length /. Let the angle ACP = 6, where AC is the vertical, and let 

AC ; 
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25 


. d* 
AP =s. By § 93 the force acting in the direction AP is equal to ma) 
but the only force acting in this direction is the component of gravity, 
The weight of the pendulum being mg, its component in the direction AP | 
is equal to — mgsin@. Hence the differential equation of the motion is 
d’s 


m— = —mg sin 6. 
dt? 


We shall treat this equation on the hypothe- 
sis that the angle through which the pendulum 
swings is so small that we may place sin 6 = 6, 


without sensible error. Then, since 6 =, the 
equation becomes 

WES Gy , 

de? | 


Multiplying by oF at and integrating, we 


have 94° 
ds\? Of ee in ee Fie. 243 
dis Crea 


where a? is a new arbitrary constant. Separating the variables, we have 


ds 9 
—— = 4/2 dt; 
VS NE = 
whence sin-?= = \/3 (ity); 


where ¢, is an arbitrary constant. From this, finally, 


Sasi Nic = i) 


- The physical meaning of the arbitrary constants can be given. For a 
is the maximum value of s; it is therefore the amplitude of the swing. 
When t=t, s=0; hence ¢, is the time at which the pendulum passes 
through the vertical. 


209. The linear equation with constant coefficients. The differ- 
ential equation 
ad n—-l, 1 
Teta gett ta tt ay=F@, A) 


of dx 


Where a, a, +++, @,_y, 4, are constants, and where f(x) is a 
function of x which may reduce to a constant or even be zero, 
is called a linear differential equation with constant coefficients. 
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To study (1) it is convenient to express ot by Dy, fy by 
Dy, +++, oe by D”y, and to rewrite (1) in the form 
Dry + 4a,D"y + -+++a,_,Dy+4y=f(@), 
or, more compactly, 
(D 44,4 .--4+4, D+a)y=f@ 2) 


The expression in parentheses in (2) is called an operator, 
and we are said to operate upon a quantity with it when we 
carry out the indicated operations of differentiation, multiplica- 
tion, and addition. Thus, if we operate on sin x with D’— 2 D” 
+3D—5, we have 


(D’'—2D°+3D—5)sinzx=—cosx+2sn2+3cosr—dsing 
= 2 cosx—3 sing. 
Also, the solution of (1) or (2) is expressed by the equation 
oe 1 
D+ a,D'*+ ---+a 


nm—1 


‘coy, 3 
y eA @) 
where the expression on the right hand of this equation is not 
to be considered as a fraction but simply as a symbol to ex- 
press the solution of (2). Thus, if (2) is the very simple 
equation Dy=f(x), then (3) becomes 


Le : 
ae pi ® =ff (x) dx. (4) 


In this case = means integration with respect to 2 What the 


more complicated symbol (3) may mean, we are now to study. 

210. The linear equation of the first order with constant 
coefficients. The linear equation of the first order with con- 
stant coefficients is 


a —ay=f (x), 


or, symbolically, (D—a)y=f(*). prea} 
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The solution of this equation is given in § 204. Hence 
y= —_ F(@)= ce? + o fe “=F (x) da. (2) 
—a 


The solution (2) consists of two parts. The first part, ce*’, con- 
tains an arbitrary constant, does not contain f(x), and, if taken 
alone, is not a solution of (1) unless f(x) is zero. The second 


part, e~ ih e-“f (x) dz, contains f(x), and, taken alone, is a solu- 
tion of (1), since (1) is satisfied by (2) when ¢ has any value, 
including 0. Hence e” i e-“f(x)dzx is called a particular inte- 


gral of (1), and, in distinction from this, ce” is called the 
complementary function. The sum of the complementary func- 
tion and the particular integral is the general solution (2). The 
complementary function can be written down from the left-hand 
member of equation (1), but the determination of the particular 
integral requires integration. 


Ex. 1. Solve ak +38 y=52%. 
dx 
This equation may be written 
(D + 3)y= 52%. 


Hence the complementary function is ce~**. The particular integral is 


1 
5 v3) — 5 p82 98 x43 — 5,3 5 +2 LO 0 
—~(0 x°)=9e fe wdz = Ra8 — $72 4109 x — 49. 
D+ 3 ) 3 3 k:) by 
Hence the general solution is y = ce-8*4 $23 — §2241%7 — }9. 
a dy : 
Ex. 2. Solve er +y=sing. 
dx 


The complementary function is ce~*. The particular integral is 


a sin 2 = en fe sinadx = }(sin x — cosz), 


Therefore the general solution is y = ce-* + } (sin « — cos 2). 


211. The linear equation of the second order with constant 
coefficients. The symbol (D—a)(D—b)y means that y is to 
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be operated on with D—6 and the result operated on with 


D—a. Now (D—b)y= — by, and hence 


eae 554 2 (it ip o(e—by) 


aod 


—(a+ by a aby 


cee ee 
=(D?+ pD+4)y, (1) 
where p=— (a+b), q=ab. 

This result, obtained by considering the real meaning of the 
operators, is the same as if the operators D—a and D—6b had 
been multiplied together, regarding D as an algebraic quantity. 
Similarly, we find 


(D—b)(D—a)y=[D*— (a+b) D+ab]y=(D—a)(D—5b) y. 


That is, the order in which the two operators D—a and D—6 
are used does not affect the result. 

Moreover, if (D’+ pD+4q)y is given, it is possible to find a 
and 4 so that (1) is satisfied. In fact, we have simply to factor 
D’+ pD +4, considering D as an algebraic quantity. 

This gives a method of solving the linear equation of the 
second order with constant coefficients. For such an equation 
has the form 


d*y dy 
qt Pa, | WO 
or, what is the same thing, 
(D+ pD+ Dy =F@), (2) 


where p and q are constants and f(x) is a function of x which 
may reduce to a constant or be zero. 
Equation (2) may be written 


(D-4a)(D—-b)y=I@; 
whence, by (2), § 210, 


(D—b)y= af = le + eo fe rie) i 
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Again applying (2), § 210, we have 


1 cll + om fer id ar) 
— C2 a ot fem (dens o [ e“f@az) dz. (3) 


There are now two cases to be distinguished : 
I. If a# 8, (3) becomes 


y= iis Ce = [ie fie TF (eS a) dx. (4) 


II. If a=6, (8) becomes 
y= (+ one + & i i ef (x) da’. (5) 


In each case the solution consists of two parts. The one is 
the complementary function ce + c,e’* or (c,+ ¢,v)e", involving 
two arbitrary constants but not involving f(z). It can be 
written down from the left-hand member of the equation, and 
is, in fact, the solution of the equation (D—a)(D—fh)y=0. 
The other part of the general solution is the particular integral, 
and involves f(x). Its computation by (4) or (5) necessitates 
two integrations. 

Formula (4) holds whether a and / are real or complex. 
But when a and 4 are conjugate complex it is convenient to 
modify the complementary function as follows: Let us place 


a=m+in, b=m—in 
Then the complementary function is 


ee" + in)x ae ee —in)x 


= om (0,0 4 opm) (§ 194) 
= e™[¢, (cos nx + 7 sin nx) + ¢, (cos ne — i sin nx) ] 
=e™(C, cos nz + C, sin nz), (6) 


where C,=¢,+¢,, C,=%(e,—¢,). Since c, and e, are arbitrary 
constants, so also are C, and C,, and we obtain all real forms of 
the complementary function by giving real values to C, and C,. 
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The form (6) may also be modified as follows: Whatever 
be the values of C, and C, we may always find an angle a such 


that cos @ = eee , sin @ = ———2——. Then (6) becomes 
ca+ C2 Nae eenes 
ke"* cos (nw — @), (7) 
where a@ and k= V C?+ C? are new arbitrary constants. Or we may 
find an angle 8 such that sin 8 = Saat cos 8 = Tee 
Then (6) becomes Cr+ CG, Cr+ ¢; 
ke”™ sin (na — 8). (8) 
Met ot pe gg ae 
dx? dx 


This equation may be written 
CD + 2) D+ 3)y = e. 


The complementary function is therefore c,e—?” + c,e—3*. To find the 
particular integral we proceed as follows: 


(D+3)y= Ww aa e-82 [ards = oe, 


= 1 1 xz) — e—382r 1 4 = 1 ae 
y=paalae) =" ipse COR a 
Therefore the general solution is 
y = c,e-?* + c,e—8 + he ew. 
dy 9 Ly = 
. yee “ee - 
This equation may be written (D + 1)*y = x. 
Therefore the complementary function is (c, + ¢,x)e~*. To find the 
particular integral we proceed as follows: 


(D+ly=pa5t= e~* f xe de = 2-1. 


Ex. 2 


(x—1)= e-* f(z —1) er de =2—2. 


1 
y= 
Opes 

Therefore the genera] solution is 
Tp Cee, SGN OEE Gy rated 
Ex. 3. Consider the motion of a particle of unit mass acted on by an 
attracting force directed toward a center and proportional to the distance 
of the particle from the center, the motion being resisted by a force pro- 
portional to the velocity of the particle. 
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If we take s as the distance of the particle from the center of force, the 
: : ds 
attracting force is — ks and the resisting force is — h me where k and h are 
C 


positive constants. Hence the equation of motion is 


d?s s 
Fi Se s—h—, 
er (D? + hD + k)s = 0. (1) 


The factors of the operator in (1) are 


= —4k 
ioe ie Vie ee x site Leet 


We have therefore to consider three cases : 
I. k#? —4k<0. The solution of (1) is then 


ht / Roy e _— p2 
Se *( C,c0s SESE 4 be : ) 
_ it Saat: 
or s =ae 7sin( AEE, _ g). 


The graph of s has the general shape of that shown in fig. 62, § 27. The 
particle makes an infinite number of oscillations with decreasing ampli- 
tudes, which approach zero as a limit as ¢ becomes infinite. 


Il. 42?—4k>0. The solution of (1) is then 
ho Wht 4k ele 4k 
(- 2 i + ¢ et Je 5 


The particle makes no oscillations, but approaches rest as ¢ becomes 
infinite. 


s= cy,e 


Ill. 42—44=0. The solution of (1) is 
h 
s=(c,+et)e 2. 


The particle approaches rest as ¢ becomes infinite. 


212. The general linear equation with constant coefficients. 
The methods of solving a linear equation of the second order 
with constant coefficients are readily extended to an equation 
of the mth order with constant coefficients. Such an equation is 


d"y ws ‘y ai . 
Fie earn ia ; tae bay = f(x), Gb) 


or, symbolically written, 


(be fe a,D"~* + CICS + Cae st ay =f (©). @) 
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The first step is to separate the operator in (2) into its linear 
factors and to write (2) as 


CO) te) gy =) 2); (3) 
where 7,, 7,,++-+, 7, are the roots of the algebraic equation 
mbar +». a, r+ a= 0. 


It may be shown, as in § 211, that the left-hand members 
of (2) and (3) are equivalent, and that the order of the factors 
in (8) is immaterial. 

The general solution of (1) consists now of two parts, the 
complementary function and the particular integral. 

The complementary function is written down from the factored 
form of the left-hand side of (3), and is the solution of (1) in 
the special case in which f(z) is zero. If (ip Miley the Cees CANE 
distinct, the complementary function consists of the n terms 

CEE 6 ee we Ce, (4) 
where Cy Cy **%, €, are arbitrary constants. 

If, however, D—vr, appears as a k-fold factor in (8), & of 


the terms of (4) must be replaced by the terms 
@+42¢+ Ci pane ewe") ee, 

Also, if two factors of (3) are conjugate complex numbers, 
the corresponding terms of (4) may be replaced by terms in- 
volving sines and cosines, as in (6), § 211. 

The particular integral is found by evaluating 

1 
(Dip) C= 7) 7+ (D7) 


F(2). (5) 


This may be done by applying the operators 


i} 1 
pay’ D—r : 


n—1 
in succession from right to left. This leads to a multiple 
integral of the form 


ee f etme f ceo oe fe May deg) da”, (6) 


462 DIFFERENTIAL EQUATIONS 


In evaluating (6) the constants of integration may be omitted, 
since they are taken care of in the complementary function. 

The general solution is the sum of the complementary function 
and the particular integral. 

213. Solution by undetermined coefficients. While theoreti- 
cally the particular integral can always be found by evaluating 
(6), § 212, practically the work may become very complicated, 
and can be much simplified when the general form of the inte- | 
gral may be anticipated. The particular integral may then be 
written with undetermined coefficients, and the coefficients deter- 
mined by direct substitution in the differential equation. We give 
below certain directions for such substitutions, which have been 
obtained by studying formula (6) for different functions f(x). 

We will denote the differential equation by 


PD) y=f@); 
where P(D) is a polynomial in D, and will denote the particular 
integral by J. 


I. [ff(@)= ag" + a,a"'+.--+a,_,4+4,, assume, in general, 
l= Ae + Ag 4 ee Ae AS 
but if D” is a factor of P(D), assume 
T= a" (A+ A g++ «+A eA): 


Il. Lf f(x) = ce, assume, in general, 


iA Cn 
but if (D—a)” is a factor of P(D), assume 
iA Cae 


Il]. Tf f(x) =e sin ax or e cos ax, assume, in general, 
I= Asinax+B cosaz; 
but if (D*+ a*)" is a factor of P(D), assume 
[= 2"(A sin ax +B cos az). 
IV. If f(x) =e" (2), place y = ez and divide out e*. 


V. If f(2) is the sum of a number of functions, take I as the sum 
of the particular integrals corresponding to each of the functions, 
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4 Gy = ae 


This may be written (D+ 3)(D—2)y=e”. 


Ex. 1. 


The complementary function is c,e?" + c,e—#”. To find the particular 
integral, we place fades 
and substitute in the equation. We obtain 
Ue Re ies ees EL 
To satisfy the equation, we must have 
14A=1, whence A= 7. 
Therefore the particular integral is 
T= 4", e*, 
and the general solution is 
y= ce?” + coe-8? +. A=. 
d*y | dy 
* dx® * dz 
This may be written D*?(D+1)y=sin2z2. 


Ex. 2 SiMe: 


The complementary function is therefore c, + cz + c,e—*. To find the 
particular integral, place 


IT=Asin22+Bcos2 2, 
and substitute in the equation. We obtain 
(8B—4A)sin224—(4B+8A)cos2z2=sin2z. 
To satisfy the equation, we must have 
8B—4A=1, 4B+8A=0, 
whence B=, A=— 5. 
Therefore the particular integral is 
T=— jy sin22 + 75 cos2 2, 
and the general solution is 


We th hid le a gy SiN 2a + 75 cos2 z. 


xaos te) Fels = x76, 
dz 


dx* 
Substituting y = e*z, we have 
Pz ze dz 
3 +22 = 7% ih 
dx* z dx *) 


This may be written (D+1)(D+2)z= 2%. (2) 
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The complementary function is therefore c,e~* + c,e~?”. To find the 


particular integral, place ; 
[=Az? + Bz + C, 


and substitute in (1). We obtain 
2Ax?+(6A+2B)r+(2A+3B+2C)=2% 
Therefore QA=1, 6A4A4+2B=0, 244+3B+2C=0, 
whence A=}, B=—%, and C=. 
Hence the particular integral is 
T=}o%~ 32+, 
and the general solution of (1) is 
z= ce"7 + coe-2#7 + $n? — 824 5, 
whence y = Cc, t coe" + (422 — $2 + Ff). 
3 2 
Bx 4 UY gay =e 
This may be written 
(D —1)(D + 2) (D—-2)y= 8. 
Since D — 2 is a factor of P(D), we place 
TA es 
and substitute in the equation. We obtain 
4A e2r —_ e2r 


whence A=1 and [=1}2¢?*. 


’ 


The general solution is 
y¥ = ce" + coe>2” + c,e2* + J re2*, 
Ex. 5. oy + ¥= sing. 
This may be written (D? +1)y = sin 2. 
By III, we write I = Ax sinz + Bx cosz, 
and substitute in the equation. There results 
—2Bsinz + 2A cosz =sinz. 


‘Therefore B=- et A ='0; and 7 =— < cos x. 


The general solution is 


B/N IN) om toe : x 
y = ce” + coe “— 5 cos x = C, cosx + C, sin x — = cos z. 


i ~_ 
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dy _gty 
dx’ dx? 
This may be written D(D—1)?y = xe?* + ¢3*. 


Ex. 6. 


+ dy = rer + esx, 
dx 


The complementary function is c, + (c, + ¢,v) e”. The particular integral 
Z is the sum of J, and J,, where J, corresponds to the term zxe?*, and J, 
to €8*. To find J,, place y = e?*z in the equation 
(D§ — 2D? + D)y = xe". 
There results (B?+ 4D? +5D+2)z=2. 
Placing z = Ax + B, we find A = }, B=— 3. 
Therefore f,=4(22—5)e?*. 
To find J,, we substitute y = Ae®* in the equation 
(D? — 2D? + D)y = e*. 
We find Te Cos 
Hence IT=1(Q2r—5)e?* + peed 
The genera] solution of the equation is 


y = C, + (Cy + cgz)e* + (2a — 5) e?* + yy ee, 


214. Systems of linear differential equations with constant 
coefficients. The operators of the previous articles may be em- 
ployed in solving a system of two or more linear differential 
equations with constant coefficients, when the equations involve 
only one independent variable and a number of dependent vari- 
ables equal to the number of the equations. The method by 
which this may be done can best be explained by an example. 


dx , dy 
. —+—~-2«-—4y=ec" 
EE ST amen 
Ge CS Sy = ek. 
dt dt , 
These equations may be written 
(D—1)4 + (D—4)y=e*, (1) 
(D — 2)a + (D—3)y =e. (2) 


We may now eliminate y from the equations in a manner analogous to 
that used in solving two algebraic equations. We first operate on (1) with 
D — 3, the coefficient of y in (2), and have 


(D? — 4D + 3)2 + (D?—7D +12)y =2e%, (3) 
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since (D — 3)e5t = 5 ¢5t — 3 ¢5t = 2e5, We then operate on (2) with D— 4 
the coefficient of y in (1), and have 
(D?—6D + 8)c + (D*?—7D+4+12)y=—2e*, (4) 
since (D — 4)e# = —2e%. By subtracting (4) from (3) we have 
(2D — 5)az = 2 e& + Qe, (5) 
the solution of whichis «= ce + $e% — 2 et. (6) 
Similarly, by operating on (1) with (D— 2) and on (2) with D—1, and 
subtracting the result of the first operation from that of the second, we have 
(2D—5)y=—3 e% + et, (7) 
the solution of which is y = c,¢2" — $ e8 — e%. (8) 
The constants in (6) and (8) are, however, not independent, for the 
values of « and y given in (6) and (8), if substituted in (1) and (2), must 
reduce the latter equations to identities. Making these substitutions, we 


have 5 
st 
(Ge —_ Cy) e2 + edt — edt, 


holes 


1 3t 2t 2t 
7 (Cp — Cn) C2) +645 — 228, 
whence it is evident that c, =c,. Therefore, replacing c, by c, we have 


5¢ ‘ ‘ 
w= cet + 2 eb! — 2 ert, 


at 


y= cez' — s e ot == e2t, 


as the solutions of the given equations. 


215. Solution by series. The solution of a differential equa- 
tion can usually be expanded into a series. This is, in fact, an 
important and powerful method of investigating the function 
defined by the equation. We shall limit ourselves, however, 
to showing by examples how the series may be obtained. The 
method consists in assuming a series of the form 


oo ao” + CR oat + a,0"*? ale er 


where m and the coefficients a,» 4, 4,,+++ are undetermined. 
This series is then substituted in the differential equation, and 


m and the coefficients are so determined that the equation is 
identically satisfied. 
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2 oi 
dx? 
We assume a series of the form given above, and write the expression 
for each term of the differential equation, placing like powers of x under 
each other. We have then 


Ex. 1. 


+ (r—3)%—9y=0. 


ad 
% = =m(m—1)agx™—1+ (m+1)maya™ + ++» + (m+r41)(m+r)a,.a"t + ++, 


at 
dy 
a = MAU vee + (M47) a," + o--, 
ar 
l 
— 3 = = —3 mayx™-1!—3(m+1)a,x"— --- —38(mt+r+1)a,.,a™t7— «-., 
aL 
—2y= —2ayrm—-- — 2aamtr—..., 


Adding these results, we have an expression which must be identically 
equal to zero, since the assumed series satisfies the differential equation. 
Equating to zero the coefficient of 2”—1, we have 


mm —4)a, = 0. (1) 

Equating to zero the coefficient of 2”, we have 
(m +1) (mm — 8) a, + (m— 2)a, = 0. (2) 
Finally, equating to zero the coefficient of «"+”, we have the more general 
pteeon (m+r+1)(m+r—3)a,,,;+(m+r—2)a,=0. (3) 


We shall gain nothing by placing a, = 0 in equation (1), since a)2” is 
assumed as the first term of the series. Hence to satisfy (1) we must 


have either Hu OOK wie aie 


Taking the first of these possibilities, namely m = 0, we have, from (2), 


says 
a, — —~ 3 2 
r—2 


— GaGa (ih (4) 


and from (3), Ga 
This last formula (4) enables us to compute any coefficient, a, ,1, when we 
know the previous one, a,. Thus we find a, =— }a, = }4), a, = 0, and 
therefore all coefficients after a, are equal to zero. 

Hence we have as one solution of the differential equation the polynomial 


oo a, (1 ome 4 © aS 3 a). (5) 


Returning now to the second of the two possibilities for the value of m, 
we take m= 4. Then (2) becomes 
5a,+2a,=0, 
r+2 


eS Bie a Bh taal) (6) 


and (3) becomes 
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Computing from this the coefficients of the first four terms of the series, 
we have the solution 


y. = a,(x4 = 228 + 3 part ts) (7) 
ce as 5 5-6 Bahay 


We have now in (5) and (7) two independent solutions of the differential 
equation. A more general solution is 


Y = C19, T oYos 
and this may be shown to be the most general solution. 


ay dy 


Ex. 2. Legendre’s equation. (1— x”) -~“—22—~+n(n+1l)y=0. 
dz? dx 
Assuming the general form of the series, we have 
d*y 2 1 
a ON) age +(m +1) ma,xz™—1 + (m+ 2)(m4+ 1) a,z™+-->, 
d*y 
ae — 7 (mi — | ani 
dy 
py ee —22m Mm 64 
Ge MAL ; 
n(n 1) y= n(n+1l)ae™+--- 


Equating to zero the coefficients of x”—2, 2-1, and x”, we have 


mn lan 0; (1) 
(m +1) ma, = 0, (2) 
(m + 2)(m+1)a,—(m—n)(m+n+1)a, = 0. (3) 


To find a general law for the coefficients, we will find the term contain- 


ing x” +7~? in each of the above expansions, this term being chosen because 
it contains a, in the first expansion. We have 


dy 
Pr hs st (mtr)\(mt+r—ljaatr-2 4 0.4 
a 
Soe = 2 — (mn br — 2) (m +r—8)a,_ samtr-2— — 
< 9. 4y — 
Pie ee 2 (mb 2) a et tt 8 ns 
n(n+ljy= ss tn(nt1)a,_aemtr-2 4. 


The coefficient of 2 +”—? equated to zero gives 


(m+r)(m+r—l)a,—(m—n+r—2)(m+n+r—l)a,_,=0. (4) 
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We may satisfy (1) either by plaeing m= 0 or by placing m=1. We 
shall take m = 0. Then from (2), a, is arbitrary; from (8), 


aiicn gy, 


fee : i (5) 
and from (4), t=— Cae a, 9 (6) 


By means of (6) we determine the solution 
a (n+3 =...) 
ee eee ee) 
+0,(2 ( a +2) 34 ™—-))( s +2) (n+ 4), +) (7) 


Since a, and a, are arbitrary, we have in (7) the general solution 
of the differential equation. In fact, the student will find that if 
he takes the value m=1 from (1), he will obtain again the second 
series in (7). 

Particular interest attaches to the cases in which one of the series in 
(7) reduces to a polynomial. This evidently happens to the first series 
when vn is an even integer, and to the second series when n is an odd 
integer. By giving to a, or a, such numerical values in each case that the 
polynomial is equal to unity when z is equal to unity, we obtain from 
the series in (7) the polynomials 


P, =2, 

Py= 528-5, 

Prana So, 

Ppa a 92 eo, 
Piao Tot 34 os, 


each of which satisfies a Legendre’s differential equation in which n has 
the value indicated by the suffix of P. These polynomials are called 


Legendre’s coefficients. 
Ac 
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d* d 
Ex. 3. Bessel’s equation. x*—~ Fy pF 5 (x? — n?)y = 0. 
dx? dz 
Assuming the series for y in the usual form, we have 


2 
not = m(m—1)aya™ + (m + D\ maa + * in 2) + 1.) ais ei 


fi 

d ; 
ae = mae” +(m+1)ae"41 + (m + 2) a,u"+2 + <2, 
— ny = — nau nea te 1 
e C— OT PSieisa hg OOK 


Equating to zero the coefficient of each of the first three powers of z, 
we have 


(mi? — n*) a, = 0, (1) 
[(m +1)? — n?] a, = 0, (2) 
[Gi 2) ae ate ie (38) 


-To obtain the general law for the coefficients, we have 


d*y 


Pg nt ne 8) ORE Pd ) Gee 
2 = see (1 9) nly, 
— ny = +++ — naamtr—..., 

CY) = see fa, _ormtr4... 


Equating to zero the coefficient of 2"+", we have 
i Caetn)n ateee Oe (4) 


Equation (1) may be satisfied by m = +n. We will take first m =n. ‘Then 
from (2), (3), and (4) we have 


a a a, — 
a, = 9, a = —- —————— = — r—2 


’ a, ———_———_.. 
2(2n + 2) r(2n +r) 


By use of these results we obtain the series 


a xi 
y = aan jh: + — see) 
" m ( 2(2n + 2) 2-4-(2n + 2)(2n4+4) ) CS 


Similarly, by placing m = —n, we obtain the series 
x2 ae 
Me = age-*(1 + cee). 
ste ee 2(2n— 2) B24 nS One ae ) Se 
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If, now, n is any number except an integer or zero, each of the series 
(5) and (6) converges and the two series are distinct from each other. 
Hence in this case the general solution of the differential equation is 


Y = CyYy + CyYo- 


If n=0 the two series (5) and (6) are identical. If n is a positive 
integer, series (6) is meaningless, since some of the coefficients become 
infinite. If n is a negative integer, series (5) is meaningless, since some 
of the coefficients become infinite. Hence, if n is zero or an integer, we 
have in (5) and (6) only one particular solution of the differential equa- 
tion, and another particular solution must be found before the general 
solution is known. The manner in which this may be done cannot, 
however, be taken up here. 

The series (5) and (6) with special values assigned to a, define new 
transcendental functions of z, called Bessel’s functions. They are important 
in many applications to mathematical physics. 


PROBLEMS 


Solve the following equations : 
1. r(1—y)dr+y(1—2)dy=0 
2. sec’ydx + cos*xrdy = 0. 
3. y>dx — (a? + 2ay)dy = 0. 
4. (2 V2? + — y*)da + rydy = 0. 
5. [(a@— ye + x)dx + dy = 0. 
6. (24+3y—4)dr+(38¢4+y+1)dy=0. 
7. (x +y—5)de+(4+y— 3)dy=0. 
8. (y—a*—1)de+ardy=90. 10. dx +(4%—y)dy=0. 
9. rdy—(y+a%e?*) dx =0. 11. (7 +1)*ydx+ (a@+1)'dy =dz. 
12. (y+ a2y’)dx — dy = 0. 
13. (1+ 2)*dy—[(1+2)y+2%y*]dx = 0. 
14. (2a + ye”) dx + (cos y + xe”) dy = 0. 


1 
(824 +t 2a — 24 )dn+(3x Tea oy ee E)dy= 0. 
Pe wey, u 
18. (5 e\ae+ (se — | \dy = 0 
xz a? y 


1 1 Ay 
eee a ape =o 


_ 
n 
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18. xdx + ydy =(a? + y’) dz. 
19. ady — ydx = V2? — dz. 


20. oer: as + y*)dy = 9. 

21. 3sin(x# + y)dx +[3 sin(x# + y)— 2y cos(x + y) dy = 0. 
22. x cos*ydx — cscady = 0. 

23. dx +(a# tan y — secy)dy = 0. 

24. (y — Va? + 7) dx — xrdy= 0. 

25. (a? — ¥*)dx 4+ 32y7dy = 0. 

26. (24 —5y+5)dxr+(42 —y+1)dy=0. 


27. G = a a) ae = (Gare 7) ay =0. 
28. (2y — a? +1)dzr + (a —1)dy=0. 

29. V1 — Pde — V1 = dy = 0. 

30. 2rydx — (42° + 7’) dy = 0. 

31. xdx + ydy + (a+ Py? (ydx — ady)=0. 
32. e* (a? + y? + 2x) dx + 2 ye*dy = 0. 

33. (32y + 2e”)axdx — dy = 0. 

34. (2 —axy)ydx + (24 xy) xdy = 0. 

35. (by — 6ay)dx + (62° — 8xy + y?)dy = 0. 
36. x(1 + a”) dy —[(14 2*)y + xy*|dx = 0. 
37. xda +(y — Vx + 7?) dy = 0. 

38. [y cos 2a + 2 (sin 2x)3) dx + sin2ady=0. 


x y 
39. (1+ ———— ) dx +. [1 —- 4 =. 
( Va? — 2) ( Va? — 3) d 


40. (x°y® + y*) da + (ay° — x*)dy = 0. 
41. (ay — x*)dx + dy = 0. 


42. (« — ytan" alg + x tan? : dy = 0. 

43. (2a—3y4+ 1)dx + (2x —3y+2)dy=0. 
44. (w+ 2y)dx — (2x — y)dy=0. 

45. (+ y+ ¥')dx — 2xydy = 0. 

46. [ay — 2°14 x) )dx + (1+ a”) dy = 0. 
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1 
47. (= — at )ae + x*ydy = 0. 
48. (y+ 2” —1)adax — (a? —1)dy = 0. 
49. (227 — 3y)dx + (2a*y + x) dy = 0. 


52. 2 sqaey 59. 4 + Y tana = sin 2a, 
53 TY = sectaz 60 CY a py 

54. TY Yo ate 61 OY YL sing 

55 pot Ye p= 62 y 5h = (241 

56 aN +(2) 63 oY = hy 

64 meres (a) cis 

65. Solve ee Vn under the hypothesis that, when « =— 1 


66. Solve Ts = 27* + 6y, under the hypothesis that, when 2 = =", 


hes 2” 
y= 0 and “ = 
d*y 
67. Solve oe = tan*’y + tany, under the hypothesis that, when 
7 dy 
c= > y = 0 and iene 


2, 


d , 
68. Solve oe = tan y+ tan*y, under the hypothesis that, when 


0, y=4 and ot a1, 
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Solve the following equations: 


69. YY _ 6 y= 6-12 — 3a 
vo. 24 oy 2y = 8 sin 2a. m1. E462 4 by ae 
De Ha tay ade? — 82+ 2 
73, 44 oy = be. 76. TY _3V 9 62 
74. YY vy oat +6. we oY dy =e sin Qe. 
lise YY 4 15 y = 26, 78. TY U4 5 y = 20 cos 32. 
79. oy of 3y = 2sine + cos 22. 
80. TY 98 4 8y = 6-“c082, 82. TY 4 9y =2sin Bz. 
81. TH 4M 4 dy = ate, 83. Shy (0 + singe 
84. fy _ 7 4104 = ee?= + sin a. 
85. YoY tym on 430 
86. zy — 2 ou 3y = xe + cos 2a. 
87. TY 4b 4 8y = dat 15.008 Ba. 
88. LUN Sra ae 
da® 
89. oY 3 a4 ot 3y = 3a? +10sin 3a. 
ip me ae ou 


As Fat OY ate Tae. 


100. 


101. 


102; =. 


103. 
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Oe ee ee 

08. Fat AGE hy = cose 

93. < a fy _ ot _ y= 5 sin 2a + 1200, 

94. 4 4 3TH 4 3 4 y= Bersing, 

95. YoU yaatta 

96. oy _ sh 4 16y= 82 

97. fy 4 54 36 y = 20 &* cos 3a. 

98. ot TY = 22+ 2e~*sin De. 

99. OY 4 4 TY = 4 008 4 
ot h 104. ge tnt Ty sem 
TY eae ge + dy = sin 3t. 
J ty=e, 105. Se — “t=, 

—~ Ha f 2 _etyat 
“+ oh = sins, ros, S24 9 4 YX oon, 
te 4 TY = cost 2442 2y 38 
Bate t+ 2, 107, <* — aty = 0, 
cba 2y— 3x41. TY + an =0 
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Solve the following Sa by means of series: 


: d*y in 
109. (2 — @') Ts te Oe Rone eo 


110. oth x! “L +(x — 6)y =0. 
dy 


ar —ny = 0. 


111. (1+ayh +e 


My 


d 
112. Eo +(1—2)y=0. 


etd dy 
re fa res om + aty = 0. 
114. Prove that any curve the slope of which at any point is 
proportional to the abscissa of the point is a parabola. 


115. Find a curve passing through (0, — 2) and such that its 
slope at any point is equal to three more than the ordinate of 
the point. 


116. Find the curve the slope of which at any point is propor- 
tional to the square of the ordinate of the point and which passes 
through (1, 1). 


117. Find the curve in which the slope of the tangent at any 
point is m times the slope of the straight line joining the point to 
the origin. 


118. Find in polar coérdinates the equation of a curve such 
that the tangent of the angle between the radius vector and the 
curve is equal to minus the reciprocal of the radius vector. 


119. Find in polar coérdinates the equation of a curve such that 
the tangent of the angle between the radius vector and the curve is 
equal to the square of the radius vector. 


120. Find in polar coérdinates the curve in which the angle be- 
tween the radius vector and the tangent is ” times the vectorial angle. 


121. A point moves in a plane curve such that the tangent to the 
curve at any point and the straight line from the same point to 
the origin of codrdinates make complementary angles with the axis 
of «, What is the equation of the curve ? 
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122. Show that if the normal to a curve always passes through 
a fixed point the curve is a circle. 


123. Find the curve in which the perpendicular from the origin 
upon the tangent is equal to the abscissa of the point of contact. 


124. Find the curve in which the perpendicular upon the tangent 
from the foot of the ordinate of the point of contact is a constant a. 


125. Find the curve in which the length of the portion of the 
normal between the curve and the axis of x is proportional to the 
square of the ordinate. 


126. Derive the equation of a curve such that the sum of the ordi- 
nate at any point on it and the distance from the point to the axis of 
x, measured along the tangent, is always equal to a constant a. 


127. Find the polar equation of a curve such that the perpendic- 
ular from the pole upon any tangent is & times the radius vector of 
the point of contact. 


128. Find the curve in which the chain of a suspension bridge 
hangs, assuming that the load on the chain is proportional to its 
projection on a horizontal line. 


129. Find the curve such that the area included between the 
curve, the axis of x, a fixed ordinate, and a variable ordinate is 
proportional to the difference between the fixed ordinate and the 
variable ordinate. 


130. Find the curve in which the area bounded by the curve, the 
axis of x, a fixed ordinate, and a variable ordinate is proportional to 
the length of the arc which is part of the boundary. 


131. Find the curve in which the length of the arc from a fixed 
point to any point P is proportional to the square root of the 
abscissa of P. 

132. Find the space traversed by a moving body in the time ¢ if 
its velocity is proportional to the distance traveled and if the body 
travels 100 ft. in 10 sec. and 200 ft. in 15 sec. 


133. In a chemical reaction the rate of change of concentration 
of a substance is proportional to the concentration of the substance. 
If the concentration is +}, when ¢ = 0, and 5}5 when ¢ = 5, find the 
law connecting the concentration and the time. 
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134. Assuming that the rate of change of atmospheric pressure 
p at a distance 4 above the surface of the earth is proportional to 
the pressure, and that the pressure at sea level is 14.7 lb. per square 
inch and at a distance of 1600 ft. above sea level is 13.8 lb. per 
square inch, find the law connecting / and p. 


135. The sum of $100 is put at interest at the rate of 5% per 
annum, under the condition that the interest shall be compounded 
at each instant of time. How much will it amount to in 50 yr. ? 


136. If water is running out of an orifice near the bottom of a 
cylindrical tank, the rate at which the level of the water is sinking 
is proportional to the square root of the depth of water. If the level 
of the water sinks halfway to the orifice in 20 min., how long will 
it be before it sinks to the orifice ? 


137. Find the deflection of a beam fixed at one end and weighted 
at the other. 


138. Find the deflection of a beam fixed at one end and uniformly 
loaded. 


139. Find the deflection of a beam loaded at its center and sup- 
ported at its ends. 


140. Find the curve whose radius of curvature is constant. 


141. Find the curve in which the radius of curvature at any point 
varies as the cube of the length of the normal between that point 
and the axis of x. 


142. A particle moves in a straight line from a distance a towards 


a center of force which attracts with a magnitude equal to =. If the 
if 


particle was originally at rest, how long will it be before it reaches 
the center ? 


143. A particle moves in a straight line from a distance a towards 
a center of force which attracts with a magnitude equal to wrt. If 


the particle was originally at rest, how long will it be before it 
reaches the center ? 


144. A particle begins to move from a distance a towards a fixed 
center of force which repels with a magnitude equal to w times the 
distance of the particle from the center. If its initial velocity is 


Va", show that the particle will continually approach, but never 
reach, the center. 
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145. A particle moves along a straight line towards a center of 
force which attracts directly as the distance from the center. If it 
starts from a position of rest a@ units from the center, what velocity 
will it have acquired when it has traversed half the distance to the 
center ? 


146. A particle moves in a straight line from a distance w towards 


a center of force which attracts with a magnitude equal to 37? 
te 


r denoting the distance of the particle from the center of force. If 

the particle had an initial velocity of ely how long will it take to 
a 

traverse half the distance to the center ? 


147. A body moves through a distance d under the action of a 
constant force. Its initial velocity is v,, and its final velocity is »,. 
Find the time required. 


148. A particle moves from rest to a center of force which attracts 


with a magnitude equal to = Show that the average velocity on the 


first half of its path is to the average velocity on the second half 3 in 
the ratio 7 — 2:7 + 2. 


149. Assuming that gravity varies intvenely as the square of the 
distance from the center of the earth, find the velocity acquired by 
a body falling from infinity to the surface of the earth. 


150. Find the velocity acquired by a body sliding down a curve, 
without friction, under the influence of gravity. 


151. A bullet is fired horizontally into a sand bank in which the 
retardation is equal to the square root of the velocity. When will it 
come to rest if the velocity on entering is 100 ft. per second ? 


152. A motor boat weighing 1000 lb. is moving in a straight line 
with a velocity of 100 ft. per second when the motor is shut off. If 
the resistance of the water is directly proportional to the velocity of 
the boat, and is equal to 10 1b. when the velocity is 1 ft. per second, - 
how far will the boat move before its velocity is reduced to 25 ft. 
per second? How long will it be before this reduction of velocity 
takes place ? 

153. A particle is projected vertically upward from the earth’s 


surface in a medium in which the resistance is & times the square 
of the velocity. If v, is the velocity of projection and v, is the 
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velocity with which the particle returns to its starting point, find 
the value of v, in terms of v,, k, and the mass of the particle. 


154. The force exerted by a stretched elastic string is directly 
proportional to the difference between its stretched length and its 
natural length. One end of an elastic string of inconsiderable mass 
and of natural length 2 ft. is fastened at a point on the surface of a 
smooth table. A particle of mass ,; lb. is attached to the other end 
of the string and is drawn back till the string is stretched by an 
amount 1 ft., and is then released. Find the time of a complete 
oscillation of the particle if a force of } 1b. is required to stretch 
the string to double its natural length. 


155. A particle of unit mass moving in a straight line is acted 
on by an attracting force in its line of motion directed towards a 
center and proportional to the distance of the particle from the 
center, and also by a periodic force equal to acoskt. Determine 
its motion. 


156. A particle of unit mass moving in a straight line is acted 
on by three forces —an attracting force in its line of motion directed 
towards a center and proportional to the distance of the particle 
from the center, a resisting force proportional to the velocity of 
the particle, and a periodic force equal to a coskt. Determine the 
motion of the particle. 


157. Under what conditions will the motion of the particle in 
problem 156 consist of oscillations the amplitudes of which become 
very large as the time increases without limit ? 
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20. Increasing if c >— 3; decreasing if r < — 3. 
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Page 152 


$1. Increase if 7 < 


42, (4%, 553). 48. 

43, (14, 3). 49. 

44, tan-14. 50 

45. tan-1¢. 

46. 8 —y+12=0, 51. 
216” — 27y —176 = 0. 52. 

47,%2—2y+9=0, 58. 
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40 2 az _ 2a(4a—3y) 45. 387+5y+16=0; 
" 3y2—2ay’ (By — 2a)8 ba —Sy4t4= 0. 
41 1—y? | 2(y? —1) (404+ y) 46. (+1, + 49). 
Day —17 (2ay — 1)8 47. 8V2. 
42.2 —Ty + 5a=0; 48, 2y,y = 5afa— 82. 
7z+y—l5a=0. = hee 
49. x r+ pee 
43, 312 + 8y+9a=0; ie ie _ 
8x —8ly + 42a=0. 50.2, *t+y, *y=a 
44. (— 2, — 8). 61. rer + ypy — aye — any = atyy. 
Page 183 
56. tan-13, tan! 3. 7 a. 65. 0, tan-1}. 
57. tan-12. 60. 2° tan 2. 66. tan—-13. 
ta 61. tan-13. 67. tan-1Z._ 
58. 3° tan-1 ,%,. aan 68. oe 
0. 2. tan-17. 63, 0, tan-1 2. glows 
2 64. tan-1} 24 
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2 b2 
m. (+5 Ae aclires 5 v2). 72. (+ = ,+— ); 82. Vp(p + 2,). 
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a2b? 
85. a?y,2 — bry = 0; . 
Votx? + ay? 
90. Upward if <>}; downward ifs <}. 
91. Upward if s < — V2ora>\ 2; downward if — V2 <2 < V2. 
Ore 112). 99. (2, 0), (— 3, 933); (, 489). 
93. (1, — 8), (— 3, 344). 100, (= 1, 0); (6 S2)501, —Ae), 
94. (0, 6 a3). 101. (1, — 75); (1, 0), (4, — pe). 
= (+224, ya). ~ 102, (3, ee (0, 16), @, 0). 
2V2 
96. (0, 0). 103, (+3 = *), (0, 0), (+ 2, 0). 
97. (0, 0). ve YS 
98. ( ay Oe 772) 
2 4 
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‘104. Increase if 2 > V24; decrease if 2 << V2a (a = given area). 


105. Increase if #< Ly ; decrease if x > ie (A = hypotenuse). 
v2 v2 


106. Increase if x < si decrease if x > ~ 


107. Increase if x < y3,p; decrease if x > 34 p (p = perimeter). 


108. 
109. 
110. 


Page 


114, 


115. 


116. 
117. 
118. 
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123, 


124. 


125. 
127. 


Page 


132. 


133. 
134. 


135. 


Page 


142. 
143. 
144. 
145. 
146. 
147, 
148. 
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Length is twice breadth. 
12 rd., 18rd. 
5 ft. 
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4 portions 1 ft. long ; 
2 portions 4 ft. long. 


Breadth = “: V3, 


depth = “V6. 
Breadth = depth. 


13} ft. long. 
(24, 0). 
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Altitude = 4 radius of sphere. 
V2K- V2k 
«ae 
2000 cu. in. ; 2547 cu. in. 
Height of rectangle = radius 
of semicircle ; 5 
ae pee 

semicircle of radius —. 

Tv 


189 
a— — al miles on land ; 
Vn? — m* 
b 
— es miles in water. 
Vn? — m? 
1}} hr. 
Thr. a 
Area of ellipse = 5 area of 
rectangle. 
190 
2V7 ft. per second. 


47 times distance from vertex. 
.lin. per second. 

.02 in. per second. 

.06 cm. per second. 

84.9 sq. in. per second. 
Forward ift<<lort>5; 
backward if 1<t<5. 


—,- 
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120. 
121. 


122. 


128, 


129. 


130. 


131, 


136. 


137, 


138. 
139. 


140. 
141. 


149. 


150. 
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111. Side of base = 20 ft., depth = 10 ft. 
112, Depth = one half side of base. 


113. (; z 


a 


E v2, 5V3). 

2 2 

Height = twice radius of base. 

1 

v2 

Altitude = 7 V2; 

= 
4 


base (p = perimeter). 


Ome ' 
—— in, 


V3 


2 V6. 
3 


8 ini. from point on bank near- 
est to A, 


He travels 8} mi. on land. 


Altitude = 4 V 2 radius of semi- 
circle. 

Altitude = % altitude of seg- 
ment. 

150 mi. per hour. 

Velocity in still water us mi. 
per hour. - 


144 7 cu. ft. per hour. 
(1, 3), (5, — 5). 
vmax. when t= .85; 


backward if 2<t< 4, 
i] 


=) (y = distance of top of lad- 
der from ground, « = dis- 
tance of bottom of ladder 


from wall). 
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Page 
151 


152 
153 


Page 


191 
. beos¢ (¢ is the angle between Piers 3s 2ViC tees 
the wire on which the bead ’ g24 4’ (t2 + 1)? 
slides and the straight line 155. When z = 3. 
drawn from the bead to the 156. 20 ft. per second ; 
fixed point). 10-V5 ft. per second ; (100, 20). 
. 2812 ft. ver minute. 157. .22 ft. per second. 
. L50ft. d. 4—2¢ 
Ne 168. Wilipses qf 
V G2 
CHAPTER XI 
212 
2sin’2xcos2a. 11. xetn(c?+ a*)csc?(c? + a?). 18 1 
. dsin* 82 cos? 3a. Ce ee a ae 
. sin? ax cos? ar. 3 2 
. sin” 2a. ae x 19. : re 
cos? (1— 22). 13, sec se (e+ 2)V2¢2 
$32 sin3 32 jx £ 20 = 
. cos3 8x2 sin? 32 t : 
* _ 14, secs — tan®—. ii ; 
sin’ 2a Ck 5 NS = Coats 
Dee 15. esc br (esc bz — etn br). a 7 1 : 
. sin? (2@ + 1). 16. aL hoe ae 
. sec? z(1 + tanz)?. V1— 42? 
il 
fp 
\ tan®—- i 
2 Va— 2? 
213 
3 1 2 
-~————. 90, —____. oY pestis 
V8—62—92? 2V9a2—1 V2ar — x? 
2a 5 i 
-=—, Tgeeeeciauee = & 39. ae ) 
x ae (c + 2) Va? +42 22 —42r+4+3 
; Wes r+2 
w—4e45 32, —— - . 50) 
1 (0? +1) Vat+ 2241 apie” 
cee Taare 41. “ 
(x +1) Va? + 2¢ 33. — : ; 472 —9 
1 (a? 4+2)V4224+ 42-1 1 
pee 1 2. 

V a4 — T° 34, ¢ x2*—1 
2Qaza 1+ 2 43 Deity 
"ot 4 gt 35 4 az "8—4¢4 22 

2 : at + at 44 8 
2 ——— 5 a 
pet) 36. sin-1-V1— 22. 9a? +2 
2. a 28 
; 37. 2” tan-1—. : 
2Ve— x Pree V x8 — at 
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ls aa 
zVa? + 2? 
47. ctnz. 
48. 38sec 3a. 
49, — seo-. 
2 
Page 214. 
57. 2tan—122. 
58, ot +2. 
1+ 222 
59. tan-laz. 
60. sec—laz. 
1 
61, te nee. 
x2 
62, rer t1 
t: —l, 
ai 
14+ 2° 
in—le 
+9, aan 
2V1— 2? 
81 
82 
83 
84 
85 
86 
87. 
88, 
Page 215 
pil 27") 
"2(1+ 2? + y*) 
r—1 
99, YY. 
ye — 
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Ose eet 5a, O@ + 42. 
44 5sin2e¢ Vat — at 
51. 2 csc 2a(ctn 2x—1). 54, csc? 2 az. 
: 28 55. (log ax)?. 
Tae ig oe ey 
eit aataL 
65. Sace2s. sin 2a - loga. 4 4 ; 
66. (e= + Earn) : e2x ak e- 2a 
67. (ae)? tox 75. 0. 
68. x72". 


76. ex ctn—1!(e™— 1). 


ict — a;2\2 
ee te, (x + 1) log (@ +1) 


a ile 
ee a? + 2)3 
70. J 
a 628 + 42 — 244 
eet 1 78, are 
71, eesin max. : 
i Be Va? — at 
bs 14+ qr 79. pices 
Le ae a0, Y%_. 
V4 at — a2= eae 
Gy pilee tat Vat + Baz). 
\ Jaa es ae eee 


V2 6% — ere 


» yz®=(1+4+ logz). 
. yor| + logax + (log np}. 
L 


1 
. yer (~ + log r) : 


L 


4 (cos Vz - log tan Vz + sec Vz). 


2Vz 


y (x sec?xz — 2 tana - log tan x) 
x? tan © 


7] gL ne F 
—— | 097 tan-2= -- a log +0), 
wl = + a log (2? + a2) 


zy logy — y? 


" gy loga — ge 


ga, ¥lyseczy — log y) 
; x(1— ysec zy) 


1 2 sin (« + 2y) — cos(z + 2y) 
2 cos (x + 2y)— sin (x + 2y) 94, — W—-%; e2y—%, 
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102, 
103. 


Page 


110, 


111, 
112. 


113. 


114, 


115. 
116. 
117. 


Page 


122. 
123. 


Page 


130, 


131, 
132, 


133. 
134, 


187, 
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ge+y 2(£2+ y?) 104. tan-13, tan-14. 
ao oe 
“T—y eu) 105. (1. ): 
2a+y_ 10(2? + y?) 2 
a—2y’ («c—2y)? a 
y ( 2) 2 Ae “ 106. (+ = —)° 
_ tang, _ tan y sec*x + tan*z sec y 5/5 aye 
tan y’ tan? y 3 1 
y? = P(y— 22) 107. (; =| 
a(y—a)’ r(y—2)P - 
tan-12 V2. 108. (F, 0); 4, 
4 
tan—1 4. 
216 


Turning points when z=+ } v2; yd 

points of inflection when = 0 or + } V6. 

Turning points when z = 0 or 2; points of jnflection Wien o— 2 V2. 
Turning point when x = 3; points of inflection when z= 0 or 3 sy 


Turning points when x = ka or (2k + Der 


points of inflection when z = (2k + 17. 
Ve 1 


2 nrc 
points of inflection when g = ka or 2kaw + atl 
Oo 


Turning points when x = cos~1 


Turning point when xz = ae; point of inflection when z —aer. 


12 ft. 1 119, At an angle tan-! & 120. 10 in. 
70°. 118. V2 with the ground. 121. 5V 5 ft. 
217 
24 sq. ft.; 14.71 sq.ft. per second. 124, 2V(5— s)(s— 8); 4(4— 8). 
Greatest distance = 6 ; 125. a. 
force = = (7 — 28). 128. 7 miles per minute. 
218 
: b? sin 6 cos 6 ‘ 
(° sin 6 + ee ) times angular velocity of AB, where @= CAB. 
a? — b? sin? 


Circle. 


k- Va? sin? kt + b2 cos? kt; maximum at end of minor axis; minimum at 
end of major axis. 


2 V2. 


2 aw sin ¢ ; wVa? — Qah cos @ + h?, where w is the constant angular 


velocity. 


2 aw sing w Va? — 2ah cos6 + he. 
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138. afw, where a is radius of circle, a is distance through which point of 
string in contact with circle has moved along circle, and w is the 
constant angular velocity. 


139, —______ ft. per second, where « is distance of man from center 
10000 — 2? 
of diameter. 
500 sin a ahas 
140. ——_____________ ft. per second, where 7 is distance of man from 


V 10000 — z? sin?a@ 
center of diameter. 


We ee 
141. sy times man’s rate, where « is distance of man from center of 


a@+ez 
diameter. 
Page 219 
ab 1 
eres seein per 144. — tang; — sect csc. 
2-Vb2— a2t2 - ? 3a aise 
second, where at is distance 145, C= a = 2 : 
of foot of ladder from side cost+sint —_e*(cost + sint)® 
of house. 152. tan—1 3. 
3 
isi tane; 153. 0, . 
Page 220 
155. 47a, 47a V2; 0, 87a. 158. 3(azy)3. 162. 2a. 
156. » Va? + 2ab cos@ + b?, where 159. 2. 163. $10. 
w = rate of @. a 164, a V3. 
157. 2, V8; 3,1. 161. 5}. 
165. Greatest when z = (2k + 1) ei least when x = kr. 
Page 221 3 
: a0 a(5 —4cos6)? 2a? : 
168. 3 2 Sis Se - 171. —. 172. 3a;0. 
i. peer nee i) mas 9—6cos6é 3r ak 
CHAPTER XII 
Page 253 
22, 2 Va? — z?. 
Page 254 
23. « — log(e& +1). 30. sint 3a (} — 4%, sin? 3a 
24. log[log (a +V 2? — a?) |. + 7, sin* 32). 
26. } sin* (22 + 1). 31. = costs = Bos. 
1 
27. —(tan ar + secar). =; 34 sin?4a 
a es a 
28. — }(ctna + Lye2 6Vsin 42 


29. 215 (8 cos’ 2 a — 5 cos?2 2). 33. 2sinz — log(secx + tanz). 
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Sa tan?” 
2 3 


1 |= (a + b)x 
“2 


ANSWERS 


% sin’ x. 


; Mtan ax — ctnaz). 
a 


. tan2a + sec 2a —z. 


— 2ctn3z2—4escsr—c. 


x x 
. 2(tan—-+ ctn—}- 
(and + 3) 


. $sin(22 —1)— } sin’ (2x —1) 


+ yysin® (22 —1). 


5 83 (sin; — cosr)+ 2(sinrt — cos"). 


2 + 3log cos 


“ 


. }tan(3x + 2) + }tan3(3z + 2). 


2 3a 


5 Shee == 


9 2 


» oy V tan 20 (7tan 2x + 8tan?2z2). 
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4 ae ‘ 

; $o2+ }sinz + qe sin 2c. 
eee eens 

» pet — gysinde — Ay sin?2e. 


— %V (cos? x + 1)8. 


. log(secz + tan 2). 


. cosx + sing. 


1 [= (a —b)x _ 


sin (a + 2] 
2 a—b 


a+b 


sin (a — b) =| 
a—b 


a+b 


. $xvsin6 — beos4e. 
. giz cos 6x — y4, cos4a — bcos2z. 
» (tan 2 


x + sec 22). 
— log(1 + cos x). 


Hey 
— 2ctn—-— 2c. 
2 


» e+ ctnx — cscez. 


8 1 ; 
52 + plas + sin 4az). 


= x 
. — 2-V2cos =. 
¢ 


, log (sec c + tan a) 
» —— log (sec; nz), 
v2 


2 
—=(cos* 2a — 3.cos 22). 


45. 
46. 


47, 


83, 
84, 


85, 
86. 


. asec 
. $2— yp ysin(6z 4 2). 
. }2— pysin(4— 62). 
-2+4 
. joes 


5 7 
; rig ACh + 2) — —~tan-!—_. 
v6 


4D 

—ctn5-. 

5 4 

log sin(x + 2) + }ctn? (x + 2) 
—4 eae ae 


il 22 
Be le el 5 + 8 ctn? 
7 ee” 2(5+ eth =). 


= a ote 
ri Aas! 


1 1 
tan® az — — tan az -- 2. 
3a a 


- (ese ax + sinaz). 


5 (sets — 7). 


9 3/ 


cos 4c. 


. sec—1(x 4 1). 
Son Ul fe 
: log Vx? + 9+ gtan 5 


382 
v6 
—V1— 22 — 2sin-1 2. 
asin-1~ —/q@?— a. 
a 
— tan—1(cosz). 
blog (2a +V42? + 9). 


Page 


103. 
104. 


94. eA log foe +24~V422 + 8a —14). 
V2 e 
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prmceeices 2). oF eli geet iss 
; V2 p82 V2. 2 Ve Qa. 8 4/5 
12° "324-2 1 
2 92. — log (32—1+4+V92?—624 9), 
, Bee nate 6x). V3 ) 
z—3 +7 
es 98.2 : 
r og 8 =8 


5 ; : 28 
95. 5 log (a? + 62 + 12)— 6 V3 tan — . 
96 5 log(2? +2 — 6) + “log Ee 
<2 2+3 
97. Liog (2a? + 52 +1) 4 LOY 17) 9 42+ 5 VIT_ 
2 34 4¢4+54VI17 
1 3 32—1 
98. —log(6z2 +72 — —lo ‘ 
ahead Eee rar 
1, 1 2724+3 
99. —loz (227 +- 6z + 9) — = tan—? ——_— — 
er g (227 + 6x + 9) F 3 
100. Ay log (32? + 2z + 3) — reer a 
6 2V2 
101. 3sin-1 ~— 
102. 5 V8 40 dal 4 Soin ES, 
; $ xr—2 iy 
Vie — 23 + sin~!———- Aina 


tan-1(z + tan @). 7 


110. sal tan-1 
/ 


V7 


105. sec a tan—!(e" sec a + tan a). Paria 
: : —1 5 
106. eee + sin @). 111, hee tan a4 
107. (x +Va2?—1)+4+ = XL. ees 1 ie Po = ae 
108. 5 log (2 | ek dee a a a 8/2 tan22—83+42V2 
3tan~—1 i tan — en Pes 
109. 2) lal . 113, —~ log ————. 
¢ br ; V5 ae. aie 
8 tan—+1 tan—+2—v5 
2 2 
Page 257 
9 eb + cxgh + cx 123. log (e* — e-*). 
" e(1 + loga) 124, } (2? + 22 + 6) V2e—38. 
121. 2 log (e* + 1)— 2. 125.2+2+44V2+42 + 4 log (Vz +2—1), 


122, jles (@e—2)—~ 


126. 4 (2? — 2a?) Vat +a. 
ai 127. 1 (2? — 9) V2? + 3. 
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ise L eee 141. 2log(22 + V42?—9) 
V4 — 22 2 V4a2—9 
: Oe A ie eth 
199, state. e 
27 V (9 — «2)3 PO edhe! S 
180. }, (32? — 8) (4 + 2%)8.  “e-V8 4 22% 
i V4 + 9a? —2 : 
ie age te 
2 
182, Vn? — 25 — 5 sec—1—. : 
— 4 144, —2 (5a? — 227) Va? — x? 
rae a En G ago 8 
: 822 16 Pico Es. 
134, 3, (4¢ — 1) (8a + 1)8. 8 2: 
145, $, (72 — 5)(z + 1)8 
PAO te Set 
jg a are ie 
2(+3) 146. 1b *-/a3 = 4 — Ssec— 
eel ie 
136. — — — log (38 + 42). 
12 16 Cy eee 3 
1 rye eg Os x 6 a8 ee 
137, —2 (222—a?) Va?—2?4+ —sin-1— 
ees: : @ 148, ¥(ct + 4) Vat 41 
138. — : 1 Ve rixl 
Ve? —1 4198 
re ee Halt lisa 
paar 18." x 149, 1, (222-1) V1+ 422. 
ee yeaa 
140, V3—22+4+ aie ae UT ee era = : 
x 2a a 2(a* 4-0) 
Page 258 
151. ate VE 161. zsec—!2x—} log(24+V4a?—1). 
3 
3(5 — x?)2 2 = » 
( ee 162, * sec-132— + Voa?—1. 
152. sin-1 —_—__—_.. 2 18 
(x — 2) V6 168, 51, &"(92?— 6x + 2). 
153. dog 2z—1 _. 164. 1 [(222—1)sin22422cos2a]. 
2 “2e4+V16e7—122+3 165, x[(logz)?—2loge + 2}. 
1 2 2 
We Si L L 1 
166. — — — sin6z — — cos6 
3— Qe 4 12 7 ee 
ISS ee . «167. } &=(2sine — cosz). 
v bs Meise esa 168, 1, e*(3 sin3z + cos82). 
» £(lOg ar — ° et 
x eee s : 169. }(2V a2? —1—log(a + Vz2—1)]. 
"(m+ IP Lor) tog lt. 170. 4 [seca tanz + log (seca + tan z)]. 
1 2 
Lé8au tan=Lag — —=— Qp2 x = 
xz tan-1 az ae log (1 + a?ax?). 171. ee 
159. xlog (a +-V 2? + a2)— V2? + a2. ewan nae 
160, }(sin32 — 32 cos$2). Fat 2 
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174. 


175. | 


176. 


Page 


181. | 


182. 


183. 


184. 
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te 
os enero 
2. 


vert 
H 0} 


lo 
ae aaa oer 
x —tan-!z + log 
8 
og FD! _ 8, 
x8 tr 
42nr4+7 
2(@ +1)? 
259 
pees 1) (x — 3)* 
r—2 
log (x — 2) (a2 + 2a + 5)3 


+ log (x + 1). 


185. lo 


2 
186. — 
2 


191. 


192. 


* 2(c? +1) 


: V2log 


xz 1 Hy 


‘$@44 "16 2 


sai 4 log Vz? +1 


+ 4 tan-1c. 
Vit¢e+v2 
e Vite—V2 
era eg eae 
~ — 2log(V1—2—2) 

Gere 2V1—z+1—V5 
V5 
sing 
2cos*x 4 


+ 


1— sing 
one sing 


—2V1+¢2. 


{°4 east 4 
9V1—2+1+4+ V5 
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178. 


179. | 


180, 


193. 


194. 


195. 


196. 


197. 


198. 


199. 


200, — 


201. 


202. 


203. — 


204. 


205. 


497 


] 
oe 
Vae-—l1 


1 
log _—__— — — tan-!¢. 
Vier 41 
pata 2) (w + 4) 4) 
x—1 


122246249 3 
aS + Glog ea +1 
162 +48 SSCL AAU 


1 1 V 2842 —Vv2. 


— —log 

3V2242 6V2 V284+24V2 
14 sin” 

log 


2 
oe SE “(3 4 sin? ~ : 
; 3 2 
1— sin— 
2 


cos 4x 
8 sin?4 2 


1 . 1+ cos4z 
16 1—cos4z 
hava? + a? 

— alog (a + Va? + aa 


& 


La(22? + a?) Va? + a? 
4 os ree 
— iG + Va? + a?). 
V1+ a4 
L 
La (x? + 10) Va? +4 
+ 6log (a +~Va? +4). 


8 sin2a — 2 


he (sec © + tan x) 
2sinzcost*e 2 BK ig 


COs © 
———— me = ae ese x — ctng 
2 sin? x B( ): 


log (sec © + tan x) — csc a. 
sin 7 (2 + 3 cos?) 


8 cost x 
+ Zlog (seca + tan @). 
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45. a2[V2— ue ia). 
46. ; (3 tan = aise tan3 <) c?, where 2c is the length of the 


focus eee eee to the axis of the parabola. 
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\-oteea 


“ “ 


89. y = ce" + Cye—* + c,e— 8% — 4 (20 — 6x + 92?) + 1 (cos38z — sin38z), 


2 


aie ae ieee ieee ; 
90. Y= CiGme > Ga Co ae Cyl al + yl ar = ee +2 ets v*). 
32 24 2 


Page 475 
eo 


wv H @°- 
91. y= ele, — 2 2a sh fi. oe ‘ 
y= («, 5) + ¢ (.4 3) co as 


2 
92. y= cer + (c. — «Joos 20+ (4.- a sin 22. 


2 


e2z 
1227 — 19). 
19 ‘ ) 


1 
98. y =c,e"+c,e-* +C,e— 2% + A (cos 22 — sin 2a) + 


et 
94. y = e-®(c, + Cot + Cyt?) + aE (2 sinw — 11 cos2), 
95. y = (¢, + cor) cosa + (c, + cz) sing —44 2 4 22, 
96. y= ete(o, + C0 + ) + e— 2% (c, + ¢,m). 


ANSWERS 511 
97. y= c,e=+ coe-2% + c,cos3z 4 c,sin 3a — 5p it 3@+3cos32), 
a 3 — 2 
98. y=c,+ cot +c, cosaV2 + c, sina V2 + = _ — (18 sin 2” +16 cos 22). 


99. y=c, + coe + cou? + cye-4% + 74,4 (cos 4a — sin 42). 
100. x = (c,t + c,) et + e?*, y = (ct + c,) e+ cy + €?*. 
101. x =c,siné + c,cost + } (e+ e-*), y =c,sint — c, cost + 4(e' + e-*). 
102. t=c, + c,e' + cse-*, y = c, — C,e* + c,e—* — cost. 
108. «= c,e¢ + c,e5t — 1, y = 8c,et — c,e5* — 2. 
104. x= c,e-2* + ¢,e2* + Zest 4 a es oe 3 cos 3), 
is 3 
y = cye-2t — Bet = en 2 Gin 8t — 6 cos 31). 
5 
105. c=c, + a + ¢,e~ 8t#— rhe 33 + 643), 


y=2q—a + “Ct edt — cg e842 (1b 88 — 68), 


106. c=c,+ fe c,e3t + 1(3t? —1f), 
Y=C, — pa — 5cge8* + C2*—1 (8H + QE). 


at 
= at at ara at at 
AD fe eee a(¢ cos —— + ¢, sin) +e wife cos —. + ¢,sin ) 
Re ona © ea ee eee 
at at 
y= 0 (cg0 Coan )te V2( gain — e408 ;) 
2 2 Vv 
Page 476 
3 : 22 3.4.6. 2) ara 
108, y=eat(14 328 8 i a (r+ 2) 2x : 
(he 1p 7-8 {2 7; PROT ETT [r 


+ 2(15 + 182 + 9a? + 22%), 
x 
109. y = c, (35 — 424 + 21a? — 42%) 4 2 (8-142 + 212%). 
x 


4g 4-5 2 4.5.6 28 
TOF i= a — ce? (1— —. a 
Ae Ras : G(f 6-7 2 60 28 8 


OIE ee) ha A 
Ss Ete |r ) 
a N 2 ane n(n — 4)(n— 16), a6 
ML yaa (tie E x* + i6 ao 
ey 
|2r 
(n—1)(n—9) (n—1)(n— 9) (n — 25) 
, 2 ee bs EL Se or 
+e0(14 B fle glee a E at + 7 a -+ 


pg sat) Oi = 20) nner ate ---), 
2r+1 
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ies xt 
ue ysae(ltog teat” 
g2r 4 ) 
+ o-4.6.-2r][5-9-18---(4r+)] 
1 1 p2 at 
2 ——— ———— . 
a ( 5.8 2:4-8-7° 
ger 


+ jo.4.6-.-a7][B-7-1l 


xt a8 


are >); 


4r 


‘ = (6 = SS =. aera — {yr ——___—_—___ -- «. ‘ 
113. y a(t a3 + 2H5t +(-1! Srordl 
c at 28 gtr ) 
2a) A Aad aa SSA 
+3(1 aot 214 i=) ganar 
115. c=log(y + 3). 118. r(@ + ¢)=1. 
116. k(e —1)y—y+1=0, where 119, r2=2(6+ 0c). 
k is the constant ratio. 120, 7» =csinné. 
TW Oper 121. 27 — 77 =c. 
Page 477 
2 2 ca 
LPB ote once ae a 129. y=ce * , where z=@ is the 
HM (4 xr c 
124, y = Zee Seer Ga), fixed ordinate, and & is the 
2 constant ratio. 
aL = 
125. 4 = —(ek@—-°) —k (a — e) er een Pas et 
z aK pe ) 130, eet k +e & ), where k 
where k is the constant ratio. 2 . 
= is the constant ratio. 
ET aria eee PV alicia ami 131. y=ctiver—42? 
a—2ay+a ke ovz 
+2 Va? — 2ay. oe pos — where kis 
; ie ste ag the constant ratio. 
VR (lar) ae t 
128. y = ax? + b. 132. s = 25(2)°. 
138, c= 01 eS tese 
Page 478 
184, p = 14.7 e~ 00004h, 140. (x — ¢,)? + (y — ¢,)? = c?. 
135, $1218. 2 
c 
186. 68 min. 141. c,y? — ras +¢)?=1, 
me 3 
187, Ely =— 0(5 = =): a 
2 6 142, oe 
Laat mh 
138. Bly =— 9(5 _ t): Me 
IND? 3 12 2a 
139 Hye (2 = ae ee 
» MLY = —{ — — —)}. 3 
Al 4 4 e 


Page 


145. 


146. 
147, 


Page 


154. 
155. 


156. 


157. 
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; 3k, where k is the constant = ey ys Dek peccn 
ratio. an 151, 20sec. 

4 (4—V2) Va’. 152, 2343 ft.; 4.3sec. (g = 32.) 
2d 

=a. 1854 

1 + Y% mg + kv? 

480 

1.8 sec. (g = 82.) 


8 =c, cosht + c, sin ht +oo 5008 kt, where h? is the constant ratio ; 


7 
$= Cc, cosht + ee Tht [pssfe. 


lt tVP—4h? tVit—4h? 
Se 2(c, e€ 2 + Co€ 2 } 
2 2 ¥ : 
a(h?—k eae das ais if 1> 2h; 
(i? — P+ (UH? 
at V4 hb? — pies) 
s=e ee ee 


oe a(h? — k?) coskt + akl sin kt 
(h2 — k?)2 +. (Uk)? 
a (h? — k?) coskt + 2 ahk sin kt 
(h? — k?)? + (2 hk)? 
(h? and / are the constant ratios.). 


bez: 


3 = (c,+ ¢,t) e—™ + Opt (ha Vai 


h=k, l very small. 


a 
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Abscissa, 5 
Acceleration, 178 
Angle, 59, 166, 205, 315, 316 
eccentric, 108 
vectorial, 118 
Arc, differential of, 174, 206, 324 
limit of ratio to chord, 172 
Archimedes, spiral of, 120 
Area, of any surface, 381 
as double integral, 376 
as line integral, 354 
of plane curve, 148, 262, 267 
of surface of revolution, 274 
Asymptote, 26, 79 
Attraction, 283, 393 
Axis of conic, 76, 80, 81 


Bernouilli’s equation, 446 
Bessel’s equation, 470 
Bessel’s functions, 471 
Bisection of straight line, 9 


Cardioid, 124 
Catenary, 54, 441 
Center of gravity, 278, 379, 392 
Center of pressure, 277 
Change of codrdinates, 39, 124, 386, 
387, 388 
Circle, 70, 108, 122 
auxiliary, 108 
involute of, 112 
Cissoid, 85, 124 
Comparison test, 406 
Components, of a straight line, 312 
of velocity, 180 
Concavity of plane curve, 167 
Cone, 306 
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Conic, 83, 125 
Constant of integration, 147, 222 
Continuity, 136, 339 
Convergence, 405, 409 
Codrdinates, Cartesian, 1, 4, 301 
cylindrical, 385 
oblique, 43, 301 
polar, 118, 386 
Curvature, 207 
Curves, in space, 322 
intersection of, 29 
Cusp, 109 
Cycloid, 109 
Cylinder, 303 


Degree of plane curve, 29 
Derivative, 136 
directional, 343 
higher, 162, 338 
in parametric representation, 204 
partial, 335 
sign of, 138, 166 
total, 344 
Differential, 141, 339, 359 
of arc, 174, 206, 324 
of area, 146 
exact, 349 
total, 341 
Differentiation, 136 
of algebraic functions, 154 
of composite functions, 357 
of implicit functions, 162 
partial, 335 
of polynomial, 137 
successive, 162, 388 
of transcendental functions, 192 
Direction in polar codrdinates, 205 


Direction cosines, 314, 319, 324 

Direc -rix of conic, 80, 88 

Discontinuity, finite, 427 . 

Distance, of point from plane, 320 
of point from straighi, line, 63 
between two points, 5, 313 

Divergence, 405 

Division of straight line, 8 


e, the number, 53 
Eccentricity of conic, 74, 78, 88 
Element of definite integral, 260 
Ellipse, 74, 108 
area of, 262 
Ellipsoid, 307 
volume of, 270 
Epicycloid, 111 
Epitrochoid, 114 
Equations, differential, 488 
empirical, 89 
parametric, 106 
roots of, 34 


Factor, integrating, 448 
Focus of conic, 74, 78, 80, 83 
Force, 179 
Forms, indeterminate, 428, 425 
Fourier’s series, 427 
Fractions, partial, 247 
Function, 9, 300 
Bessel’s, 471 
complementary, 456, 458, 461 
composite, 357 
implicit, 163, 300 
notation, 12 
periodic, 427 
transcendental, 49 


Graph, 10, 20, 49, #01 


Helix, 324 
Hyperbola, 77 
Hyperboloid, 306, 307 
Hypocycloid, 112 
four-cusped, 107 
Hypotrochoid, 114 
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Increment, 135, 339 
Infinitesimal, 261 
Infinity, 25 
Inflection, point of, 167 
Integral, 146, 222 
constant of, 147, 222 
definite, 147, 260 
line, 353 
multiple, 369 
particular, 456, 458, 461 
triple, 385 
Integrand, 222, 264 
Integration, 222 
approximate, 419 
collected formulas of, 286 = 
by partial fractions, 247 
by parts, 243 
of a polynomial, 146 
by reduction formulas, 252 
by substitution, 238 
Intercepts, 21 
Intersections, 29 
Involute of circle, 112 


Legendre’s coefficients, 469 
Legendre’s equation, 468 
Lemniscate, 120, 125 
Length of a curve, 272, 325 
Limagon, 123 
Limit, 1380 

of ratio of are to chord, 172 

of 10”, 199 

h 
1 

of (1+ h)*, 199 

theorems on, 132 
Limits of definite integral, 148, 264 
Line, straight, 57, 121, 317 
Line integral, 353 
Locus, 20, 69 
Logarithm, Napierian, 54 


Maclaurin’s series, 412 
Maxima and minima, 168, 348 
Mean, theorem of, 422 
Moment of inertia, 377, 390 
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Motion, in a curve, 180 
rectilinear, 177 
simple harmonic, 203 


Normal, to curve, 164, 326 
to plane, 316 
to surface, 347 
Number scale, 3 


Operator, 455 

Order of differential equation, 441 
Ordinate, 5 

Origin, 38, 118 


Parabola, 80 
segment of, 83 
Paraboloid, 305, 808 
Parameter, 106 
Parts, integration by, 243 
Plane, 305, 316 
Point, of division, 8 
turning, 139 
Pole, 118 
Polynomial, derivative of, 137 
integral of, 146 
Pressure, 275 
center of, 277 
Prismoid, 421 
Prismoidal formula, 419 
Projectile, path of, 181 
Projection, 2, 810, 828 


Radius of curvature, 208 

Radius vector, 118 

Rate of change, 175 

Ratio test, 407 

Reduction formulas, 252 

Region of convergence, 411 
Remainder in Taylor’s series, 416 
Revolution, surface of, 270, 274, 309 
Rolle’s theorem, 416 

Roots of an equation, 34 

Rose of three leaves, 119 


Segment, parabolic, 83 
Series, 405 
_+ Fourier’ 3, 427 
geometric, 405 
harmonic, 406 
Maclaurin’s, 412 
power, 410 
Taylor’s, 412 
Simpson’s rule, 421 
Slope, 6, 134 
Space geometry, 300 
Sphere, 310, 313 
Spirals, 120 
Strophoid, 86 
Substitution, integration by, 238 
Surfaces, 304 
of revolution, 270, 274, 309 
Symmetry, 23 


Tangent, to plane curve, 30, 140, 164 
to space curve, 326 
to surface, 3845 

Taylor's series, 412 

Tractrix, 439 

Transformation of codrdinates, 39, 

124, 386, 387, 388 
Trapezoidal rule, 421 
Trochoid, 110 


Value, absolute, 409 
infinite, 25 
mean, 265 

Variable, 9 

Vector, radius, 118 

Velocity, 177, 180 

Vertex of conic, 75, 79, 81 

Volume, of any sclid, 389 
element of, 385, 386, 387 
of solid with varallel bases, 268 
of solid of revolution, 270 


Witch, 84 
Work, 275, 353, 356 
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